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A W^-subalgebra Jl0 of a W*-algebra Jl is said to be normal in Jl if
( J i n J ) ' Π J = cJ.o (i.e. if cJ?0 has the double commutant property relative
to Jl). A W^-algebra Jl is called normal if every W^-subalgebra Jl0 of Jl
containing the center of Jl is normal in Jl.

It is well known (cf. [3] and [4]) that all type I factors (in fact, all type
I W*-algebras) are normal. That no type II factor is normal is proved in
[3]. Examples of non-normal type III factors are contained in [5]. There
also exist a few examples of non-normal abelian subalgebras in factors of
type II (cf. [2], [4], [6]).

In this paper we give a rather simple construction of an infinite sequence
of abelian subalgebras which are non-normal in a hyperfinite type Πj factor
Jl and which are pairwise non-conjugate under "^-automorphisms of Jl.

In section 1 we shall construct, for each n ^ 4, a hyperfinite factor Jln

and an abelian subalgebra Cno which is non-normal in Jln. Since all hyper-
finite factors are *-isomorphic, we can suppose that all these subalgebras
exist in one hyperfinite factor. In section 2 we prove that the subalgebras
Cno are pairwise non-conjugate.

1. Construction of subalgebras. The factors employed here shall be
constructed according to the following general scheme: Let G be a countable
discrete group with identity e. Let ξ) be L2(G), the Hubert space of square-
summable complex valued functions on G. For each g € G there is a unitary
operator Ug defined on ξ> by Ugx(g) = x(g'g) These operators generate a
W^-algebra Jl which is a factor of type IIχ if all the non-trivial equivalency
classes of G are infinite and which is, in addition, hyperfinite if G is the
union of an increasing sequence of finite subgroups.

Let ξ>' be the set of those functions y £ ξ> possessing the following
property: for every χ ζ § the convolution product x*y belongs to ξ>. With
each y^ξ)' we associate the operator Uy defined by Uy x = x * y. Then
Jl = {Uy \y € £'} and we have :

*) Supported by NSF Grant GP 6551.
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( i ) C7¥* = l7y (y(g) =
(ii) Uy*z = C7,C7y and £/,+* = Uy + Uz (y, 2 € £')
(iii) L -̂i = [7ε& where θσ is the characteristic function of [g]

Finally, if G is any subgroup of G, the operators Ug (g € G) generate a
subalgebra <J[(G) of «Jf and

Jl(P) = [U2\zz ξ>', z(g) = 0 if g <£ G} .

The particular factors and subalgebras we shall work with shall be
constructed as follows:

Let F denote an infinite commutative field which is the union of an

increasing sequence of finite subfields. Then F = \^J Ft where F t are finite

fields and F1 £ F2 g .
For each n §: 4, let Gn be the group oί nXn matrices over F of the form :
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where α n ^ 0 .
Let Jίn be the W^-algebra <J,(Gn), the algebra generated by ail operators

Ug (g € Gn) on L2(Gn). It is proved in [1] that Jln is a hyperfinite factor
of type Hi.

For each n ̂  4, let Gn0 be the subgroup of Gn consisting of all elements
of the form:

( 2 )
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and let Hn0 be that subgroup of Gn0 for which bln = 0. Let <Jln0 = <Jl(Gn0)
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be the subalgebra of Jln generated by the operators Ug (g £ Gw0), and Cn0

= cJl(Hn0) be the subalgebra of Jln generated by the operators Ug (g £ Hn0).
Then, cAn0 is a maximal abelian subalgebra of Jln (cf. [1]) and Cn0 is

abelian. The following lemmas in this section will show that Cn0 is non-
normal in Jίn.

LEMMA 1. Gn0 is the centralizer of Hn0. That is, an element g € Gn

commutes with every h £ Hn0 if and only ifg^ Gn0.

PROOF. Clearly; if g e Gn0, g commutes with all of Hn0.

Conversely, suppose g e Gn is of form (1) and gh = hg for every h € Hn0.
Let h be of form (2) with bln = 0 . Direct computation establishes the
result for n = 4. Assume now that ?ι gr 5. Partition g as

( 3 )

Partition h as

(4)

011

0 1

so that gn z Gn_x

0

0

1

so that hu e Gn_ l i 0.

(Note that hn need not belong to H n . M ) .

Then:

( 5 ) gh =

SiAi

0

912

1

and hg =

hug n

0

h

1

'12

Now if gh = hg for all h € Hn0 then gnhn = hngn for all hn £ Gn_1>0 so
that gu £ Gn_M since Gn_10 is maximal abelian in Gn_x (cf. [1]).

Furthermore, g12 = hlλgι2i i.e.
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ain + bι2a2n + bί3a3n + + bίj7l.

29

( 6 )

so that α j w == 0 for all 7, 2 rg j ^ ^ — 1, i.e. # £ Gn0. Q. E. D.

The following property (/3') is a slight variation of the property (/3) of
Dixmier [2].

DEFINITION 1. Let G be a group. Let G and H be subgroups such
that H^Gξ^G. G is said to have property (/S') relative to H if, given
an arbitrary finite subset B Q G and an arbitrary g € G\G there exists an
element h0 £ H such that (i) g~ι hog ^ h0 and (ii) u, v £ B and u~ι hov — h0

together imply that u — v.

LEMMA 2. (Dixmier [2]) Let y be a complex function on G vanishing
outside a finite set B. Let g and h be elements of G such that the conditions
ueBg-\ vzBg-\ u~λhv = h imply u = v. Then \y{g)V ^(y*£h*y)(g~ιhg).

The following lemma and its proof are adapted from [2].

LEMMA 3. Suppose G is a countable discrete group with infinite

equivalency classes and HQzGξΞ=G. Let cJl(G) be the algebra described

previously. Let ^J.(H) and Jl{G) be the subalgebras corresponding to H

and G, respectively. Suppose that G is the centralizer of H and that G

has property (ff) relative to H. Then Jl{H)' Π Jl(G) = Jί{G).

PROOF. It is clear that Jl.(G) is contained in Jl(H)'C\Jl{G). To
establish the reverse inclusion, suppose that A = Ux € ̂ A(H)' Π Jl(G). Since
the unitary operators form a generating set for the W^-algebra <JKH)' Π <Jl(G),
we may assume Ux is unitary. Therefore, Uh-i — UxUh-JJ*x for all he H.
That is. using the terminology previously defined, Uεh = Uχ*εfι*χ Hence,
(x*$h*x)(gf) = 0 unless g —h. To show that Ux£<Jl(G) we will establish
that x(g) = 0 if g € G\G.

Let S > 0 be given and g e G\G. Then there exists a complex function
y on G, vanishing outside a finite set £>, such that

^ ||*||,, and y(g) =
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Let, for z£&\ \\z\\* = Lu.b. [\z(g')\ Igr'^G}. Then, for every h<zH,

Using property (#'), choose hozH such that g'1 hog ^ h0 and such that
w, vzBg~ι and u~1hQv = Λo imply w = t;. Then, using Lemma 2,

since g~1hog^ho.

Since θ is arbitrary, #(#) = 0. Q.E.D.

LEMMA 4. Gw0 /̂ ^̂  property {&) relative to Hn0.

The proof of this lemma is presented in section 3.

THEOREM 1. The subalgebras Cn0 are non-normal in Jln.

PROOF. Lemmas 1 and 4 allow us to apply Lemma 3, putting G=Gn.

G=Gn0, and H—Hn0. We may then conclude that

(7) aon Jln=Jln0.

Since Jl^ is maximal abelian, <JΓn0 Π Jln = cJ.n0.
Therefore, (Cήo Π «Jίn)' Π i n = c_i;o Π j n = c^?w0.
Since Cn0 is properly contained in cJ?w0, Cn0 is non-normal. Q.E.D.

Statement (7) leads immediately t o :

COROLLARY 1. cJ[.n0 is the unique maximal abelian subalgebra
containing Cn0.

2. The subalgebras Cn0 are pairwise non-conjugate. Suppose, in
general, that <JLι is a W*-subalgebra of the factor <Jl. Denote by R(^Λχ) the
W^-algebra generated by all unitaries U^d such that UJtJJ* <^zJLx. Then
R(Jlι) is a ΐ^^-subalgebra of JLy and Jίx ςLR(Jίύ <Ξk Jl. Let
and, for each j ^ 2, define R^Jl,) to be
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DEFINITION 2. (cf. [7]) JLλ is said to be of length L in JL if there is
a chain

cΛ ^ R{Jlλ) ^ R\Jlλ) ^ ^ ^ M O - JL

It is proved in [1] that the length of a subalgebra Jlx in Jl is a
"^-algebraic invariant.

LEMMA 5. Let Jl0 be an abelia?ι W*-subalgebra of the factor Jl.
Suppose JIQ is contained in a unique maximal abelian subalgebra M(JlQ).
Let σ be a *-automorphism of Jl. Then or{M(Jl^j) is the unique maximal
abelian subalgebra containing the abelian subalgebra o'(J0).

PROOF. Clearly, if o (M(cΛ)) were not maximal abelian, so that there
existed &oψσ(M(Jl*)\ then o'~\$0) ψM(Jl0).

And, if σ*(M(ĉ ?o)) were not unique, so that 3)0 were also maximal
abelian, 5)0 = o-{Jl0), then σ'^ίPo) would also be maximal abelian and
contain JlQ. Q.E.D.

LEMMA 6. Let Jo and j£0 be abelian W*-sub algebras of the factor Jl,
contained in unique maximal abelian subalgebras M(Jl0) and M(£B0),
respectively. If or is a *-automorphism of Jl, such that σ(Jl0) = iS0, then
σ(M(J!o)) =

PROOF. Since M(SBo) is then the unique maximal abelian subalgebra
containing σ(Jl<)} by the previous lemma, σ(M(Jlo)) = M(JSO) Q.E.D.

LEMMA 7. Let Jl0 and J$o be abelian W*-sub algebras of the factor Jl,
contained in unique maximal abelian subalgebras M(Jl0) and M(i90),
respectively. If the length of M(Jl0) is not equal to the length of M(SB0),
then JIo and J£o are not conjugate under *-automorphisms of Jl.

PROOF. Suppose JlQ and JS0 were conjugate under or, so that σ(Jlo) = JBo.
Then ; σ(M(Jl0)) = M(JB0). On the other hand, since the length of a sub-
algebra in J is a ^-algebraic invariant, and since the length of M(<Jf0) is not
equal to the length of M(-So), we cannot have σ(M(Jl0)) = M(βQ). Q.E.D.

We may now suppose that all the subalgebras Cn0 lie in one hyperfinite
factor Jl.

THEOREM 2. The abelian subalgebras Cn0 are pairwise non-conjugate
under ^-automorphisms of Jl,
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PROOF. It is proved in [1] that, for each n ̂  4, Jln0 has length n — 2

in ̂ ?n.

Since c^n 0 is the unique maxima] abelian subalgebra containing Cn0, the

result follows from Lemma 7. Q.E.D.

3. Proof of Lemma 4. Let g e Gn\Gn0 be given, g of form (1). Let B

be a finite subset of Gn, B — {//ι), w(2), , w(m)}. We must produce an

element h0 £ Hn0 such that

(i) gh0 Φ Kg
(ii) uwh0 = hou^ implies w<p> = u^\ l^p, q^m.

Let w(2° be of form (1) with entries aίό

w.

Let h € fίw 0 be of form (2) with entries bih

the έ^ to be determined. Because of the nature of h, it is clear that,

regardless of the choice of bίh the matrices gh and hg are identically equal

to g, except for the first two rows. Also, uCp:>h agrees with z/(2° except for

these rows and hu^ agrees with w(<7) except for thesa rows. Accordingly,

we investigate rows 1 and 2 of these four matrices.

anb1
aί2b1

0

where cό = aίlbίj 4- α u , 4 ̂  j ^ /z.

a n a12 + &i2 ^i3

hg=
0

where

= a
2j

bl2a3j, A^j^n.

Clearly, if gh is to equal hg, we must have α12 + δ1 2 = anb12 + aι2. Hence,
if b12 ^F 0, α n must equal 1. We henceforth assume b12 ^ 0 and α n = 1.
Taking this into consideration, (1,3) (the entry in first row, third column)
gives b12(aι2 — α23) = 0, i.e. aι2 = a23. Next, we must have, for each j,
Atίkj ^ n, e5 = a2j. That is, bι2asj = 0. Therefore, a3j = 0 for 4 rgj ^ w.
Finally, we must have, for each j, 4^j^n, c3 = dj. That is :
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We leave this for the present to consider the first two rows of «(p)λ. and

where

and

where c/"> = an

wbu + a

4 ̂ i ^ n

Now, if w(p)/ι is equal to /m(<° we must have α n

C P ) = α n

( 9 ) . Further,
considering (1,2), we need bι2{aιγ

w-1) = α1 2

c < 7 )~α1 2

< 2 ? ). Let

Aj is a /zmfέ set. We wote; assume b12 ζ£ Aλ. Then, unless α n

< p ) = 1,
differs from huw in (1, 2). We assume henceforth that α n

( p ) = 1 so that
also α 1 2

( p ) = α12

(<7). Next, (2, 3) requires α 2 3

w = α23<
α>. And (1, 3) requires

bί2(aι2^ - α l s w ) = α1 3

( Q ) - α 1 3

( α ) . Let

assume that 612 does not belong to the finite set A2. Reasoning as
before, this requires α 1 2

( i ) ) = α 2 3

( α ) and α 1 3

( ί ) > =α 1 3

( α ) . Next, for each j , A^j^n,
we need e / α ) = α 2 / p ) , i.e. & 1 2 α 3 / 9 ) = α 2 / p ) - α 2 / < 7 ) . For each '̂, 4^j^n, let

A g = 1> 2, 0 1 •

wow assume b12£A3

u\ Thus, α s/
α > = 0 and α 2 j

( ί ) ) = α2j

(<z). Finally, we
need, for each j , A^j^n, d^ = c/p >, i.e.
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We now investigate equations (*) and (**), recalling that bί2 φ AιuA2

U A 3

( 4 ) U ••• u A 3

( w ) U { 0 } . (*) gives the following (n — 3) equations (recalling

that aυ=0) :

( * ) J = 4) 61 2α2 4 = 0

( * ) J = 5) 61 2α2 5 + 6 1 4α 4 5 = 0

( * ) j = 6) b12a2β + buaiQ + fr15α6β = 0

( * ) j = n) bι2a2n 4- &14α4n + b15a5n + +&i,n-i^n-i,n = 0 .

(**) gives the following m2(n —3) equations (recalling that α 3 j

( < 0 = 0 for all

(**) > = 4) δ 1

(**) j = 5) έ 1 2 α
(**) j = 6) 61

/^.j£\ \ "L. C^O i i , C O i i 7

Considering (*) / = 4 ) we see that <z24 — 0. Now let

A O 2 V — j ^ 1 4 C P ) — ^ I 4 ( g > I . • _ : -, r> _ ,
-ίT-4. —~ i / π\ A'* t/ —~" X Z «̂ T ' * III' ,

(7 = 1,2, . .-, m

(all these sets are finite)

Assume henceforth that bl2 ^t A 4

( 1 2 ) u A 5

( 1 2 ) U U A n

( 1 2 ) . Then, equations

(**) 7 = 4 cannot be satisfied unless α24

(<7> = 0, in which case α 1 4

( p ) = α 1 4

c α ) .

We may assume, therefore, that α 2 4

( α ) = 0 for all q and that α 1 4

( p ) = α1 4

( < 7 )

for all p, q.

Now, fix b\2 subject to all previous restrictions. We now institute the

following procedure:
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At step k — 3, & = 4, 5, , -n-r- 4, define the following finite sets :

k-i

als c/ί2a2s £J olrars

where s = k-hl, k+2, , n.

Then, restrict blk so that 6lfc ζ£ \ l As

(1/C). Also., restrict bιk so that:

— bι2a2t — Hblrάrt

bik* ^r— (t)

for any t = k + l. k + 2, , n, whenever akt ^ 0 . (For k — 4, the summation

in ( t ) is understood to be zero.)

Then, because of ( t ) , in order to satisfy equation (*) j = £+.1), it will

be necessary that aκk+1 = 0, whence, by ( ΐ ) for previous values of k,

ak-l,k+l == ak-2,ki+l — = #2,fc+l t = θ

n

Next, because bιk^ \^J AS

(1A:), it will not be possible to satisfy equations

Ce^) i = £ + 1) unless <Z;fcifc+1

(<z)=0 whereupon, by a combined use of previous

restrictions on bl2, * - , bhk_χ and (T ) it will follow that ak-ljk+1^
)— ak_2Λ+1

iQ:>

= . . . = a2,fc+1

(iZ) = 0 and that α l fc

Cί3) = . a l f c

( a ) for aU p, q,.

Finally, fix bίk subject to all previous restrictions and proceed to the

next step. ,

Therefore, at trie eήH of the kth step, we have established that the super-

diagonal entries of g in the (k + 4)th column,.except for the entry in the first

row, are zero. And, also at the end of the kthi step, We have established

that the (k + A)th column of\u™ isf identical to the (kf^ column of u^\

(The work previous to step 1 took care of columns 1, 2, 3V and 4 both for <j

and w (p), w(9).) ,, ^ r

Finally, let h0 consist of the fixed entries bu. This element h0 is the

one required to guarantee that gho^hog and uCp)h0 = hou
iQ:> only if υSvι~vι^.

We exemplify the above procedure in the case k = 6, n^8.

At step 3, we define

We restrict bΛQ s.o that ,δ16 ^ \^/A δ

c l 6 ) and also
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1 6 n
α β 7

and

—^12^28-^14^487

1 6

# 6 8

A
1

aβn

Consider equation (*) j = 7):

By ( t ) , since b^*—bi2^27-buai7-bl5a57 ^ w e m u s t h a γ e ^ = Q τ h i g

αβ7

means that bι2a2Ί + buai7 + blbab7 = 0. But, by ( t ) for step 2, bl5 ̂ ~
#57

so t h a t aS7 = 0. T h e r e f o r e , bί2a27 + buaA7 = 0. B u t , b y ( t ) for s t e p 1,

bu ^ 12_27_ ? s o t j i a | ; α^ 7 _ Q And, since b12 ̂  0, α 2 7 = 0.

Consider equations (**) j = 7) :

Since ά 1 6 ^t A 7

( l β >, we must have αβ7

c<z) = 0, whereupon

Since bί5 ^ A 7

( 1 5 ) , we must have α5 7

c < 7 ) = 0, whereupon

Finally, we get

α27<
Q> = 0 and α1 7<p ) = α 1 7

( < 7 ) .
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