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Let K = k(xu x2, , xn) be a purely transcendental field over k of tran-
scendence degree n. Now we set σxj = xj+1 for any integer j with 1 ̂ j^ n
— 1, while σxn = xλ. Then σ induces an automorphism of K over k, which
will be also denoted by the same letter σ. If we denote by L the set of all
elements of K which remain fixed under σ, then K is a normal extension
of degree n with Galois group © = {/, σ, σ2, , σ""1}. Now it arises the
question "Is L purely transcendental over kV\ which is refered to as "Che-
valley's Problem" by Dr. K. Masuda. Let p be the characteristic of k and
assume that p does not divide n. For any positive integer n less than or
equal to 7, he proved that L is purely transcendental over k [1]. On the
same Journal of Nagoya, Dr. Kuniyoshi proved the purely-transcendency for
the case of nonzero characteristic p and n = p [2]. Let r be any positive
integer and p(> 0) the characteristic of k. Dr. Kuniyoshi proved further
that L is purely transcendental over k, if n — pr [3].

All the fields treated in this article are assumed to be of characteristic
zero.

Already E. Noether showed that L is purely transcendental over k, if
the ground field k contains a primitive n-th. root ξ. Accordingly one of our
concern is to diminish this restriction concerning the ground field. Now we
can state the following main theorem:

MAIN THEOREM. L is purely transcendental over k, if one of the follow-
ing conditions holds, where I is an odd prime number'.

( i ) n — l2r and k contains a primitive Γ-th root of unity,
(ii) n = l2r+1 and k contains a primitive lr+1-th root of unity,
(iii) n = 22r and k contains a primitive 2r+1-th root of unity,
(iv) n = 22 r + 1 and k contains a primitive 2r+1-th root of unity.

As a special case it holds that L is purely transcendental if n = 33 and
k contains primitive 32-th roots of unity. But more precisely we can assert
the same result under the weaker condition that the ground field contains
merely cube roots of unity. Dr. Kuniyoshi conjectures that more generally
following fact will hold:
"If n = pr (p : prime number) and k contains p-th. roots of unity, then L is
purely transcendental over k."
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Our main theorem was first proved by the method of Dr. Kuniyoshi,

which was reported at the seminar of Tόhoku Mathematical Institute, and

it concerns with certain properties of algebraic groups. In this article we

want to treat the same problem in more simplified form.

Before proceeding to the detailed proof, the author wants to express his

sincere gratitudes to Dr. Kuniyoshi and Professor Tannaka, who has en-

couraged him during his study about this subject.

Let k be a field of characteristic zero and n any positive integer, ζ a

primitive n-th root of unity and k' = k(ζ). If K — k(xl9x2, ,Xn) is a purely

transcendental extension of k of transcendence degree n, the cyclic permuta-

tion σ:Xj-+xj+1 induces naturally an automorphism of K over k. The suffices

of the letters x5 are considered modulo n. Let L be a field consisting of

all elements of K which are left fixed under σ. The cyclic permutation

naturally induces an automorphism of K = k'(xl9 x2,' ' % xn) over k'. We will

denote this also by σ. Let L' be the fixed field in K of σ. K is a Galois

extension field over L of degree n and the Galois group © is generated by

σ. Similarly K is a Galois extension over U of degree n, and © is regarded

also as its Galois group. As K is purely transcendental over k, K and k'

are linearly disjoint over k. So if we denote the degree of fields by[ : ],

[Kf: K] = [L(ξ): L] = [k': k\. Since any element of L(ξ) is invariant under

σ, L(£) is contained in ZΛ We have L(ξ)= V by the following formula.

[KΊL] = [K':K][K:L] _
. L ] [ m . L 1 K > . L Ί - i-

Therefore K ,L\k' are all Galois extensions over K, L and k respectively.

Let G be the Galois group of K' with respect to K and τ any element of

G. If we restrict r to Z/, it defines an automorphism of U over L. So G

can be regarded as the Galois group of L' over L. Similarly G is regarded

as the Galois group of k' with respect to k.

If a is any element of Z/, we will denote [L(a): L] by ι(α). Let {α1? α2,

• , at] be a set of elements of L' satisfying a condition Σ L(aj) = n-> a n ( i

let {αj? άh a/ , (2(ι(αj)~2), a{

}

ι{ai)~l)} be a set of all elements which are conjugate

with one another with respect to L, for j such that It^j^t. If a subfield

k' (al9 al9 , a[™-*\ ai9 aί, , a^~ι\ - - - at9 at9 , α<

(^>"1>) of L' coin-

cides with L' the set [al9 a2, , at} of elements of V is called a system of

primitive generators of V with respect to k\ Let L be purely transcendental

over k and {<zl5 <z2, ' ' % &n} be a purely-transcendence basis of L. Then the

set{<Z!, a2, , Λ?Z} is clearly a system of primitive generators of L' with

respect to k\ However, if V has a system of primitive generators, L is
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purely transcendental over k [1].

PROPOSITION 1. Let I be an odd prime number and r any positive

integer and n = l2r. Let k be a field of characteristic zero containing a primitive

lr-ih root of unity, and K = k(xux2,
m * m

9Xn) a purely transcendental exten-

sion over k of transcendence degree n. If -we define an automorphism σ of K

over k by σxά = Xj+ι, the invariant field L of σ is purely transcendental

over k of transcendence degree n.

PROOF. Let k be any overfield of k, K = k(xlyx2, %xn) a purely tran-

scendental extension over k of transcendence degree n. Then K — k(xu x2, ,

xn) is purely transcendental over k of transcendence degree n. For a primi-

tive n-th. root ζ we put k'— k(ξ), k' = k(ξ), K' = k\xlyx2, ,xn) K' = k\xu

&2, ,Xn) Let L,L,L' and L' be the invariant fields of <r.Xj-+xj+1 in K, K,

K' and K respectively. Now if L' has a system of primitive generators with

respect to k', we can easily construct a system of primitive generators of L'

with respect to k\ Hence, to prove the purely-transcendency of L over &, it

is enough to show that L is purely transcendental over k.

Let Q be the field of all rational numbers, and ζ a primitive n-th root

of unity. Then η = ζv is a primitive Zr-th root. By a remark just mentioned

we may assume the basic field k to be Q(η). The monic irreducible equation

over k = Q(η) satisfied by ζ being Xιr — η — 0, it follows that the conjugates

of ζ over K(and also over L, and k) are ξ, £Γ +\ f 2 r + \ ξ2lr+1, f 3 Γ + \ , ξ{V-™'+ .

So that the Galois group G of K with respect to K is a cyclic group and
n

T : ξ-+ξι'+1 is a generator of it. If we put yt = Σ ξίjXj (1 ίg i ^ n\
3 = 1

then

and

(2) ryi = i:^^x3 = y{lr+l)i.
3 = 1

Next we will define a system of elements as follows:

tfo = yn,

ar,d = TF^i r̂  (β = 1,2,3, , Γ— 1),

(n'y.™
\j=0
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at, m = T ^ Ί — ^ πs-(t = 1, 2, . , r - 1. 1 ^ m ^ Γ - 1, (m, f)= 1),

Π 'Π Λ,"-' + 1

Using the formula (1) we see easily,

σa0 — cryn

 = ζn~n yn = aQ,

y™
σar,d - σ ,ιr-

(π/'-llsH'"*"* ))"
,d

σaum = σ ί t - 1 - " " = s

/ t'-i Y

( π v««+I

=yίy2

σaυ =

Consequently these α belong to L'.

We have then by utilizing the formula (2),

τa0 = τyn = y{ιr+ι)n = yn = a0.

Since the Galois group G of U with respect to L is generated by T, we see
a0 £ L, whence
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τar,d = Ur.d'

^ =o / \ j=o / \ j-o

This means ar,d € L, and so ι(arjd) = [L(αΓ j d): L] = 1.

Now it is seen without difficulty that all elements of G which leave α i>m

fixed make a cyclic group [τ r t] generated by τr~\
By the Galois theory we have

where ( : ) denotes the index of the subgroup.

Now taking the relation (2) in mind we see that only the identity mapping
τιr of G leaves ax fixed. Hence ι(aλ) = [L(aλ): L] = (G : [τr]) = V. Similarly
we have c(aυ) = V. Therefore

lr-\

= l + (Γ-i) + + /r + (zr-1(/-i)-i)zr

where (m, Z) = l means that m is relatively prime to I.

Let M' be a field obtained by adjoining each a and all its conjugates
over L to &\ Then we see without difficulty

M'(y1,yιr+1,y2ιr+u Γ + 1) = M ' ( y ^ , 3/3,

Using the theorem of elementary divisors for a cyclic matrix

A =
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there exist square matrices P, Q of degree Γ with integral coefficients whose
determinants |P\, \Q\ are ± 1, and

is diagonal, where the elements bt are integers satisfying i i +i = 0(i {), i.e. &*
divides &i+1. Let >̂o be the (i,j) element of the matrix P and qί5 the (i,j)
element of Q. Let next ίl be an algebraically closed overίield of K', and
denote by Ω* the multiplicative group consisting of all non-zero elements of
ίi. Let further H = ί l x x ί2x x x ί2x be a direct product of V groups ί l x

and Yu Y2, , Yr, Γ variables. Then / ρ (Y1? Y2, Y3, , Yr) - Π y Γ ,
\ 1=1

H YT 9 Π "> Π determines a group homomorphism / ρ of H

into H. Similarly we define fΛ,fp and fB. It is easy to see by the fact A
= PBQ that it holds fA ^fpfβfq- As the matrix B is diagonal, the order of

the kernel of fB> that is the group fB

ι(l, 1,1, , 1), is
1=1

= abs.|A| = l2r = n, where (abs.) denotes the absolute value of a number.
\A\ = n is easily verified directly. As P, Q are unimodular, fp,fq are auto-
morphisms. We see therefore the kernel of fA is of order n. And we
conclude as follows:

T h e k e r n e l of fΛ = {(?«, ξ«r+1)«, f ( 2< r + 1 ) α, £ ( 3 i ' + 1 ) " , . .

* " ' ? f ( ( ί r " 1 ) Γ + 1 ) α ) a=l, 2, 3, , n}.

A set [aί9 au a[\ , a{χr~l)] of all conjugates of ax over L is obviously

algebraically independent over k\ So that if we put Sί = kf(yl9yιr+uyΛr+l9—,

3>(ιr_i)r+i) and SB = k'(μl9a[9a'1'9 9aψ~ι))9 2ί is an algebraic extension field of

33. Now we will take any conjugate (zl9 zιr+l9 z2ιr+u >y(ir-i)ir+i) of an ordered

tuple (yl9yιr+l9yur+i,yjir+l9 ^(Γ-DZ'+I) over 23.

Since 3/?3# +i3;2V+iylf+i ^(Γ-^Γ+I = cιl9 we have 2 ; i 4 r + i ά + i ά + i

^ - υ , + 1 = ax. Hence = L B y

the similar considerations to 2nd, 3rd , and Zr-th components, it follows
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that (-^-9 ^ - , ^ ^ - , , zr-»tr+i ) belongs to the kernel of fA. Accordingly
\ yi yp+i y*v+\ yy-Dv+i /

zβr+ι = ξυιr+1)aiyβr+1 (; = 0,l,2, ,Z r -l) , for certain as. Consequently Sί is a
normal extension of 33 of degree less than or equal to n. Since 51 c i£ ' , 33
c M\ S3 ( J Ί , yΓ+u y2V+l, ,;y(jr_1)r+1) = 51 and Λf (3^, yP+u y2r+u , ^ - Ό ^ + I )

= K', we see [iΓ : M] ^ [81: 33]. Hence we have M = L\ because M ' c L ' c Γ ,
and [K : L'] = n.

Therefore these a are a system of primitive generators of U with
respect to k\ This completes the proof of Propositi n 1.

PROPOSITION 2. Let I be an odd prime number and r any positive
integer and n = l2r+1. Let k be a field of characteristic zero containing a
primitive Γ+ι-th root of unity. If K = k(x1,x2,Xs, * * >#«) is a purely tran-
scendental extension of k of transcendence degree n9 the fixed field L of the
automorphism σ: xj^>'Xj+ι is purely transcendental over k.

PROOF. Let ξ be a primitive ?z-th root of unity. Then η = ζv is primitive
Zr+1-th root of unity. As we pointed out at the beginning of the proof of
Proposition 1, it is enough to prove the theorem for the case k =Q(η). The
monic irreducible equation of ξ over k — Q(η) is Xι~ — η = 0. Hence the con-
jugates of ξ over K are ζ9ζ**+\ ξ^+\ζ^+\... ^ - D I ^ + I . I t follows that the
automorphism T : ζ -> g|rfl+1 is a generator of the Galois group G of K with
respect to K.

n

Putting J'i = Σ ζυ χj * w e s e e

3=1

(Γ) *yi = ζn-%yi,

(2') τy% =yci»i+Di

We will define the system a as follows.

a0 = yn,

a y™

- γ^ -« id = i,2,3,... ,r-> - 1 ) ,
)

ί = l ,2 ,3 , . , r - l

j=0 *
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^v^lr+ι - 1, (v,Z) = 1)

Using the formula (Γ) we see easily that σa = a for each a. Consequently
these a belong to L\

Using the formula (2') we have,

τa0 = a0,

τaT)d = ar%Λ.

Hence

The subgroup of G which leaves α i m fixed is found without difficulty to be
a cyclic group [τΓ ί]. This brings 1^^) = ̂ '.[τ11"*]) = lr~K We see at once
that the only element of G which leaves ax fixed is the identity mapping
/, and the only element which leaves aυ invariant is also /.

Accordingly it follows ι(a^) = ι{av) = Γ.
Therefore

f+i-Ί r-i

= Z 2 r + 1

= n.

Let M' be a field obtained by adjoining each a and all its conjugates
over L to k\ Then M(yl93V+i+1,yΛr*x+u ,3^r_1)Γ+1+1) = k'(yl9yi9y39

 m ,yn)
= K'.lt we make an endomorphism fA of a multiplicative group i / = ί 2 x x ί 2 x

X . . . χ ί l x from a cyclic matrix

lr

A =

l+l l-l I I

I l+l l-l I

l-l I I I - 7 + 1

we see as in the proof of Proposition 1 that the kernel of fA is
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ι\ζa> ζ a> ζ +1 a•> ζ 3 +1 Λ> * * ? ζ ~ι ) ? Λ = 1> 2, 3, , #} .
Sί—£'(jΊ>3V+i+i, 3>2r+i+i, ,^(r-i)pi+i) is an algebraic extension field of S3

— k\au a[, a\ , a{

x

ιr~ι)). For any conjugate (zl9 zv+i+i, £2r+i+i, z$r+i+u , 2:(ίr_υιm+i)
with respect to 23 of an ordered tuple ( j Ί J j ^ + i j r i + i / ^ ί Γ - i r m ) we can

prove that ί——, r*1+1

 ?

 2Γ*1+1 , 3 / m + 1 , , (Zt~iμr+1+1 j belongs to the kernel

of/i. So, 2:jr+i+1 = f( j i r+1+1)aj^^+i (i = 0,1, 2, 3, , Z r - l ) for certain integers
tf's. This shows that SI is a normal extension of 23 of degree less than or
equal to n. Since n = [K : L'] ^ [K': Λf] ^ [81: » ] ^ n9 we have L' = M.

Therefore these a make a system of primitive generators of V with
respect to k\ This completes the proof of Proposition 2.

PROPOSITION 3. Let r be a positive integer greater than or equal to 2(*}

and n = 22r. Let k be a field of characteristic zero containing a primitive
2r+1-th root of unity and K=k(xux29Xs, *, xn) be a purely transcendental
extension of k transcendence degree n. Then the invariant field L in K under
an automorphism σ: Xj->xj+1 is purely transcendental over k.

PROOF. Let ξ be a primitive z-th root of unity. Then η=ξ2ri is a
primitive 2r+1-th root of unity. We may assume the basic field is k = Q(η).
Since the monic irreducible equation of ζ over k = Q(η) is X2""1 — η = 0, the
conjugates of ξ over K are

So that the Galois group G of K! with respect to K is generated by τ:ξ

—> f2 m + 1.

Putting yt = Σ ζίJ XJ > w e have easily

/ -ι//\ -, yn-i Λ,

We will now define the system a as follows. a0 is simply defined by

a0 = yn

Obviously there exists a positive integer b such that (22'"1 — 2r + l) & = 1
(mod. 2r+1). We will fix such an integer b, and define

(•*) When r=l , the purely-transcendency has been proved by Dr. Masuda [1], as was already
mentioned.
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ar-i,d = 2--i 2Tld " > (J = 1, 2, 3, , 2 r + 1 - L).
( H 3^+i)

Next we will fix positive integers ct for z = l, 2, , r—2, such that c* = 2 r "

- 2r-ί~2 (mod. 2 r- i"1), and define

2 f - l m, I ' ' 9 ' * I

Π ys*"-<-v+*ct+i) \1 ^ m ^ 2 r + 1 - 1 , (m, 2) = 1,/

Obviously σa = a for each α by (1"). Hence these α belong to ZΛ We will

make use of the formula (2") for calculating the i.

τa0 = a0,

τα r _ l r f = α r _ ] d immediately.

Hence

ι(α0) = 1,

All elements of G which leave aί>m invariant make a group [r2'"'"1] generated

by T2^-1, accordingly t(ai>m) = (G: [r2^1]) = 2r-<"1.

Since only element of G which leaves aγ fixed is the identity mapping,

Quite similarly

Therefore

(m,2)=l

= 22r

Let M be a field obtained by adjoining each a and all its conjugates
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w i t h respect L t o k'. T h e n M\yuy2r+1+uy2.2r+ι+1,y3.2r+1+ι, ,y(y-ι-ϊ).r+i+1) = K\
Sί = k'(yuyr+ι+ι9y%.vm+ι9 ,3V-i_i).2~i+i) is an algebraic extension of 23
= &' (a l 9 a'l9 a", , αp r + 1 " υ ). Taking | A\ —n into account, where

A =

5 3 4 4

4 5 3 4

4

4

3 4 4 4

is a cyclic matrix, SI proves to be a normal extension of 23 of degree less
than or equal to n.
But, as n = [K': L'] ^ [K': M] ^ [Si: » ] ^ Λ, we have Z/ = Λf.

Therefore these a make a system of primitive generators of U with
respect to k\

PROPOSITION 4. Let r be any positive integer and n = 22 r + 1

field of characteristic zero containing a primitive 2r+1-th root. The invariant
field L of an automorphism σ: Xj—> xj+ί of K is purely transcendental over
k, where K = k{xux2i ,xn) is a purely transcendental extension over k of
transcendence degree n.

PROOF. Let ξ be a primitive n-th root of unity. Then η = ζr is a
primitive 2r+1-th root of unity. We may assume k = Q(ρj). Since the monic
irreducible equation of ζ over k = Q(η) is Xr — η = 0, the conjugates of ζ
with respect to k are

£ o-2'+i+l £.2 2r+i + l £ 3 2Γ+i + l # . β ^-(2 r -l) 2r+i + l

So that the Galois group G of K' with respect to K is generated by T : ξ*

Putting now yt =
w e have

(2'") τy t = y&«+w .

We will define a system α as follows,

do = ^ n ,
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(2 r - l \b

Π 3Wi
where b is a fixed positive integer satisfying (22r —2r + l) έ = 1 (mod. 2 r+1),

Π
3=0

1 ^ m ^ 2r+1 - 1 , (m, 2) = 1/ '

where the ct are fixed positive integers satisfying c i Ξ 2 r " 1 - 2 M " 1 (mod. 2r~i),

for t = l , 2 , 3 , . . . , r - l ,

These α are contained in V.

Now ι(a0) = 1,

< α Λ d ) = 1 ,

t(ai>m) = 2r~\

<av) = 2r.

Hence

2 2 r + 1

Taking the relation |A| =n into account, where

2r

ί 3 1 2 2

2 3 1 2

1 2 2 2

2

2
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is a cyclic matrix, a field M obtained by adjoining each a and all its con-

jugates with respect to L to k' coincides with L'.

REMARK. Let k be a field of characteristic zero containing a primitive

3rd root of unity and K=k(xu x2, x3, , x27) a purely transcendental extension

over k of transcendence degree 27. Then the fixed field of an automorphism

σ: Xj —> xj+ί of K is purely transcendental over k.

PROOF. Let ζ be a primitive 27-th root of unity. Then η = ζ9 is a

primitive 3rd root of unity. We may assume k = Q(η). The monic irreducible

equation of ζ over k = Q(η) is X9—η = 0, hence the Galois group G of i ^

with respect to K is generated by T : ζ —• £4.

Putting yt — Σ ζijχj> w e s e e

We will now define α's as follows.

^ 0 = = 3^27 >

^ 1 = .

a2 =
yl '

Π

j - 0

3 ;i3 ;io3 ;i9

« β = ^

These a are certainly contained in ZΛ

Now, *(α0) = 1,
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Therefore

Thus

t(A) = 9,

*(Λ») = 9,

ι(a
3
) = 1,

*(«•) = 1,

*(*,) = 3,

t(α
6
) = 3.

Σ *(«;) = 27.
j=o

9

0 1 0 1 1 0 0 0 0

0 0 1 0 1 1 0 0 0

1 0 1 1 0 0 0 0 0

= 27

completes the proof of our remark.
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