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ON THE EXISTENCE OF O-CURVES II*
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(Received November 19, 1966)

Cooke [1] has discussed asymptotic behaviors of solutions of a functional
differential equation

(1) ult) + au(t — r¥)) =0

under the assumption that ~(¢#) is a non-negative continuous function which
satisfies the conditions

r@)—>0 as t—>oo and fr(t)dt<<>0.
0

In the previous paper [3], we have obtained some results concerning the ex-
istence of O-curves and some kind of the asymptotic equivalence, which we
shall call the asymptotic semi-equivalence (for the definition, see the below).
By applying the similar arguments to those used in [3], we shall discuss the
same problems as discussed by Cooke, for more general equations.

Here, we shall give the following definitions :

DEFINITION 1. A solution of a system will be called to be an O-curve
of the system, if it tends to zero as t — oo .

DEFINITION 2. Two systems (E,) and (E,) are said to be asymptotically
semi-equivalent, provided that for any bounded solution of (E,) (or (E,)) we
can find a solution of (E,) (or (E,)) which approaches the bounded solution
of (E,) (or (E,), respectively) for infinitely increasing . In the case where we
can remove the boundedness for the given solution, two systems (E,) and (E,)
are asymptotically equivalent (cf. [2]).

Let =0 be a given constant. C" denotes the space of continuous func-

tions mapping the interval [—r, 0] into the Euclidean 7-space E® with a norm
l@ll, defined by

*) This work was partially supported by the Sakkokai Foundations.
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lell, = sup{l@(6)|; 6<[—r,01},

where |@(6)| is a Euclidean norm. For an E"-valued continuous function x(z),
a(t) denotes the right-hand derivative and we represent by x, the function in
C™ such that

x/(0) = x(t+6), 6<[—r,0].

Let M be an (m, n)-matrix. Then, |M| denotes the supremum of [Mzx| for
all xe E™ such that |z||=1.
Our purpose is to discuss the existence of O-curves of a system

(2) a(2) = Az(t) + B){x(t) — a(t—r(®)} + [, )
and the asymptotic semi-equivalence between the system (2) and the system
(3) a(t) = Ax(t),

where x is an n-vector and A is a real constant (n, n)-matrix.
Throughout this paper, the following assumptions will be made:

(i) An (n, n)-matrix B(t) is continuous and bounded on [0, o).
(ii) 7() is a continuous function which satisfies the condition

0=r@)=r for all t=0

f f f r(t,) dt,dt,_ ,++dt, < oo,
0 U toy

where ris the constant given in the definition of C" and pis a
positive integer which will be determinded below.

(iii) S, @) is defined and continuous on [0, ) X C", and for any aa =0
there exists a continuous function A&, &) which is bounded uniformly
in te[0, o) and satisfies the conditions

and

f f...f Mty ) dt, dt,, - - dt, < oo
0 4 -1

23

and
/&Pl =t ),  if el =a,

where p is the same one as in (ii).
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Here, p is determinded in the following way; if A has characteristic roots
with zero real part, then p is the maximum degree of the elementary divisors
corresponding to such roots, and otherwise p=1.

THEOREM 1. Under the assumptions (i) through (iii), there exists an O-
curve of the system (2).

PROOF. As was shown in [3], we can find a non-singular (n, n)-matrix
P(¢) such that both of P(¢) and P(¢)"! are continuous and bounded on [0, co)
and that by the transformation
(4) z=Pt)y, y=@vw, ", W),
the system (3) is transformed into a system
(5) i(8) = Agu(t), o) = Aglt), ) = Crw, (),
where and in the followings j stands for 1 through p—1, «, v, w; are k, m, n;-
vectors, n,+ny+ +++ +n,, = n—k—m, and w, =v. Here, A,, A, and C; are
constant matrices, and all characteristic roots of A; have negative real parts,
those of A, have non-negative real parts and the elementary divisor cor-
responding to each characteristic root of A, with zero real part is linear. In
the above, if p=1, the system (5) becomes

u(t) = Awu(t), o) = Ay0(t)
and y = (#,v). Moreover, we can find two continuous Liapunov functions
V(t,u) and W(t, v) as follows; V(¢,u) is defined on [0, ) X E* and satisfies
the conditions

lul = V@) = Klul, V3 w) = VE o) = Klu—u|,

im —é— (V(t+8, u+8A0) — V¢, )} = —cV(t, w),

and W(¢, v) is defined on [0, o) X E™ and satisfies the conditions
vl = W, v) = K|v|, [W(t,v) — Wt v)| = Klv—7],

lim _é_ (W(t+8, v+8A0) — W(t, v)} =0,
—>+0

where K and c¢ are positive constants.
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By the transformation (4), the system (2) is transformed into a system

() = Ault) + Bi(0) (3(E) — yt—r ) + filt, »)
(6) 9(t) = Ago(t) + Bit){y(E) — yt—r(®)} + Fults )
| w,(8) = Cow;a(t) + D) {y(t) — ¥Et—1r®)} + 9it, 0) -

Clearly, B,(2), By(t), Dy() are continuous and bounded on [0, o0), and for any
a > 0 we can find a continuous function A*(¢, @) such that

f f .. f ANt @) dt,dt,_y + + + dt; < o0

0 t Lo
and that

11 o, 1.4E )l 19t )l =N a) i ol =a,
and moreover, there exists a continuous function A.(a) such that A*(Z, )
= NMo(a), because we assume that A, a) is bounded uniformly in ¢e€ [0, oo).
Let C, and B, be chosen so that |C;| = C, and
IB.&l> 1B, |1Ds®) = B,
for all £=0. For a given a >0, set
B(@) = {M(4Ka) + 8B Ka}(p+1) + 2| Al + [A:) + (p—1)C}Ka.

By our assumptions, we can choose a T{(a) so that

R(T(a),a) <a

and

-

> {Co"KRm(T(a), @+ 3 CR(T(@) “)} <Ka,

Jj=1 =1

where

Ry(t, a) = f ) | e [T BB@ ) + 3K, K a) desdty - d.

ta

Let fi*(z, @), f7*(¢, @) and ¢;*(¢, @) be defined by replacing (¢, @) in fi(Z, ),
Jot, @) and g,(t, @), respectively, by (£ min{l, 4Ka/|@|l,}@), and let F(¢, p),
Fy(¢, @) and G;(¢, ) be defined by
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i B,8(a) r(?) (-
Pt ) = min|1, 1o os SEDTD i} BOWO — o=@,

= min B,B(a) r(2) — o —
Fitg) = min{L, o ol OT0 o L BO0) - o= @),

— m B.B(a) r(?) , — p(—
Gt 9) = min (1, 1y WD S PAO1RO) — o= @),

where if the denominator in the minimum sign is zero, then we understand
that the minimum is 1. Obviously, fi*, f2*, g%, Fy, F, and G; are continuous
and satisfy

1£:*@ ), 1| 2% @), 95%(2, @)l = M*(¢, 4Ka),
IE:(E, P, 1722, @), |G, @)l = BoB(ex) 7(2)

for all (¢, @) €[0, o) X C".
Consider the system
u(t) = A*w@) + Fi(t, y) + %@, 30)
(7) W(t) = AX () + Fot, ) + 2%t 50)
wy(t) = C* (w;-1(@)) + Gi(t, y0) + 9%, 1) »

where

AFw) = rﬁin{1 2Ka }Alu,

Az*(v)=min{1 Ka }sz

C*(wj-,) = min{l, ﬁ]}cﬁwﬁ—l .
-1

Sirce the right-hand sides of the systm (7) are continuous and bounded on

[0, o) X C", for any given T, s€[0, ), 7 <s, and for any £ ¢ EF we can find
a solution of the system (7) such that

um)=§, o(s) =0, wys)=0

and that y(t+6) = (w(r+0), v(v+6), w,(t+6), « « +, w,_1(T+86)) is a constant for
0 e[—r, 0] (refer Theorem 1 in [2]).
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By the similar arguments to those used in [3] and by using the Liapunov
functions V(¢, «) and W(¢, v), we have

lu@®)l = Kae™“™ + KR,(¢, @), [v(@®)| = KR\, @)

(8)

lw;®l = C’KR;4i(t, @) + jZ G 'R(2, @)
and
(9) lu@®)l <2Ka, |v@®)| <Ka, |w@)]| <Ka

for all t, r=t =35, if |§| =a and = T(a), where w=(w,,+ -+, w,_,). From
(9), we obtain

10) Y@l = l«@) + [v@] + |w@)| <4Ka foral f r=t=s.

Now, we shall show that y(¢)= (), v(¢), w(t)) is a solution of the system (6).
Since y(r+60)=y(7) for 6 € [—r, 0], by (10) we have ||y(¢)| <4Ka on [v—7, s]
which implies that ||y, <4Ka for all ¢, r=¢ =s. Hence,

fl*(t$ yt) = fl(t7 yt)’ f2*(t’ yt) = fz*(t, yt)9 gj*(t: yt) = gj(t: yt)

forall t, r=t=s and

IF:E, yoll, 1F:@ )l 16, vl = Bollly@®ll + |yE—r)I} <8B.Ka,

which implies that [|¥()| <B(a) for all ¢, T—r=¢=s, because y, is a
constant, [A*w)|| = 2|A,[|Ka, |A*@)| = [|4:]Ke, [C*(w;-y)| = C,Ka and
I £i%@ @I, 1 £2%E 2)s lg5*(E, @)l = M*(8, 4Ka) = N(4Ka). On the other hand,
since F, (¢, y.), Fy(t, y.) and Gy, y,) are bounded by B,||y(¢) — y(—r{))| and
[¥®l < B(a), we have

[Fu(8 )l 1Fa, vl 1GiE, y)ll = BoB(a) r(2),

which shows that
Ft, y) = B{(0){y@t) — yt—r(0)}, Fut, ) = By(t){y(t) — y(t—r(®))} ,
Gyt yo) = D) {y(@) — y(t—r@))} .
Clearly,
AXu() = Awu(), A*0@) = Au(e),
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C¥(w;—i(8)) = Ciw;-y(2)
and hence y() = (u(?), v(¢), w(t)) is a solution of the system (6). Thus, we
can show the existence of an O-curve of the system (6) by the inequalities (8)

and by the same arguments as used in [3], which implies the existence of an
O-curve of the system (2). The proof is completed.

Now, we shall discuss the asymptotic semi-equivalence of the system (2)
and (3) under the assumptions (i) through (iii).

Let x*(¢) be a bounded solution of the system (3) starting at £=¢,. Then,
there exists a constant B* > 0 such that
(11) [z*@®)] = B* for all t =1¢,.
By the transformation

(12) z(£) = y(£) + x*(),

the system (2) is transformed into a system

(&) = Ay(t) + B){y(@) — y&—r@)} + 9(t 1),
where
9(t, @) = B(e){x*(t) — 2*(t—r(@)} + ft, 2%+ ).
Since |z*(2)| = ||A| B* for all ¢ = ¢, we have
g, )l = | BOIIAIB*r(t) + M¢, a+B¥*)  for all £=¢ + r
if ||@|, = a, and hence, ¢(t, p) satisfies the similar condition to the condition
(ii1) for flt, ). Conversely, if x*(¢) is a solution of the system (2) satisfying

the condition (11) for a constant B¥, then by the transformation (12), the
system (3) is transformed into the system

(&) = Ay(t) + 9(2),
where
9@) = —B@) {x*(t) — 2t —r(t))} — fE, =*).

Bacause |z*(¢)| = 8* for all £ = ¢, + r, where
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B* = sup{||A] B* + 2| B®)| B* + M4, B} ,

we have

gl = IBOIB*r(e) + M¢, BY)  for all £ =12, + 2,

which implies that

[ [ e deydty - -de, < oo
721

to+2r Yt
Thus, by Theorem 1 we can prove the following theorem.

THEOREM 2. Under the assumptions (i) through (iii), the systems (2) and
(8) are asymptotically semi-equivalent.

By the definition, it is obvious that if the systems (2) and (3) are asymp-
totically semi-equivalent and if all solutions of these systems are bounded in
the future, then the systems (2) and (3) are asymptotically equivalent.

Here, we shall state lemmas concerning the boundedness of solutions of
the system (2).

LEMMA 1. In the system
13) a(2) = Az(t) + B(t) {z(t) — 2t —r(®))} ,

we assume the conditions (i) and (ii) with p=1. Furthermore, suppose that
(iv) all solutions of the system (3) are bounded in the future.

Then, there exists a continuous Liapunov functional U(t, @) defined on
[0, 00) X C™ which satisfies the following conditions ;

(1°) lpl, = Utt, @) = K],
2°) Ut @) — Ut )| = Klp—¢1,,
(3°) lim - (UG48, 2,0 ~U, )} =0,

where K is a constant and x(s) is a solution of the system (13) through (¢,p).

PROOF. Since the system (13) is linear, we can find a desired Liapunov
functional, if there exists a constant K such that for any (¢, @,) € [0, o0) X C"
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the solution x(Z;@,, t,) of the system (13) through (¢, ®,) satisfies the
inequality

14) lzdo, 2ol = Kl@oll:  for all £ =+,

(cf. Theorem 33.4 in [4]). Hence, it is sufficient to show the existence of a
constant K for which we have the inequality (14).

Now, we shall prove this. Let X(¢#) be the fundamental matrix of the
system (3) such that X(0) is the unit (n, n)-matrix. By the assumption (iv),
X(2) is bounded in the future, that is, there exists a constant M, > 1 such
that | X@)|| = M, for all t=0. Let M, >0 be the supremum of |B()| on
[0, o). Since

(15)  x(t; @0, to)
= X(t—1t)®o0) + ft t X(t—7) B(r){x(7; po, £0) — 2(r—7(7); o, to)} dT
for any (., ,) and for all ¢ =¢,, we have
(16) 2@ o, t)ll < M@0l exp [2M,My(2—10)]
for all t = ¢, if |@ol,0. In fact, if not, then there exists a ,>¢#, such that
(21 5@ 020)ll = M|l @ol - exp [2M My(£, —20)]

and that we have the inequality (16) for all ¢ 2, =t <¢,.
Here, easily we can see

”x('T-T(’T); ¢0> to)” é Ml ”q}ourgZMlMi(T‘to)

for all e[t ¢]. Hence, by (15), we have

14
lx(2; @, t)ll < Mi||l@oll» {1 + f 2M, M, exp [2M,M,(7—t,)ld+

to

< M,|l@o|, exp [2M,M(t—t,)]

for all ¢, ¢, <t =1¢, from which there arises a contradiction. The inequality
(16) implies that all solutions of the system (13) are continuable in the
future. Let us choose a 7= 0 so that

1
2M,My(|| Al + 2M,) °

f: r(t) dt <
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and set
a = M,||@,l, exp [2M, M, max (2r, T)]
for |@,|l, # 0. Clearly, for given (¢,®,)€[0, ©)xC" we have
17) l2;@oto)| <a  for all & t,—r<t=<t*
by the inequality (16), where
t* = max (¢,+2r, T).

Suppose that a(t)=x(¢; @, t,) is bounded by B(a) = 2M,a on [t,s] for an
s> t*. Then, we have

[z(m)] = {IlAll+2M,} B(a) for all 7e[t,+7,s)

by the equations (13). Since

x(2) = X(@E—t*) 2(t*) + j: Xt —7) B(7) {x(7) — 2(7— (7))} d,
we have
2@l = M| 2@ + MM,(| Al +2M,) 8(a) f r(7) dr < B(a)
for all ¢, t* =< t='s, which implies that
lz@)| = 2Ma¢  for all £ =¢t*.
From this and the inequality (17), it follows that
Iz, = 2M,a¢  for all t =¢,,
that is, we have the inequality (14), where
K = 2M,? exp [2M,M, max (2r, T)] .

LEMMA 2. In addition to the assumptions (i), (ii) with p =1 and (iv),
we assume that
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(v) there exist continuous functions Mt) = 0 and n(a) > 0 such that (a)
is non-decreasing, Mt) is bounded,

” ” da
j; AME)dt < oo, ) @) =
and that
I/, )| =A@ ool

Jor all (t, @) <€[0, o) x C".
Then, all solutions of the system (2) are bounded in the future.

PROOF, By Lemma 1, we can find a continuous Liapunov functional
U(t, ) defined on [0, )X C" which satisfies the conditions (1°) through (3°)
given in Lemma 1. Let x(¢) be a solution of the system (2) through (z,, @,).
Then, by calculating the upper right derivative of U(z, x,), we have

Ut, x) = KM2) n(ll)l) = KM U, )

for all £ =¢,, as long as () exists. Hence, comparing U(¢, x,) with the
maximum solution of the equation

% = KM®) n(@), v(ts) = Ulte, @0)

we can see the boundedness of x(f). Thus, we complete the proof of this
lemma.

Combining Theorem 2 with Lemma 2, immediately we have the following
theorem. Here, it should be noted that under the assumption (iv), the
elementary divisor corresponding to each characteristic root of A with zero
real part is linear, even if such a root exists.

THEOREM 3. Under the assumptions in Lemma 2, the systems (2) and
(3) are asymptotically equivalent.

Now, consider a system

18 u(t) + Bu(t—r()) =0,

where # is an n-vector and B is a constant (7, n)-matrix, and assume the
condition (ii) with p=1. Then, obviously the equation (1) is a special case
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of the system (18), where n=1 and B=a. Put
z(t) = e®u(t).
Then, the system (18) is transformed into the system
19) #(t) = Bla(t) =zt —r(®))} + B(E—e*®) 2(t—r(2)),

because the matrices B and e are commutative and also so are Bt and Br(t),
where E is the unit (n, n)-matrix. Since

|E—e®®| = || Ble™" r(2),

the equation (19) is a special form of the system (2) 2=A +ha ~anditions (i),
(ii) with p=1, (iv) and (v) are satisfied. Hence, by ° the system
(19) and the system

z(t) =0

are asymptotically equivalent. Namely, we have the following corollary of
Thedrem 3.

COROLLARY 1. Suppose that

(vi) r(t) is a non-negative, continuous and bounded function on [0, o)
such that

f:r(t)dt<oo.

Then, for any solution u(t) of the system (18), there exists a constant n-vector
¢ such that

(20) eu(t) >c as t— oo,

and conversely for any given constant n-vector ¢ we can show the existence
of a solution u(t) of the system (18) which satisfies the condition (20).

Similarly, we have the following corollary of Theorem 3.
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any (n, n)-matrix function G(t) satisfying the condition

(vil) G(¢) is continuous and bounded on [—r, ), and any two of the
4 s

matrices B, G(¢t), f G(7) r(v)d, f G(r)r(r)dr are commutative for
0 0.

any t= —r and s= —r

and for any solution u(t) of the system (18), there exists a constant n-vector
¢ such that

(21) exp [f: {B+ G(7) r(v)} dr] u(t) >c as t— oo,

Furthermore, for any constant n-vector ¢ and for any (n, n)-matrizx function
G(t) satisfying the condition (vii), we can find a solution u(t) of the system
(18) which has the property (21).

PROOF. Let 7(¢) = 7(0) for £<[—7,0], and let S() be the (n, n)-matrix
function defined by

S) = j: {B+G(m)r(7)} d=

for a given function G(¢) which satisfies the condition (vii). Then, clearly
we have

- 4 exp S) = (B+G(e) r®) exp [SE),
exp [S@)] - B = Bexp [S(£) =St —r(#))] - exp [S(t —(2))]
by the condition (vii). Let
x(¢) = exp [S@)]u(@).
Then, noting the relations (22), the system (18) is transformed into the system
) () = Bla(t) — 2t —r(®)} + G@)r(t)(2)
+ B{E— exp[S®) — SE—rt)} x(t—(2)).
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Since

S@) — St—r() = f {B+G(7) r(7)} dr = Br(t) + f G(7) r(t) dr,

t-r(t) t—r(t)

we have

| E— exp [S() — SE—r@)]l = expll|Blr+Gor®]-(IBlr(£) + G, rr(2)),

where G, and r are non-negative constants such that
IG®)| =G, and r)=r forall =0,
which shows that the function
St @) = G@&)r(H)@(0) + B{E —exp [S() — S(t—r(£))]} p(—r(2))
satisfies the inequality

/@ 2l =MDl
M) = Gor(®) + || Bl exp [|Blr + Gor’}{[| Blr(®) + Go rr(9)} ,

that is, the condition (v) holds good by the assumption (vi). Hence, the
system (23) is a special form of the system (2), and the assumptions (i), (ii)
with p=1, (iv) and (v) hold good. Thus, the proof of this corollary follows
from Theorem 3.

REMARK 1. If n=1, then the second part of the assumption (vii) is
obviously satisfied.

REMARK 2. Here, we should note that our results are not exact generali-
zations of Cook’s. For he discussed the existence of a solution u(f) of the
equation (1), which satisfies the condition (20) for a given constant ¢, on
the whole interval, while we can only show the existence of such a solution
on [T, o) for a suitably large T.
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