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0. Introduction. Let M" be an n dimensional Riemannian space whose
metric tensor is given by g, in terms of local coordinates {z°}?. A wvector
field v® is called a Killing vector if it satisfies the Killing’s equation :

(0. 1) Vavb + vaa=0:

where v,=g,.v° and V, denotes the operator of the covariant derivation. An
affine Killing vector is, by definition, a vector field v* satisfying the equation :

0.2) VaV3?* + R,ov° =0,

where R,,° is the Riemannian curvature tensor. As the equation (0.2) is a
consequence of (0.1), a Killing vector is necessarily an affine Killing vector.
As to the converse, the following theorem is famous.

THEOREM A. (Yano [5]”?) In a compact Riemannian space an affine
Killing vector is a Killing vector.

On the other hand, concerning the integrability condition of Killing’s
equation, the following theorem is well known.®

THEOREM B. A necessary and sufficient condition in order that for
any point p of a Riemannian space M" and any constants C, and C,
(=—GC,o) there exists (locally) a Killing vector v* satisfying v (p)=C,,
(Vv X(p=Cyy is that M™ is a space of constant curvature.

As a generalization of Killing vector, K. Yano [6] has defined Killing
tensor as follows:

A skew symmetric tensor u,,...,, is called a Killing tensor of order 7, if
it satisfies

1) Indices a,b,... run over the range 1,2,...,n.
2) The number in brackets refers to the Bibliography at the end of the paper.
3) For example, L.P.Eisenhart, [1], p.213.
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0.3) Vallag-arnt Valbaapa,n=0.

We shall call this equation the Killing-Yano’s equation.

The purpose of this paper is to obtain the corresponding theorems for
Killing tensor of order 2 to the theorems stated above.

In 81 we shall deduce an equation for Killing tensor corresponding to
(0.2). §2 will be devoted to the discussion of the integrability condition of
Killing-Yano’s equation. T.Fukami and S.Ishihara [3] have given an example
of Killing tensor of order 2 which is related to the almost complex structure
on S® given by A.Frohlicher [2]. Recently Y.Ogawa [4] showed that there
exists Killing tensors of order odd in a Sasakian space. In §3 we shall give
examples of Killing tensor of order 2 in the Euclidean space and in the
sphere. About Killing tensor of order » (> 2) we shall discuss in another place.

1. Killing tensor. Let u,, be a Killing tensor in an 7 (>2) dimensional
Riemannian space M". Then as we have

Vitbea+ NV thya "_‘Or

it follows that

1.1) Vo Vithea+ VoV by =0.

Interchanging the indices in (1.1) as a — b — ¢ — a, we have

(1 2) ViV elhaa+ vaaucd=0,
(1 3) ch:.zubd"' chbuad:O'

Forming (1.1)+(1.2)—(1. 3), we get
(1 4) vavbucd + vb vaucd +(Va,chbd - vc vaubd) + (vbvcuad - vc Vbuad)'_‘-o'

Then by virtue of the Ricci’s identity :

VoVelbyy— Ve Vallyy = —Racbeued - Racaeube»
we can write (1.4) in the following form:
(1 5) 2 Va Vbucd + 2Rbcaeude - Rbadeuce - Racdeube - Rbcdeuae =0.

Though (1.5) may be the equation corresponding to (0.2), it seems to be
desirable that we have equations in the form skew symmetric with respect
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to b, ¢ and d. We shall proceed to find such equations as follows.
Interchanging the indices in (1.5) as b > ¢ —d — b, we have

2 va. vcudb + 2Rcdaeube - Rmbeude - Radbeuce - Rc dbeuae =0 s
2 va. vdubc + ZRdbaeuce - Rdaceube - Rabceude - Rdbceuae =0.

Adding these equations to (1.5) and taking account of the skew symmetric
property of V,u.,, we can get

(1 6) va vbucd + (1/2)(Rcdaeube + Rbcacude + Rdbaeuce) = 0’
or equivalently
Vu Vbucd + (1/2)(Raecdube + Reubcued + Reab duce) = 0

It seems to be suitable to consider (1.6) as the equation corresponding to
(0. 2).

REMARK. In a space of constant curvature, as we have
(1 7) Rep” =k<gb08ad_ga08bd)
where £ is constant, the equation (1.5) reduces to the following form :
1. 8) VaVithea= —k(Gasthea+ Jacthas + Gaalése)-
For the discussion in the next section we prepare the following
LEMMA. If there exists (locally) a Killing tensor u., satisfying uqu(p)=C,,
for any point p of M" and any constants C, (=—C,,), then M" is a space
of constant curvature.

PROOF. Forming (1.6)x2—(1.5), we can get
Rcbaeude - Rcbdeume + Radceube - Radbeuce =0 ’
ie.,

(Rcbaesdf - Rcb desaf + Radcesbf - Rudbescf)ufe =0.

By the assumption, as the skew symmetric part of coefficients of u,, are zero,
we have
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Rcbaesdf - Rcbdeaaf =+ Radcesbf - ‘Radlzesc'r
— R’ 84"+ Repa’ 80’ — Raae’8° + Raas’ 8,5 =0.

By contraction with respect to d and f it follows that
(n_ 1>Rcbae = —Racsbe +Rab806-

Transvecting this with ¢**, we have R, =(R/n)8,°, where R means the scalar
curvature. Thus we can obtain the equation of the form (1.7). Q.E.D.

Now we shall call a skew symmetric tensor u,, an affine Killing tensor
(of order 2) if it satisfies (1.6). Then a Killing tensor is an affine Killing
tensor. Conversely, we can obtain the following theorem corresponding to
Theorem A.

THEOREM 1. In a compact Riemannian space, an affine Killing
tensor ( of order 2 ) is a Killing tensor.

PROOF. Transvecting (1.6) with ¢g®, we have
(19) va vauccl +(1/2)(Rdeuce + Rceued +Rcdaeuae) = 0’

where R,,=g"R..,. means the Ricci tensor.
Next from transvection (1.6) with g%, it follows that V,V%4,=0, so
we get

(1.10) (V" V'tty0) =V (st V thya)-

Without loss of generality we may assume that M™ is orientable and
then applying the Green’s theorem to (1.10) we have

(1.11) VPu,,=0.

Thus we know that an affine Killing tensor satisfies (1.9) and (1.11). On
the other hand, it is known that these equations are a sufficient condition for
a skew symmetric tensor #,, to be a Killing tensor.® Thus the theorem is
proved. Q.E.D.

2. Integrability condition of Killing-Yano’s equation®. In a Riemannian
space M" (n>2) we consider Killing-Yano’s equation as a system of partial

4) K.Yano, [6]. K.Yano and S.Bochner, [7] p. 76.
5) In this section, we shall assume that M" and all quantities are real analytic.
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differential equations of unknown functions #,. This system is equivalent to
the following system of partial differential equations with unknown functions
Uy and g, :

2.1) .+ =0,

2.2) Upea+Uepa =0,

2.3 Upeg + Uy =0,

(2.4) Volhog =Upeas

2.9) Vattsea=— Ryea’ae+(1/2) Roaathoe + Raca Upe + Rycata)-

We shall discuss the integrability condition of this system.

Assume that the system (2.1)~(2.5) is completely integrable, so for any
point p of M" and any constant C, (=—C,) and C;y (=—Cue=—Cyc)
there exists (locally) a Killing tensor u, satisfying w.,(p)=C, and
(Vstteq) ()=Csq. Then, by Lemma in §1, we know that M" is a space of
constant curvature.

Conversely, we shall show that the system is compltely integrable if M™"
is of constant curvature.

From our assumtion, we can replace (2.5) by the following equation :

(2‘ 5)’ Vaubcd = k(gabucd + Goclhas +gadubc):

on taking account of (1.8).
The equation obtained from (2.1) by differentiation :

aa,ubc + aaucb = 0: (aa = a/axa,),

are satisfied identically by (2.4), (2.3) and (2.1). Next consider the equations
obtained from (2.2) by differentiation :

(2 6) - aa.ulbcd + aaucbd =0

We can see easily that (2.6) is satisfied identically by (2.5), (2.1) and (2.3).
The equation obtained from (2.3):

Oalbpea + Ogthpse =0

are satisfied identically too by virtue of (2.1), (2.5) and (2.3).
Next consider the integrability condition of (2.4):
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(2 7) va vbucd - Vb vaucd = Rabceued - Rabdeuce .

Taking account that M" is of constant curvature, we know that (2.7) is an
algebraic consequence of (2.4), (2.5)" and (2.1).
The integrability condition of (2.5) is

Vi Vattoea— VoV sUbca = — Rfabeuecd - Rfaceubed - Rfadeubce’

which follows from (2.5), (2.4), (2.2) and (2.3).
Thus the system (2.1) ~(24) and (2.5) is completely integrable. Hence
we get

THEOREM 2. A necessary and sufficient condition in order that Killing-
Yano’s equation is completely integrable is that the Riemannian space M"
(n>2) is a space of constant curvature.

3. Examples of Killing tensors. (i) Let E"*' be a Euclidean space and
{y*} (W=1,---,n+1) an orthogonal coordinate system. A Killing tensor in
E™*! is a skew symmetric tensor u,, such that

(3.1) Onttyy+ 0, =0,  (02=0/0").
For such a tensor, we have by virtue of (1.5)
010,tt,,=0.
Integrating the last equation we get as the general solution of (3.1)

(3- 2) uvm :y aaauw + b w3

where a.,, and b,, are skew symmetric constant tensors.

(ii) Consider an n+1 dimensional Riemannian space M"*' and a hyper-
surface M" represented locally by y*=y*x*) in terms of local coordinates
{y*} in M"*' and {z°} in M". Putting B;'=0y"/0z%, the induced metric g,
is given by g..=GnB.,B/, where G,, means the Riemannian metric of M"*'.
The second fundamental tensor H,* is defined by

a A v
Habl_=_ vaBbAEaBbl/ax - "acb}BcA',"{lM}]’BauBb s
where {acb} means the Christoffel’s symbols of gg.

Let ™ be a skew symmetric tensor field in M"*' and assume that it is
tangent to M™ at any point of M", i.e., we have on M"
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(3.3) uM=BByo®,

where v* is a skew symmetric tensor field on M".
Defining B% by B%=g¢%g1.B¢#, (3.3) reduces to

Uy, = BaABbu‘Uab

in terms of covariant components of the tensor.
If we differentiate the last equation covariantly along M", we obtain

V=B ur,
= (HcaABbu + BaAchu)vab + B“ABbch’Uﬂb-

Transvecting this with B, we can get
(3.4) BBV =H. v+ B~ 0.

Now we assume that our M" is totally umbilic. Then there exists a
vector field C, on M™ locally such as H.,=C,3, and hence (3.4) reduces to

A _
BBy*V ur, =Cy40+ B,V g

This equation shows that v, is a Killing tensor on M™ provided that u,, is
Killing.

Now let M"*'=FE"*! and apply the above argument to the sphere
S™: 3(y*)*=1. The condition in order that a skew symmetric tensor u,, to be
tangent to S™ everywhere is y“w,,=0. As a Killing tensor in E"*! is of
the form (3.2), we know that

U =Y aaalu

is a Killing tensor defined globally on S®, where a., is a skew symmetric
constant tensor in E"*'.
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