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1. Introduction. Recently Dr. S. Tanno offered the author a conjecture
that the dimension of the automorphism group of a contact Riemannian
manifold of dimension 27+1 will not exceed (n+1)%. It has been proved
that the unit sphere S?"*! with the standard Sasakian structure has the
automorphism group of dimension (n+1)% ([3]). In this paper. we shall
examine the conjecture for some kinds of contact Riemannian manifolds.
Especially, we shall prove that the dimension of the automorphism group of
Euclidean space E***! with its standard contact metric structure is just (n+1)%

The author wishes to express his gratitude to Dr. S. Tanno for his
suggestions.

2. Expressions in adapted local coordinate systems. A differentiable
manifold M of dimension 2n+1 is called a contact Riemannian manifold, [2],
if it admits a vector field £, a 1-form 7, a 1-1 tensor field ® and a Riemannian
metric G such that

@1) W =1,
2.2) P +1=£(Q@1,

@3 G&, X) = #X),

2.4 G@X,2Y) = G(X,Y) — n(X) n(¥),

@5  GXQY)=diX,Y) = — (Xn(¥) - Yo(X) — 1[X, Y1},

where X and Y are vector fields.
Let M be a contact Riemannian manifold of dimension 2z+1 with &, 7,
® and G. A vector field X on M is called an infinitesimal automorphism if

(2. 6) L =0
and
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2.7 L,G=0,

where Ly is the Lie derivative with respect to X. (2.6) indicates that X is
an infinitesimal strict contact transformation and (2.7) indicates that X is
a Killing vector field.

Let P be a point of M. As is well known, we can take a coordinate

system x',+-.,z", y',-+-,y" 2, called an adapted coordinate system such
that

(2.8 n=dz — S y*dx*

and
(p)=---=2"p)=y'(P)=---=y"() =2(p) =0.

‘We express above (2.1). (2.7) by means of this coordinate system. For

convenience, we write 9,, O, O, for ai“ , 82"‘ , ’aaz and indices vary from
1 to n. At first by direct calculations we can see

2.9 £=0,.

Put

D(0.) = $20s + P2 Op + P20,
(2.10) D(Op) = $20p + 500 + P43,
®(3,) =0
and
GO, Pp) = Gus » GO Op+) = Gupr
@2.11) G(Ous ) = Jarsrs  G(Ons 04) = Guus
G(0u,9.) = Garar G(©0404) = gus-

Then (2.2) is equivalent to
PrPf + P pl = —88 Kronecker’s delta,
2.12) PLP” + PR =0,
w®? + Pdh =0,

bl + gl = —8%,
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$nds + U dh = — 37,
P + Pt =0

and (2.3), (2.5) are equivalent to

1 " « " o
Jes = ——2—¢§ + ¥y, oF =¢F,
Logso L e
Gapr = 2 2 B* 5
1 «
(2 13) Garpr = 7 5’ » ¢a“ = ¢ﬂ’ ’
gaA = _ya’
Jars = 0,
9as=1
Thus
1 . « 1 a
o5 2+ Yy —2“4’3 -
= 1 .. 1
“ L Len o
__yﬁ 0 1

Let X =a%0, + a0, + a“0, be a vector field. The condition L, =0 is
expressed as follows :

V' 04" — Opa’ +a* =0,
(2.14) V' Opa” — Opa“ =0,
y'o,a” —2,a*=0.

Differentiating (2. 14), we obtain
9,a*=0, 9,a =0, 90,a°=0
(2.15) 0.a” = 9ga™,
O a® = Opea”,

aa a/S + 95« a“‘ =
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(First three equations indicate that coefficients of X do not depend on z.)
The condition L;G = 0 is expressed as follows :

— 5 XL+ @Y My = g0~ 0

+ —;—qb?'aﬁa’ - %qs;aﬁaf* — Yy + Y uat

— Y y*0ga’ + y*oga’,

_1__ B — __ L B ro__ L B T* _1_ r* 7
5 Xt = 5 P0.a 5 ¢ho.a” + 5 ba Opt
1 .
—5 2O —y*(y Opa” —Opa’),
BTV SV O Sy P SR
(2.16) > Xpt.= 5 ¢2oa 5 PO 5 ¢0ga

1 .
— 5 $Ropa”,

—a* =vy"0,a" — O,a’+ % *o,a — ;—dﬁ,a‘,a’“

_ya(yradar_aAaA),

0=y0pa” — Opa’ — % ¢ro,a” — %—¢:§84a’*,

y'o,a =9,a“.

Connecting (2.14), (2.15) and (2.16), we conclude that the conditions that
an infinitesimal strict contact transformation X is to be an infinitesimal
automorphism are

Xp =—¢¥0,a" + P50, a” — ¢ Opa’” + PLOga’,
2.17) Xt =—PEo,a” — ¢ 0 a”" + Py Ogea” — PpLOp-a”,
X(ﬁg* = — qs’g aan a’ — ¢£§ aa* a’“ — ¢: 8,3* a” — 4)?* a,@'dr' .

By Libermann [1], there is a one-to-one correspondence between infinitesimal
strict contact transformations and differentiable functions of x!,-.-, 2" 3!,
- -+, y". This correspondence is given by

f_—-)Xf = (8a‘f)au— (aﬂf)aa*_i—(yaad“f_f)ada
X—— —gX)=3Za*y*—a“.
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Substituting X, for X in (2.17), we obtain

Xf¢’g‘ = (_ ¢E’aaar* - ¢/§ Ou O — ¢'$“8ﬁar" - ¢Zz Op ar).f’
(2.18) X,$5 = (— ¢P0uOp + 30, + Pr0pOp + L 0pO,) f

X, = (— $20,: 3+ ¢ 000, — $5 0pDpe + $505:0,) .

3. Calculations of dimensions. We impose on ® following conditions for
the convenience of calculations. Let v be an everywhere non-zero function of
xly MY x",yl, b ’,y", z. Let

B8 = B0, e =bup—, =0,

3.1
B* 4 1 a 4__
¢'a“_0, ¢a”‘“_v‘y > ¢a'—01
and so
_&;B a B a
5 Uty 0 -y
G= Bap 0
0 2v
— P 0 1

By this (2,12) still holds and hence we have a contact Riemannian structure.

Remark 1. The case v=1 is just the standard contact Riemannian
structure of E™*!,

Now (2.18), in this case, reduces to

— BaﬂXf‘U = 'U(aa aﬁ“ + aﬁaa">f,
0= (— 0.0 + 120u 3 f.

3. 2)

CASE 1°. When v is non-zero constant. In this case, (3.2) is
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(3.3) AR
O Ouf = 000 Opf.

Differentiating the last equation and using the first equation,
0050, f = 00 0pe O f = — 1%0 O O f = — 00 D40, f -

Hence 9,9,0,f = 0,9¢0,-f=0. In the same way, OuOp 0, f=0us0,f=0.

Thus, if we expand f in formal power series, terms of degree more than two
vanish. On the other hand, if we put

1 1
f=f0 +faxa +fa*ya + —Z—f,x,@x”‘xﬂ +fa3«x“y6 + _Z—fa'B'yayB,

faﬁ :fﬁa and fa"/i* =fﬁ*a‘>

then by (3.3), fus = — fhaws fup = Vfwrse. AS fo, fu, for are arbitrary constants,
the dimension of the space of such f’s is

n(n+1) n n(n—1)

1+ 2n+ D) 5

=(n+1)%
Thus,

THEOREM 1. The dimension of the automorphism group of Euclidean
space E*™*' with a contact Riemannian structure such that ® is given by
(8.1), where v is non-zero constant, is (n + 1)2.

CASE 2°. When v and £v are everywhere non-zero functions. Differenti-
ating the last equation of (3.2) by © = £, we obtain

0=2v0 v0,.0pf.
By assumption v0ard 9 v30, 9,9 f =0 and so 9,9;f = 0. These indicate

that if we expand f in formal power series, terms including z*x® or y*y*
vanish. On the other hand, if we put

f=f0 +faxa +fvc*ya +faB‘xayB,
then

Fugr=— four i @R,
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G 49 20f == (far + frar Z) 0av + (fa + far37) Qv
+ (fo + fax®)O,v, s=1,-44,n,
are the first equation of (3.2).
If we expand v in formal power series

1
V="V + V142 + VX% + Upey* + —Z—vhz? doeee,

then by above last condition,
20 fisr = — farVu + fuVar + o1, s=1,+++, n.

But v, 0, fir= -2—1)— (—far Vot foar +fov14), s=1,-++, n. Thus the dimension
0

nn—1) (m+1D(n+2)
5 =

of the space of such f’s does not exceed 1+ 27 + 5

which is less than (n + 1)%.

THEOREM 2. The dimension of the automorphism group of Euclidean
space E*»*' with a contact Riemannian structure such that ® is given by
(8.1), where v and £v are everywhere non-zero analytic functions, does not
d (n+1)(n+2)'

excee
2

In the case when v does not depend on z!,---, x*, »',---y", but depends
only on z and 9,v0, the dimension is determined definitely. For, in this
case, (3. 4) reduce to

Jepr =— S axg,
20fe = f1 0,0+ frx*0,v, s=1,e0+, n.

Differentiating the last equation by z% f, =0 and so 2uf,.=2,0f,. If fiwxx0,
o,

2v

v = Ae?” where A and B are non-zero constants.
If v is not of this form, then f;»=0 and f, =0,

then must be a constant. Hence,

8,0 4 (& N
ot fey + S s+ S5y fi(Tay) if 0= Ae,
s=1

axf

and
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F=fady®+ 2 faeyy®  if vAe™.

axf
Thus

THEOREM 3. The dimension of the automorphism group of Euclidean
space E***' with a contact Riemannian structure such that ® is given by(3.1),
where v=Ae"?, A and B being non-zero constants, is n(n +1)/2+1. If v is not

g - . . ov .
of the form Ae™ but still is an analytic function of z such that 5o 1S every-
where non-zero, then the dimension is n(n+1)/2.

CASE 3°. When v is an everywhere non-zero function such that £v=0.
Though in this case calculations are a little difficult, we can see the dimension
of automorphism group is still less than (n +1)%. At first we expand v and
f in formal power series:

1 1
V=0V, + v, + Uy + B Vs XL + Ve 'Y + —Z‘Ur*s*yrys +oeee,

1 1
f=f+fix +foy + —2—f,8x7x5 + frie 27y’ + —Z—fr'a*yrys doeeen

Using these expansion, the first equation of (3.2) is expressed in this case
as the following infinite number of equations;
faB* = fa*/3> faB*r = fa"ﬂr’ faﬁ“r* = _foc“/Sr"’
(3 5) faB*r = fa*ﬂr, faﬁ*r&* = fa*ﬁrﬁ*; faB*T*S" = fa*ﬁr*&" 5
.............. for a8,
and

20 fosr = fuVar — farVa,

(3 6) 200 fssr + 2vr_fss" = va*far - vafa*r + fa*rfa - 'Uarfa* ’
2'qu;s*r* + 2vr*f:s‘s* = va*far“ - vafa*r* + va*r“fa - var*fa* s
............... ,for s=1,-++, m,

(in general, fiu--. = 1 (a linear combination of f’s of indices less than the

2v,
left)),
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and the last equation of (3.2) is expressed as follows;

S = Vi farer
Jasr = Vi fargr + 2000, f arp,
3.7 Japre = Ut forper & 2000 fnpe
Japrs = Ut forger + 20,05 + 000s) farge + 2000 farger + 2060, fonpes

L

(in general, f,s... = U} forgr... + (@ linear combination of f’s of indices less than
the first term).).

By (3. 6), we can see that coefficients of the expansion of f of the form fe---
are expressed by linear combinations of other coefficients of lower indices,
and in (3.7), if 87, then by (3.5)

Supr+ o * = Vi forgr = = » + lower terms
=— Vi forare + + + lower terms
=— fupr + lower terms.
1 . L. , . 1.
Hence fo5--- = o5 (a linear combination of f’s of indices less than the left.),

and hence f,g,--- is also expressed by a linear combination of f’s of
indices iless than itself. In the same way, if 827, figrr... and foge.. are
expressed by linear combinations of f’s of indices less than itself.

Thus, the coefficients of the expansion of f except

foa fa’ fa", fa,@ and faB"(d;\FB)
are all expressed by linear combinations of these. Hence

THEOREM 4. The dimension of the automorphism group of Euclidean
space E™*' with a contact Riemannian structure such that ® is given by
(3.1), where v is an everywhere non-zero analytic function such that £v=0,
is less than (n+ 1)%.

REMARK 2. Examining (3.5), (3.6) and (3.7) carefully, we can see that
in Case 3°, if #>1 and if the dimension of the automorphism group is just
(n+1)?, then v must be a constant. For n =1, however, it does not hold.

Summarizing cases 1°~3° in terms of manifolds,

THEOREM 5. The dimension of the automorphism group of an analytic,
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complete, simly connected, contact Riemannian manifold M of dimension

2n + 1 such that for every point of M there exists an adapted local coordi-

nate system such that ¢ is given by (3.1), where

1°) v is a non-zero constant, is just (n + 1),

2°) v and Ev are everywhere non-zero analytic functions, does not exceed
(n+ 1y,

3%) v is an everywhere non-zero analytic function such that £ v=0, does not
exceed (n+ 1)%

REMARK 3. As is easily seen by (2.14) and (2.16), £ is always an infini-
tesimal strict contact transformation, and £ is an infinitesimal automorphism
if and only if ¢2, ¢2", ¢5 do not depend on z. In this case, the manifold is
called a K-contact manifold. Above Case 2° treats the cases of non K-contact
manifolds, while Case 3° treats the cases of K-contact manifolds.
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