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We shall use the notations and the terminologies employed in [9] and suppose
that O-algebras in considerations are all separable. In [5], A. Guichardet studied

the quasi-dual space of the tensor product A1®aA2 of O-algebras A1 and A2

and showed that there is an almost Borel isomorphism Π of A1xA2, the

cartesian product of quasi-dual spaces A1 of Aλ and A2 of A2> into the quasi-dual

space (A1®αA2)^'of Aλ®aA2. Also he showed that there is an example in

which Π is not an onto mapping. In this note we shall show that there is a Borel

isomorphism Π^ of AxxA2, the cartesian product of dual spaces Ax of Aλ and
y\ /\ s\

A2 of A2, into the dual space (A1®£A2)
/Nof each tensor product Aλ®βA2

of A1 and A2 with respect to a B^-nona \\ \\β and that Hv is an onto mapping
if and only if one of A1 and A2 is of type I (or equivalently a GCR).
Combining this and [9; Cor. of Theorem 3], we shall conclude that the dual

space (G1xG2)
/^of G1xG2, the direct product of separable locally compact groups

Gx and G2, is Borel-isomorphic to the cartesian product GxκG2 of dual spaces

Gj of Gj and G2 of G2 if and only if one of Gx and G2 is a group of type I.

For τi=l, 2, , oo (countably infinite), let Hn be a fixed n-dimensional
Hubert space. We identify the tensor product Hn<g>Hm and Hnm under some
fixed isomorphism. For a separable C^-algebra A, Facn(A) and Irrw(A) are the
set of all factor representations on Hn and the set of all irreducible representations

on Hn respectively. Put Fac(A) = \J Facw(A) and Irr(A) = \J Irrn(A).
7i=l,2, ,oo n=l,2, ,oo

Each Facn(A) and Irrn(A) have the Borel structure induced by the simple
convergence topology respectively. The Borel structures in Fac(A) and Irr(A)
are defined as the unions of Borel spaces Facn(A) and Irrn(A), w=l, 2, oo,
respectively. Of course, Irr(A) is a Borel subset of Fac(A) by [2]. The

quasi-dual space A of a O-algebra A is the quotient Borel space
of Fac (A) by the quasi-equivalence relation " « " and the dual space A of A



DUAL SPACES OF TENSOR PRODUCTS OF C*-ALGEBRAS 333

is the quotient Borel space Irr(A)/":r" of Irr(A) by the unitary equivalence
relation " ~ " .

Let Aλ and A2 be two O-algebras. For a β^-norm || \\β in the ^-algebraic
tensor product AXQA2 of Aλ and A2, Aβ denote the completion Ax®βA2 of
^ - I O ^ U under || Iĵ . For a representation π of Aβ there exist representations
7Γ1 of Aλ and 7r2 of A2 on the representation space of ir such that

for x1 € Ax and x2zA2

2
by [5; Prop.l]. We shall call πι and 7Γ2 the restrictions of π to Ax and to A
respectively. For each representations irx of Ax and τr2 of A2 the product
representation TΓ^^ of AX©A2 can be extended to a representation of Aβ,
which is also denoted by 7Γj(g)7r2. Putting Π(7r1,7r2) = 7r1(g)7r2, Π is a continuous
mapping of Facn(A) x Facm(A) into Facnm(A) by [5; Lemme 2]. Moreover the
relations τr1^τr1 and 7Γ2̂ 7Γ2 imply U(TTU 7r2)^^ΊI(7ri 9 7ri) and the relations
TΓidTΓ^ and 7r2—7Γ2 imply Π(7Γ1,7Γ2)2̂ Π(7Γ1

/,7Γ2

/), so that Π induces naturally a

Borel mapping Π of Ax x A2 into Aβ and a Borel mapping Π of A1X A2 into
A^, respectively. If τrι and 7r2 are the restrictions of fτrι®ττ2 to Ax and A2

respectively then τrι and 7Γ2 are quasi-equivalent to πx and to 7Γ2 respectively,

so that Π and Π are one-to-one mappings.

LEMMA 1. A π of ϊrr(Aβ) is unitarily equivalent to TΓ^^ for some
7Γχ € IrrίA^ and τr2 € Irr(A2) if and only if one of the restrictions ττι and τr2

of 7r is of type I.

PROOF. Suppose TΓ^Tr^TΓc,, 7Γi € Irr(Ax) and τr2 e Irr(A2). The unitary
operator, which implements the equivalence between ir and 7Γj(g)7r2, induces the
equivalence between the corresponding restrictions of ΊΓ and of irι®τr2 to Ax

and A2. Hence τrι is quasi-equivalent to ττl9 so that the irreducibility of τr1

implies our assertion. Similarly 7r2 is of type I.
Conversely suppose τrι is of type I. Let Mt be the von Neumann algebra

generated by ir\Ai) for z = l, 2. Then Mx and M2 commute each other and
generate B(Hπ), which is the full operator algebra on the representation space
Hπ of 7r. Mi contains M2 and Mi contains Mu both Mx and M2 are factors.
By the assumption for ττ\ Mx is a factor of type I, so that B(Hπ) is isomorphic

n n

to Mx®Mί under the natural correspondence ]P xtx{<—>Σ χϊ®χί-> Xi^Mu
i=l i-1

xi^Mi and ί = l , 2 , — , n , where Mλ®Mi means the tensor product of Mx

and Mi as von Neumann algebras. The von Neumann algebra R(MUM2)
generated by Mλ and M2 is isomorphic to MX®M2, because M2 is containd
in Mi. Hence we get M2=Mi9 so that Λί2 is also a factor of type I and

)7r2. Both 7Γ1 and 7r2 are factor representations of type I, so that there



334 T. OKAYASU AND M. TAKESAKI

exist 77Ί € Irr(Ai) and ττ2 € Irr(A2) such that irι and τr2 are quasi-equivalent to

7Γ1 and 7r2 respectively. Hence TΓ is quasi-equivalent to TΓ^TΠ, by the remark

preceeding our lemma. The irreducibilities of both TΓ and TΓ^TH, and their

quasi-equivalence imply their unitary equivalence. This completes the proof.

THEOREM 1. Π is a Borel isomorphism of AxxA2 into Aβ for each B*-

norm || \\β in

PROOF. We shall prove that Π ( £ 1 X J E 2 ) = £ is a Borel subset of Aβ for

every Borel subsets Ex of Ax and E2 of A2. Let Θχ,Θ2 and Θ be the canonical

mapping of Irr(Aχ), Irr(A2), and Irr (Aβ) onto Aίy A2 and Aβ respectively, then

it suffices to prove that Θ " 1 ^ ) is a Borel subset of Irr(A^). Putting 2£χ = S

£ 2 = Θj1(£2) and J E = Θ - 1 ( £ ) , we shall prove at first

'(*) E={7r€lrr(A
β
);πι^7r

ly
 τr2^τr2 for some (TΓ^TΓ^ € JEX X £ 2},

where TΓ1 and τr2 mean the restrictions of TΓ to Ax and A2 respectively. Let JF
be the set of the right side of the above equation. If TΓ belongs to E, then we

have ΘC7Γ) = Π(7Γ1,7Γ2) for some (πlyπ2)€ Et®E2. By the definitions of Eγ and E2

there exists (TΓ^ TΓ2) e Eλ X E2 such that • .Θ1(7Γ1) = 7Γ1 and Θ2(τr2) = τr2. From the

commutativity of the diagram of mappings

Π
Irr(Aχ) x Irr(A2) >lvr(Aβ)

JJθ
/\ /\
A v /I . A

1 y\ IΛ2 *• jΓl.β

TΓ is unitary equivalent to TΓ^TΓO, where Θx x Θ2 is the mapping defined by

θ1xθ2(7Γ1,7r2) = (θi(τr1), Θ2(τr2)). Hence we get TΓ^IT1 and 7Γ2^τr\ that is, TΓ

belongs to K Conversely, suppose IT bεlongs to F. That is, irλ and ττ2 are

quasi-equivalent to -π̂  of Ex and ir2 of E2 respectively. The irreducibilities of ττι

and 7r2 imply that TΓ1 and 7r2 are factor representations of type I. From Lemma

1 and its proof TΓ is unitarily equivalent to T Γ ! ® ^ , SO that we have Θ(7r) = Π

(®i(τri), Θ2(τr2)). Hence we have Θ(τr) € E. The definition of E implies TΓZE.

Thus we established the equation (*).

Since Ex is a Borel subset of Irr(Ai), E2 a Borel subset of Irr(A2) and these
are saturated under the unitary equivalence, the saturations Eί of Ex and E2

of E2 under the quasi-equivalence are Borel subsets of Fac (Ax) and Fac(A2)
respectively by [2; Lemma 5]. Moreover the mapping Iΐ\¥dic{Aβ)^ir->{τrι

yir
2)

e Fac(A0 x Fac(A2) is a Borel mapping by [5; Lemme 3]. Hence E=Jΐ"\E[

x£2 ')Πlrr(A^) is a Borel subset of
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Let 33 be the family consisting of all subsets E of Ax x A2 such that Π.(E)

is a Borel subsets in Aβ. Since Π is an one-to-one mapping, Π preserves all
set-theoretic operations, union, intersection and difference, fi is a cr-ring of subsets

of Ax x A2. Since 23 contains all product sets of Borel subsets of Aι and A2 as

proved above and the Borel structure of Ax X A2 is the smallest σ-ring containing
/ \ y\

all product sets of Borel subsets of Ax and A2y 23 contanis the Borel structure of
s\ y\ s\ y\ / \ y\ y\ / \

AxxA2. Thus H(E) is a Borel set in Aβ for every Borel set E in AiXA2, that

is, Π is an into Borel isomorphism. This completes the proof.

LEMMA 2. If Mx and M2 are von Neumann algebras whose commutators
Mx and M2 are continuous hyperfinite factors, then there exist normal
representations πx of Mx and ΊΓ2 of M2 on the same Hilbert space such that
τrx(Mx) =τr2(M2) and equivalently τr1(

PROOF. If Mx is finite, then it is a continuous hyperfiriite factor by [8;
Theorem XV]. By the unicity of continuous hypsrfiriite factors Mx is isoinorphic
to Mi and also to M2. Hence there exists an isomorphism rτrι of Mγ onto M2,
so that the couple of ΊΓ1 and the identity representation τr2 of M2 is the desired
one. If Mλ is an infinite factor, there exist a factor of type Hx and an infinite
factor N of type I such that Mλ = M®N. Hence we may assume M^ — M'
®{λl}, representing N as the full operator algebra on a Hilbert space.
Hence M1 is isomorphic to M, so that M is a continuous hyperfinite factor
by the finiteness of M. Thus M is isomorphic to M2. On the other hand,
the ampliation M2 $ x2—>x2®l e M2® {λl} is an isomorphism and (M2<g){λl})'
— M2®N^.M®N=Aίλ. Taking πι as an isomorphism of Mx onto M2®N>
the couple of of the representation πτι of Mx and the representation π2 of M2

which is obtained by τr2(x2) = x2(£)l for x2 € M2 is the desired one.

THEOREM 2. Π is a Borel isomorphism of AxxA2 onto Aυ if and only
if one of Ax and A2 is of type I {or equivalentely a GCR). In this case the
v-norm in AXQA2 coincides with the oί-norm.

PROOF. Suppose that neither Ax nor A2 is of type I. By the proof of [3;
Theorem 1] there exist representations πx of Aλ and τr2 of A2 such that the
commutators of 'π^AiJ and 7Γ2(A2) are continuous hyperfinite factors respectively.
Then there exist normal representations px of the von Neumann algebra Mx

generated by τrx{Ax) and ρ2 of the von Neumann algebra M 2 generated by
7Γ2(A2) such that px(Mx) and ρ2(M2) are commutators in each other from Lemma
2. We define a representation ΊΓ of Av as the extension of the representation
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of AXQA2 defined by

(
n \ n n

Σxhk®x2, k)= Σ(PiOfΠΊ)(xι,k)(p2oπ2)(x2,k) for Σ x

k=l I k=l fc=l

Since the von Neumann algebra generated by ΊΓ (Aυ) contains Pi(Mi) and p2(M2),
ΊΓ becomes an irreducible representation of Av. But ΊΓ can not be represented
as a tensor product of representations of Ax and A2. Because if ΊΓ is represented
as σ1®σ2, σλ and σ2 representations of Ax and A2 respectively, then σx is quasi-
equivalent to pιθτrly σ2 to ρ2°rrr2, and then ΊΓ must be of type II, which is a
contradiction to the irreducibility of ΊΓ. Hence ΊΓ does not belong to Π(Irr(Ai)
xIrr(A2)). Hence Π is not an onto mapping. The converse implication is an
immediate consequence of Lemma 1. The final assertion is nothing but [10;
Theorem 3]. This completes the proof.

Combining our theorem and [9; Cor. of Theorem3], we get the following
application to the dual space of direct product of locally compact groups.

COROLLARY. Let Gx and G2 be separable locally compact groups. The

natural mapping Π of the cartesian prodhct Gλ x G2 of the dual spaces Gx of Gx

and G2 of G2 into the dual space (Gλ x G2) of the direct product group Gx x G2

is a Borel isomorphism. Π maps Gx x G2 onto {Gλ x G2) if and only if one of
Gι and G2 is of type I.

In general, for a locally compact group G, there is a natural mapping of

G onto C*(G) which is also a Borel isomorphism, the proof is directly followed
from Theorem 2 and [9; Cor. of Theorem 3],
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