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Let n be any rational integer > 2 and {, a primitive n-th root of unity
over the field P of rational numbers (e.g. &,=e*"); let P, denote the
cyclotomic field generated by the primitive #n-th root of unity ¢, over the
field of rational numbers. If ¢ is any rational integer prime to 7, {,—¢,
determines an automorphism o, of P, over P ; the Galois group of P,
over P consists of all o, and therefore is isomorphic with the multiplicative
group of the rational integers prime to z mod 7.

Let p be any prime ideal prime to n in P, and put Np = ¢q; then ¢ =1
(mod 7). The n-th roots of unity ¢%, for 0 <a < #u, are all incongruent to
each other mod b and therefore are all the roots of the congruence X" =1
(mod p) in P,y.‘For every integer x prime to p in P, "' =1 (mod p) and so
there is one and only one n-th root of unity ¢; (0 =<7 <n) satisfying the
condition x@ P =¢% (mod b), since 25 =1 (mod D).

Now, let x,(x) be an n-th root of unity satisfying

X,(@) = ¢ (mod p),
and for £ =0 (mod p) we put x,(x) = 0. Then ¥, is a multiplicative character
of order n of the field of ¢ elements consisting of the congruence classes in
P,y mod b.

For such a character y, and any rational integers @ and & such that «,
b and a + b= 0 mod 7, Jacobi sum is defined as follows:

o(x*, x’) =— >: X ()X (x,)

where x; and x, run over complete sets of representatives of the congruence
classes modulo p in P, subject to the condition x, + x, =1 mod .

As Jacobi sums are closely related to the Gaussian sum we shall here
deal with both Jacobi sums and the Gaussian sums. As can be seen in the
above definition, Jacobi sums are certain sums of roots of unity in the residue
class field modulo p. It will be shown that they are left invariant under all
automorphisms of the residue class field modulo p. Jacobi sums may have
some relation to the splitting field of p with respect to P,,/P, and indeed they
have. We shall prove that the splitting field of p arises from the rational field
by the adjunction of Jacobi sum. As for the Gaussian sum, S.Chowla [1]

1) see [8]



ON THE GAUSSIAN SUM AND THE JACOBI SUM 143

shows that the Gaussian sum belonging to a character of the multiplicative
group of rational integers modulo p, where p is an odd prime number, is
equal to the product of a root of unity anda/ pif and only if the order of the
multiplicative character is two”. In case of the Gaussian sum belonging to
the above multiplicative character x? it will be shown that it is equal to the
product of a root of unity and »/Np or not, according as the splitting field
of p is real or imaginary.

D. Hilbert [6] shows a set of relations among the elements of the class
group of the cyclotomic field generated by p-th roots of unity over the rational
field, which R.E. MacKenzie [7] gives a generalization of. Here we shall prove
that the above relations also hold in the class group of any Galois extension
over P of finite degree containing P, and in a certain “Strahl” class group
of any cyclotomic field Pg,,. The point of the proof which is founded on the
ideas of MacKenzie consists in employing Jacobi sums.

1. Preliminaries. Let p be any prime ideal prime to n in P, and
Yr(x) be any nontrivial character of the additive group of congruence classes
modulo P in P,; consider the Gaussian sum

(x5 =— 2_ xix) Y(x)
zmod p
for any integer a modulo n.
Then we get the relation between the Gaussian sum and Jacobi sum

oY) m(xr(xe) = 75 )e(X5, X5)

when a, b and a + b £ 0 mod =

And for any rational integer C == 0 mod n

@) lTx)1* = q.

From this and (1) we have for any rational integers a and & such that a,b
and a + b= 0 mod =

3 lo(xs, x2)1° = ¢q .

Moreover, it follows that for any rational integer a==0 mod 7

@ 1T w6, 5) (NB)* = ()"

where d denotes the positive greatest common divisor of a and 7.”

On the other hand, n-th power of the Gaussian sum (x3) is an integer in
P,y whose prime ideal decomposition in P, is given by Stickelberger and
Hasse [5],[9],[10] as follows; for a = 0 mod =

®) (r(x3)") = @

n

3 1, w(x3", x3) is equal to x5( — 1).

2) In the case p =
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where #(a) denotes the sum > r(— ta)s;; 7(z) denotes the least positive rest
t

of x mod » and the summation is over all rational integers ¢ prime to n
modulo n. Thus 6(a) is an element of the group-ring (with integral coefficients)
of the Galois group of P,, over P: symbolic powers of ideals of P, are to

be understood as usual by putting e.g. a* = II, (a”)™ if » is the element »

= ) mo, of the group-ring. It is clear that we have
t
(6. 1) é(a)o, = 6(ta)
(6. 2) 8(a)o + o-) =6(a) +6( —a)=n2_ o
t

where ¢ is again prime to .

Now, Jacobi sum e(x§, x;) is an integer in P(,. From (1) and (4), the
prime ideal decomposition of Jacobi sum in P, is obtained as follows:
when a, b and a + b == 0 mod »

(M (o(X5, X3)=p""".

Here 75(a, b) denotes the sum > d( — ta, — tb)s7’, where generally
t

d(x,, x,) = r(zxy) + r(xy) — r(xy + 25) _ {0 for r(x,) + r(x,) <n
’ n 1 for r(x,) + r(xy) =n

and the sum is taken over all integers ¢ prime to 7 modulo »n.

Since the expression d(x,, x,) is equal to 0 or 1 according as r(x,) + r(x,) < n

or r(x,) + r(x,) = n, n(a,b) is an element of the group-ring (with integral

coefficients) of the Galois group of P, over P. And we see at once that

ny(a, b) = 8(a)+6(b)—6(a+b) as elements of the group-ring, so we have

8.1 n(a, b)a, = n(ta, tb)

8. 2) wa, b)(oy + a_;) = > o,

Let p be the prime number which is divisible by p. Then the Gaussian
sums 7(x3) are integers in P(,,), so any element of the Galois group of P,
over P acts on them; for an automorphism p; of P(.,)/Pwy which corresponds to
the automorphism &, — & of P,,y/Pwmy we have 7(x%)* = x3%s)v(x3) and for
an automorphism &, of P(,,/Py which corresponds to the automorphism o,
of P.,/P, we have also 7(x%)* = 7(x%). On the other hand, any element of
the Galois group of P, over P acts on n-th power of Gaussian sum and
Jacobi sum w(X§, x%), which are integers in P,. Therefore we have the
following;

9) m(xs)"* = m(x3)" o(xy, X0)"* = o5, Xy
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for all elements o, of the Galois group of P, over P.

Now, let £ be any finite algebraic number field over P containing P,
and p be any prime number which does not divide the discriminant of ;
let p denote a prime divisor of p in Py, and P a prime divisor of p
in k.

For the character x, of the multiplicative group of congruence classes
modulo p, the character xy of the multiplicative group of congruence classes

modulo P is defined by
(10) xx(z) = x.(Nx)

where Z is any integer prime to P in %k and N denotes the norm mapping
from the multiplicative group of congruence classes modulo P to the multipli-
cative group of congruence classes modulo .

Furthermore, let f be the relative degree of P with respect to £/P(,,, namely NP3
=y’ then Nz= "¢+ = z@=1/@-D mod p. Therefore, by the definition,
for any rational integer a0 mod n yg/x) = @ P%" mod p and so mod P.
Hence we see that x%(z) = xiNz) for any rational integer %0 mod 7.

For such characters xg and 3 Jacobi sum (3, %% and the Gaussian sum
7(x%) may be defined in the same way, then Hasse [2], [5] proved the
following relation;

(11) o(x*, xv) = (X5, X3).

2. Gaussian sums and Jacobi sums. Let p be any prime ideal prime
to n in P,y and put Np = p’’, where p is a rational prime number.

In the following, a prime ideal p and rational prime number p mean what
is mentioned above unless otherwise stated. We also omit the subscript p in
characters 7, the Gaussian sums 7(¢§) and Jacobi sums (x5, X°).

We shall first deal with Jacobi sums. Using (7) and that the prime ideal
p is left invariant under the Frobenius substitution of p with respect to P,,/P,
we see at once that the Frobenius substitution of p leaves fixed the principal
ideal generated by Jacobi sum. However, we shall now show that Jacobi sum
itself is left invariant under the Frobenius substitution of p. This follows
from these consideration: using (9), for the Frobenius substitution @ of p with
respect to P¢,y/P, characterized by ¢} = ¢4, we have the following;

o(x% X)° = (X, X)) =— 2 x"(x)x"(x,)

Z,+xe=1modp

=— > Pz )X — x,) =— Y x(x,")x((1 — z,)")

2y%0,1mod » %01

= Z X (@)X (1 — z,7).

2, %0,1
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Here, paying attention to the quality of the Frobenius substitution of p we
have further
== 2 Xz NA - z”) = — 2 x(@")x(x:?)
2, P %0, 1modyp
= o(x%X")
Hence Jacobi sum o(x% x’) is left invariant under any element of the splitting
group of p with respect to P,,/P.

Conversely, assume o(x% X’) = o(x% x°)* for some element o, of the
Galois group of Py, over P, then we have (a(x% x%) = (o(x% x))™. By (7)
and (8.1) we obtain the prime ideal decomposition of (e(x% x°))** in P, as
follows:

P +xh=1modp

(a)(xa,’ xb)):rk — pn(lca,lcb).

Here, let P, P e pE (s = @(n)/f)® be different prime divisors of p.
Then (7) may be written in the form

S
>, Dlaty, vt)o; !
1

(12) (o(x5,%5) = p=!
£

where D(x,, x,) denotes the sum Y d(— z,p*, — x,p").
n=0

By (12) and the assumption, we get

s s
3, pikaty, kot)ap ! 3, peat,,bt)o; !

(o(x% X))y =" =p = (o(x", X"))-

This implies that each prime ideal §°% in both sides of the above equation has
the same exponent, that is, D(kat;, kbt,) =D(at,, bt;) holds for each 7,7 =1,
2,000,

If there exists at least one D(at;, bt;) different from the others, then we
see immediately that the above equation holds only when % is the power of
# ; namely o, is contained in the splitting group of 2.

Thus we have the following

LEMMA 1. Assume that there exists at least one D(at; bt;) different
from the others. Then in order that some elements of the Galois group of Py
over P leave Jacobi sum o(x%,x5) fixed, it is necessary and sufficient that
they are contained in the splitting group of p with respectct to Py/P.

According to Lemma 1, it may be possible that some of Jacobi sums are
real numbers, and indeed they are. Then we have the following

3) o(n) denotes Euler’s function.
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LEMMA 2. If the splitting field of p with respect to Puy/P is a real
subfield of Py, then Jacobi sum o(X%, x2) is equal to *=./Np which is a
rational integer and conversely, if there exists at least one D(at;, bt;) different
from the rest.

PROOF. In order that the splitting field of p is a subfield of the maximal
real subfield of P, it is necessary and sufficient that the complex conjugation
o_, of the imaginary field P,, is contained in the splitting group of p.
Suppose that the splitting field of p is real, then we see at once that
o(x®, x0) =w(x* x’) for the complex conjugation o_; from the first part of
Lemma 1 and what is mentioned above. And we see further from (3) that
Np=w(x? x*)-o(x% ') =o(x* x).. When we put Np = p”, by the assump-
tion f is an even integer. Therefore Jacobi sum is equal to =#.,/Np and a
rational integer.

Conversely, suppose that there exists at least one D(at,, bt;) different from

the rest and Jacobi sum is equal to = /Np which is not necessarily a rati-
onal integer, then it holds that w(x% x") = w(x%, x’). This fact shows that
the complex conjugation o_, is contained in the splitting group of p by the
latter part of Lemma 1. Thus we obtain the assertion to be proved.

Now, paying attention to Lemma 2 we can express Lemma 1 in another
way, that is the following

THEOREM 1. Assume that the splitting field F, of p with respect to
P,/ P is an imaginary subfield of P, and there exists at least one D(at;, bt;)
different from the others. Then we have P, = Plo(X3, X3))-

PROOF. We see immediately that w(x% x’) is not contained in P, but
contained in P, Furthermore, Lemma 1 shows that the number of the diffe-
rent conjugates of the element o(x* %’) in P, is equal to the degree of P, over
P and Plw(x* %)) is a normal extension over P. Hence our assertion is true.

Next, we shall deal with the Gaussian sums. As mentioned above, Jacobi
sum is left invariant under any element of the splitting group of p with
respect to Pc,,/P. From this and (4) it follows that any element of the splitting
group of p leaves n-th power of the Gaussian sum fixed.

As before, let p°a , PO e % (s = @(n)/f) be different prime divisors of 2.
Then (5) may be written in the form

3
3, Rty

(13) (r(x$)") = pi=

-1
where R(x) denotes the sum > r(—xp").

n=0
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Now, assume 7(x*)" = 7(x*)** for some element o, of the Galois group of
P, over P. Then by (13) we get

8
>, R(ka)o; ! 3 mtaay?

N )

This implies that R(¢,a) is equal to R(¢ka) for each 7, i = 1,2,--.s. If there
exists at least one R(¢;a) different from the others, then we see immediately
that the above equation holds only when o is contained in the splitting group

of p.
Thus we have the following

LEMMA 3. If there exists at least one R(t,a) different from the rest,
then n-th power of the Gaussian sum 7v(xy) is left invariant under some
elements of the Galois group of P,y over P only when they are contained
in the splitting group of p.

When 3 is a multiplicative character of order 2 of the multiplicative
group of congruence classes modulo p in particular, it is a famous fact that

the Gaussian sum 7(xy) is equal to ==4/x3(— 1)-Np. As to the Gaussian sum
of multiplicative characters of oder n of the multiplicative group of congru-
ence classes modulo p, we have the following

THEOREM 2. We put the Gaussian sum 7(x*) = &x*)n/ Np. If the split-
ting field of p with respect to P,,/P is real, then in the case p is odd, &x*)
is an n-th root or a 2n-th root of unity according as n is even or odd, and
in the case p is 2, &x*) is an n-th root of unity and conversely if there is
at least one R(t;a) different from the others. Then we have E&(X“)E(X)) = =&

(xa+b).

This theorem is proved by the same methods as in the proof of Lemma 2.

Now, assume that the splitting field of p is imaginary and there is at least
one R(t;a) different from the rest. Obviously &(x*) is not a root of unity.
Since 7(x%) is equal to &x“)a/Np, &x*)*" is contained in P(,y; more expli-
citly, in the case z and f’ is odd, where f* denotes the degree of p relative
to P, &x*)*" is contained in P, and in other cases &(%)" is contained in
P(,y. And its prime ideal decomposition in P,y follows from (5) and (6.2);

8=1

2 @r(- at)-—n)zr;'l 2] (zR(t‘a)-nf')atjl

(e(xa)m) =pt =pi=

have the relation R(¢,a) + R((n — t,)a) = nf” for each 7, where 7 is an integer

As for the exponents of p°:', we

2

. ._s s . . .
satisfying 1_£_z_<__? or according as s is even or odd, respectively,
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because we may take {oy', o', - - ,00 4, only} as a representative system of
the right coset of the splitting group of p in the Galois group of P,y over
P and 7(— x) + r(x) = n holds. Therefore the sign of the rational integer
2R(t;a) — nf” does not coincide with the sign of the rational integer 2R((n
— t;)a) — nf” by the assumption; this implies that &x*)** is not an integer
but we have |&x*)| =1 easily. As the field P, is purely imaginary, there
is no distinction to be made between the norms of the number &(x*)*" and
of the principal ideal (&(x*)*"). Therefore, by the above prime ideal decom-
postion we have Npgyy,» E(x*)".
Thus we have the following

COROLLARY 1. Let notation &x*) be as in Theorem 2. Assume that the
splitting field of p with respect to P,,/P is imaginary and there exists at
least one R(t;a) different from the others. Then &§(x*) is not an integer in
Py but it is characterized by |&x*)| = 1 and Npwp(x")*" =1

Moreover we have

THEOREM 3. Assume that the splitting field P, of p with respect to Py
/P is imaginary and there exists at least one R(t;a) different from the rest.
Then we have F, = Pr(x3)").

This theorem can be proved in the same way as in the proof of
Theorem 1.

3. An application of Jacobi sums. Let £ be any finite algebraic number

field over P containing P,, and p be any rational prime number which does
not divide the discriminant of &.
Let p"t—.l (Z=12,---,5) denote the distinct prime divisors of p in P, as
before and moreover, let p°i’ = §, -, , - - - B, ,, be the prime ideal decomposi-
tion of p°%' in &, then for any rational integer a and b such that a,b and
a + b =% 0 mod 7, the prime ideal decomposition of Jacobi sum o(x3, X3) in
k is given by

8 7y D(ta,td)

(14) (o(xs, x3) = 11 1T Bes

i=1 j=1

Let R, ; denote the ideal class of k containing the prime ideal B, ; for each
i, j i=1,2,++%57=212,+++1). Thenit follows from (14) that for any
rational integer a and b such that a,b and a + b %= 0 mod n

3 7 D(tia,tb)

HH@W =1

i=1 j=1
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where D(t;a, t,b) denotes the same notation as in (12).

Especially, assume that % is a Galois extension over P containing P(.
Let the Galois groups of P,/P and k/P¢, be denoted by & and 9,
respectively. Then we denote by o, a representative in the Galois group of
k/P of the coset corresponding to an element o, of ®.

We now prove the following

THEOREM 4. Assume that k is a Galois extension over P of finite degree
containing P,. Let & be any ideal class of k. Then for any rational integers
a and b except when a=0, b0 and a+ b=0 mod »

II I g™ =1

o' TeH

where the product is over all automorphisms of k.

PROOF. The generalized theorem on arithmetric progressions assures us
that every ideal class of %2 contains prime ideals of degree 1 relative to P. Let
® be any ideal class of 2 and P be a prime ideal in & of degree 1 relative
to P which is contained in ®. Then for this ideal class we may state from

(14) that IT II (RE)*--» is the principal class, provided that neither a
nor b is divisible by z. On the other hand, in case that a or & or both are
divisible by 7, the value of Jacobi sums w(x% %) are as follows:

— (Np — 2) when a=0 mod #n and =0 mod n
o(x% xH) =1 1 when a =0 mod 7 or =0 mod n

x(—1) when a+b=0a=%=0 and b0 mod n.

So, in these cases the exponents d( — ia, — ib) of p°"' in the prime ideal
decomposition of Jacobi sum in P, is all equal to zero except when a + b
=0, a= 0 and b =0 mod n. Moreover, from what is mentioned above, the
above statement regarding & is true even if either a or b is divisible by
n. Hence Theorem 4 is true.

REMARK: Put %2 = P,, in this theorem, then we have Theorem 4 of
MacKenzie [7].

Particularly, as to the cyclotomic fields we see that Theorem 4 is true
even if ® is any absolute ideal class of a cyclotomic field (an absolute ideal
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class means an ideal class in the narrow sense). And what is more, we prove
the following

THEOREM 5. Let n be any rational integer > 2, p be any prime ideal
prime to n in Py, and m be an ideal of P, such that o(X3, X3)— 1 or
o(x3, X3)+ 1 is divisible by m. Let & be the “Strahl” class mod m of Py
containing p. Then we have for any rational integer a and b such that a

4+ b0 mod n

H (@",Z )n(at.,w,) =1

i=1
where D(at;, bt;) denotes the same notation as in (12).

PROOF. By the assumption we see at once that “Strahl” class mod m
containing the principal ideal generated by Jacobi sum w(x%, %x’) is the “Strahl”
mod m. So it follows from (14) that our assertion is true.

Furthermore, we have the following

THEOREM 6. Assume that n = Il It is the Sfuctorization of n into
i=1
powers of distinct primes and |, is a prime divisor of I, in Pey. Let & be
any “Strahl” class mod Wl=c=D* and 1 =p=v, or 2 = p=v, accord-
ing as [; is odd prime or even).
Then for any rational integer a and b except when a =0, b%0 and
a+b=0 mod n we have

(=8 @, —sth)
H (@”t ) ! =]

g le®
t

where s, denotes the rational integer such that n =lis, and d(— s,ta,
— s,tb) denotes the same notation as in (7).

PROOF, Since Y, x"u(x)=— 1 holds trivially Jacobi sum can be also

.0, 1modyp

written as follows: for any rational integer a,b and a + b = 0 mod »n

o(x™, ) =—2, X" (@)™ (x)=—2, x"“z)x™(1 — x))

21 + %= Imod P z3.0,1medp
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=1-— 3, x"(z)x"(1 — z,)— 1)

z 50,1

Let [,, be the prime divisor of /; in Py Then we have G,=(-- -)"_M By

the assumption multiplicative characters x™#., and x”* (1 — x,) are at most
%-th roots of unity, hence x™*(x,) and x**(1 — x,)=1 mod T;, and so mod
[2. From this the congruence follows

x™(z,) ()1 — x,) — 1) =x"*1 — x;)— 1 mod ¥, when x, =0, 1mod p
and consequently

o(x™, x)=1— > (¥*(1— x,)— 1)=Np=1 mod 7n and so mod [¥.
2%0,1

In other cases, the last congruence trivially holds. Therefore we see that the
“Strahl”class mod [}° containing the principal ideal generated by Jacobi sum
is the “Strahl” mod [{°. The generalized theorem on arithmetic progressions
assures us that every “Strahl” class mod (¥ of P,, contains prime ideals of
degree 1 relative to P. So, putting the “Strahl” class mod I} in the place of
the ideal class in Theorem 4 the remaining part can be proved in the same
way as in the proof of Theorem 4.

This theorem can be expressed in another way as follows:

THEOREM 6. The assumptions being the same as in Theorem 6, let &
be any “Stahl” class mod [} of Py and © denotes the Galois group of P
over the cyclotomic field Py generated by the primitive lY-th root of unity
over the rational field. Then for any rational integer a and b except when
a,b=0 and a + b=0 mod n we have

1'[ H (@a 17)(1(‘) (~ta, —t5) "

otl TeH
shy— 7 (=ta+ r(=th)—r (= ta,~tb)
VAd

i

elements of a representative system of the factor group of the Galois group
of Pey/P by the Galois group of P(n)/P

L
where d"(— ta, — and o;' ranges over all

PROOF. Assume that p is a prime ideal in P¢,, of degree 1 relative to
P and q is the prime ideal in P which is divisible by p, then the prime

ideal decomposition of Jacobi sum w(x3, X2 in P is as follows:

S 3a®W (-ta,-m o7

ol T
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Here, o7 ranges over all elements of a representative system of the factor
group of the Galois group of P,,/P by the Galois group of P,,/P*)and r ranges
over all elements of the Galois group 9 of P,,/Pe). On the other hand, we
have seen that w(x§, x3)=1 mod (¥, except when a0, b= 0 and a + 5=0
mod 7. Therefore let & be the “Strahl” class mod (¥ containing p, we see at
once that

H Qo a® (ta, -y _
” (&) = 1.
ot T

Hence Theorem 6 is true for the case when & is the “Strahl” class mod (¥
containing P. As any “Strahl” class mod [} surely contains the prime ideal
of degree 1 relative to P, the above statement regarding £ is true for any
“Strahl” class mod [¥. Hence our assertion is true.
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