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A free resolution of a group G is an exact sequence

. . . *• ^ >- Xi-ι ' *" *" Xι *" Xo *~ Z ** 0,

where Xt (i=0,1,2, ) are free G-modules, dίy8 are G-homomorphisms, and Z
is the ring of rational integers, on which G operates trivially.

For a cyclic group, we have the well-known simple free resolution.
S. Takahashi [ 2 ] constructed a free resolution of abelian groups, and applied
it to local number field theory, etc.

In this note, we construct a free resolution of a dihedral group, and decide
n-dimensional cohomology groups for some modules. The author is grateful to
Prof. T. Tannaka and Prof. H. Kuniyoshi who gave him this theme,
encouragement and many suggestions.

1. Let G be a dihedral group, i.e. a group generated by s and t with

relations s2 = 1, t2 = 1, and tst = s2 ~1, where / ^ 2.

We introduce the notations:

Δj = 1 — 5, Δ2 = 1 — t, Δ3 = 1 — st,

JVΊ = 1 + s + + s2''- \ N2 = 1 + t, N3 = 1 + st,

Λo = Z[s] group ring of the subgroup generated by s over Z,

A = Z [G] group ring of G over Z.

Then, it follows Λ = Λo + Aot (direct), iVgΔj. = ΔjΔg, Δ3Δj = ΔλN2,

NAs = Δ2iVί, and N,N3 = N2N,.

LEMMA 1. We consider the following equations in Λ

( 1 ) XNt - 0 (i = 1,2,3)

( 2 ) YΔ4 = 0 (t = 1,2,3)

( 3 )

and
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Then, the solutions of these equations are as follows:

solutions of ( 1) are X = AΔt (£ = 1,2,3);

solutions of ( 2 ) are Y = BNt (£ = 1,2,3);

i X = AN, + BN,
solutions of ( 3 ) are ( γ = β ( _ ^

solutions of ( 4 )

X = AΔX + BN2

Y = B(- JVi) + CΔ

= CΔi + DΔ2,

where A, B, C and D are arbitrary elements of Λ.

PROOF. We prove only the third case. Let

X = XQ + xxt

Y = 3Ό + yj, xu yι ^ Λo (£ = o,i).

Then, from

(x0 + ^lO^i = - Cy0 + yj)Δ2

it follows that

( 5 ) x0Δ1 + χx(χ - /- 1 ) = 0.

Hence we have

x0 + χxt = χxt(χ + 5ί) mod. ΛiNΓi.

Therefore, there exist elements A and ΰ in Λ such that

x0 + Λάί = AiVx + βiV3.

Conversely,

X = AN, + J5iV3

satisfies ( 5 ) for arbitrary A and B in Λ. Then, we have

y = B( - ΔO + civ2.

As for the last equation we can solve it similarly, and first two cases are

trivial, q.e.d.

2. Let Xι be a Λ-free module with a basis {aί}9

Xt = Aa] + Λαf + +AΛ{+1.



214
s HAMADA

We now define G-homomorphisms

Dtf) (z'^2), and D'tf) (ί^3): J

as follows:

A(i> ί̂-

^u j = 1,2 ,3,4,

Δ2αl_, + ( - Nλ)aU

a\-> 0 for k>3

αί-> i^α}-! + ( -

αf-> 0 for

A(0= *ί-

Ό for

AC i ): Λ?-

other αf—> 0

other αf-> 0

AC *' )• ^i"^ ΔjΛi-i

other α?—>0

A(ί): Wflί-i

other αf->0

αf-̂  O for

Then we have

LEMMA 2. 77κ? i&̂ 7ieZ o/ ίA^ mapping Dfj) in Aa\ + Λαf + Λα?

coincides with the image of DQ(i + 1) + D'Q(i + 1), -where q=j+ \{mod. 4).

Moreover, if

Xa\ + Ya\ + Ψ 4

belongs to the kernel of Zλ, ( i ) αwίZ z/

WαJ = D'q (i + 1) iCa\+ι + Dα?+ 1),

we can find A and B in Λ such that

Xa\ + Yaϊ + TFαϊ = {Dq(i + 1)+ D;(z + ϊ)}(Aa\+ί + Bαϊ+1 + Ca\+ι +Da\+1).

PROOF. In fact,
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holds if and only if

( 6 )

and

( 7 ) y( - Ή ) + WΉ = 0

hold. Applying Lemma 1 to (6), we have

X = AN, + BN3 and Y = B(-A1) + CN2,

and from ( 7 ) we have

W = CN, + DΔ3.

Thus,

Xa\ + Yα! + Wa\ = {D2(t + 1) + D2(i + 1)}(AΛ}+1 + Bαf+

Moreover, if X,y and Tί̂  satisfy ( 6) and (7 ) with

then, putting W into ( 7), we have

y = B(- ΔO + Civ2,

and, by the same process,

X = AN, + βΛΓ3.

For./= 2, 3 and 4 we can prove the lemma similarly, q.e.d.

We remark here that D]{ i) maps Λα? and Aaj into Λαti just as Dr( i)

maps ΛΛJ and A.a\ into ΛΛ1_I , respectively, where r ^ j + 2(mod.4).

3. Now, we construct a free resolution for a dihedral group G. Let
(i = 0,1,2, •) be G-free modules described in 2. £ is denned by

θ(mσαj) = m for m^Z and σζ G.

We define ^ and <i2 as follows:

^(XαJ) - XΔxαJ? dx(X af) =

and
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d2(Xaί) = XNιa\9 dlXaξ) = XN3a\ + X( -

d2{Xaϊ) = XiV2α?,

where XeΛ. These mappings are clearly G-homomorphisms.

For i g: 3, we put

where j = z (mod.4), and Jί_2 is the G-homomorphism which maps

A.al + Aai + to Aai-ι + Λαί_i +

just as ίii_2 maps

A.al-2 + Λαf_2 + to ΛαS_3 + Λαf_3 + •

PROPOSITION 1. The above defined {XuduS} gives a free resolution of a
dihedral group G.

PROOF. The kernel of 6 is clearly the image of dγ. For i — \ and i — 2 the
exactness follows from (3) and (4) of Lemma 1, respectively. When i = 3,

dlXa\ 4- Ya\ + Wa\ + Vat) = 0

holds if and only if

( 8 ) A(3)(XαJ + Yal + Waί) = 0

and

( 9 ) d[(3) (Wal + Vai) = O

hold.

As we have already showed the exactness for i = l , there exist from (9)
C, D and E in Λ such that

Wai + V<4 = d', (Cal + Dαί + Eaϊ),

and then

(10) ^ = Dl(4)(Cal + Dαl)

as we remarked in 2. Applying Lemma 2 to (8) and (10), we can find A,B in

Λ such that

Xa\ + Ya\ + T ^ = {A(4) + A(4)}(AαI> Bαϊ + Ca\
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Thus,

Xa\ + Ya\ + Wa\ + Vat = {A(4) + d'2}(Aa\ + Bat + Ca\ + Dai + Eaf).

We now proceed by induction on i. Assume that the exactness has been
proved for zrgz —1.

Let

a = Xa\ + Ya\ + Wai + + F ^ + 1

be an element of Ker dt c Xt. Then from Ji(af) = 0 we have

(11) Dό(ΐ)(Xa\ + Ya\ + ΨΛJ) = 0, j=i (mod. 4)

and

(12) dl2 (Wai + + y ^ + 1 ) = 0.

From (12), by assumption, we can find C, D, , E in Λ such that

(13) Wa\ + + W 1 - j ; _ x (Cα?+1 + Dαf+1 +

Since

Ji_i = Dg(z + 1) on Λtfs+i + Λ^i+i, q = i 4- 1 (mod.4),

we have from (13)

From this and (11), by Lemma 2, there exist A and ΰ in Λ such that

Xa\ + Yα? + Wa\
+ 1) + Dί(£ + ΐ)}(Aa}+ι + βα| + 1 + Ca!+ι

Thus we have

a={DQ(i + 1) + rfί-1 }(Aa\+1 + βαf+1 + Cα?+1 + Da\+ι + + EcAtΐ),

where Da(i + 1) + dl^ = di+u q = i + 1 (mod. 4). Finally,

di-xdiiά) = 0 for arbitrary ae Xt

follows immediately from Lemma 2 and the assumption of induction, q.e.d.

4. By our exact sequence, we define cohomology groups as usual. Let A

be a G-module, and Ar = Horn G (XnA) be the group of all G-homomorphisms

from Xr to A.

Then, we can consider fz Ar to be a vector (pcu(X2, ,ocr+1) with elements
in A, where /(αj.) = au f(a2

r) ~ <X2J ,/(^+ 1) = ΛΓ+1, And coboundary
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operator δr:Ar —»Ar+1 is translated into a mapping between additive groups of
vectors.

From this we have

PROPOSITION 2. If A is a Z-torsion free module, on which G operates
trivially,

H°(G,A) = A/2ι+1A

Hin+\G,A) = 2w (A/2A)

H"n+\G,A) = 2{n + 1>(A/2A)

H*n+\G,A) = (2n + 1>(A/2A)

Hin+\G,A) = A/21A + 2{n + 1).(A/2A),

where 4- means direct sum, and m B is direct sum of m copies of module B.

PROOF. First of all, we remark the following fact: consider a subgroup

C = {(ρcu a2); ocί9 a2^A a n d 2OLX — 2ιa2 = 0 }

of additive group of vectors and a subgroup

D= {(2ιa,2a); aeA}

of C, then

C/D ^ A/2A.

Using these facts, the results follow from direct computations, for n = 0,1,2.

Then we have from the proof of Theorem 1,

H\G,A) = A/21A + Hn-\G,A) (direct) for n = 0 (mod.4)

Hn(G,A) = A/2A -i Hn-\G,A) (direct) for n = 1 (mod.4)

H\G,A) = A/2A + Hn-\G,A) (direct) for n = 2 (mod.4)

HW(G,A) = A/2A+HW-2(G,A) (direct) for n = 3 (mod.4),

where fίw~2(G,A) is the group obtained by replacing only the first component
of Hn~\G,A) by A/2A. From these equations we have the results, q.e.d.

COROLLARY 1. Let Z be the ring of rational integers, then

H\G,Z) = Z/2ι+1Z,

H'n(G,Z) = Z/2ιZ + 2rc (Z/2Z),

H2n+1(G,Z) = n (Z/2Z),

and

Hin+\G,Z) - 2(n + l) (Z/2Z).

Let k be a />-adic number field and K its Galois extension. T. Tannaka
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(3) considered the structure of the group G(k/K) = {a; a € K, Nκ/k(cc) — 1}
and decided it using a suitable factor set and K.ι~σ H. Kuniyoshi (1) decided
the structure of G(k/K) in another form when the Galois group G is abelian.
When G is a dihedral group, we can decide the group G(k/K) as analogous
form in [1J.

COROLLARY 2. Let k be a p-adic number field, and K be a normal

extension, of which Galois group is a dihedral group. Then

G(k/K)/K^=Z/2Z,

where

K1~σ= {Iiaι-σ; azK, σzG}.

PROOF. The left-hand side is H~ι(G,K*), where K* is the multiplicative
group of K. And this group is isomorphic with H~3(G,Z) by Tate's theorem,
while

H~\G,Z) = H\G,Z)

and the last group is isomorphic to Z/2Z by Corollary 1. q.e.d.
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