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TOPOLOGICAL NON-DEGENERATE FUNCTIONS
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1. Introduction. The theory of C°° non-degenerate functions has been
useful in the study of differentiable manifolds. The theory of topological
non-degenerate functions is much less developed. Morse [5] has established
the Morse inequalities. Kuiper [3] has shown that any compact w-manifold
which admits a topological non-degenerate function with two critical points
is homeomorphic to Sn. Eel Is and Kuiper [2] have studied compact manifolds
which admit a topological non-degeneiate function with three critical points.
In this paper we prove:

THEOREM 1.1. Suppose f is a topological non-degenerate function defined
on a compact n-manίfold. If [a, b] is an interval of regular values of f
then f~l(a)x(Q,V) is homeomorpίτic to f~l(b)x(0yΐ).

THEOREM 1.2. Suppose a compact n-manifold M admits a topological
non-degenerate function f such that all the critical points of f of index λ
lie at the level λ. Then M admits a cell decomposition with exactly as
many cells of dimension λ as f has critical points of index λ.

Theorem 1.1 illustrates some of the difficulties in the theory of topological
non-degenerate functions. If [α, b] is an interval of regular values of a C°°
non-degenerate function, it is easy to show that f~l(a) is homeomorphic to
f~l(b) (Milnor [4], p. 12). Whether or not this is true in the topological case
is an open question. Theorem 1.2 is a partial solution of a problem of Eel Is
and Kuiper [2], p. 195. We intend to give a more complete solution to this
problem in a future paper.

2. Notation and Terminology. We refer to Morse [5] as a general
reference for §2 and §3. We denote cartesian w-space by Rn. Let Nί = {(zί9— ,

zn}zRn\(z\+ ••• +$)*<£ and (*?+1 + ••• +OI~<£}, i = 0, ,7 i ;£>0.
An n-manifold is a separable metric space each point of which has a neighbour-
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hood homeomorphic to Rn.
Suppose / is a real -valued function on M. A point x € M is a topological

regular point if there exists an £>0 and a homeomorphism h:N™~ - ̂ M
such that the image of h is an open neighborhood of x and f°h(z{, ,zn)

— /(•£) + zn if (2r1? , zn) € JVg~ . A point .2: £ M is a topological critical
point if it is not a topological regular point. A point x £ M is a topological
critical point of index λ if there exists £>0 and a homeomorphism A :
ΛΓg - - M such that the image of h is an open neighborhood of x and f^h(z^
• , *n) = /( z)- *? ----- *λ + *J+i + •••+*£ if (*ι, , sn)

 € NJ. It is easy
to see that every topological critical point of index λ is indeed a topological
critical point. In both of the above cases we refer to the function h as an
/-coordinate function and to the open set h(Nΐ) as an /-neighborhood. The
function / is a topological non- degenerate function if every critical point of
/ is a topological critical point of index λ for some λ (0 rg λ ig n). If / is a
topological non-degenerate function it is clear that the critical points of / are
isolated. If, further, M is compact, they will be finite in number.

We speak of the set f~1(a) as the f -level a. We say x € M is below the
f -level a if f(x)^ a. Corresponding definitions can be given of x is above,
strictly above, and strictly below the /-level a.

If M = Xn D D Xj D X0 is a sequence of closed subsets of a compact
TZ-manifold M such that X0 is a finite set of points and Xt — X^ is the
disjoint union of a finite number of open z-cells, i = 1, , n, then {Xt} is
called a cell decomposition of M.

3. Level Lowering Homeomorphisms. Suppose x0 € M and h : Nί — *- M
is an /-coordinate function such that h(Q) = XQ. If z — (zly , zn) € JV|, i = 0,
• , n we agree to write z = (£, £2) where £ = (*!,••• , *4), f 2 = (*t+1, , *J.
Note that iί i = n, z = ξl and if z = 0, 2 = ξz. We have two cases to consider.

Case 1. XQ is a topological regular point and i = n — 1. Define a homeo-
morphism p : N"'1 - ̂  N" ~1 by

rtti, * J = (fi, *» + (1 - I

Define H:M -- - M b y :

H(x) = hopoh-l(x) if

= x if

It is clear that // is a homeomorphism and that f(H(x)) <f(x) iί xz h(N%~1) .

Case 2. α:0 is a topological critical point of index λ and i = λ. Define
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homeomorphisms /o,, />2 : N$ - *• Nl by

Pι(tι, W = ((2 - I f , I /θ)f,, W if 0 ̂  I & I ̂  fi/3

if fi/3^|f,|^e.

Γi, W = (£ι, ( I ft I V«2 - I f. 1 1 f . Γ/e1 + 1 1. 1

Define H:M - ̂ Mby:

H(x) = hopΐ°ploh~l(x) if α; e

It is clear that H is a homeomorphism, that f(H(xJ) < f(x) if x e h(N}),
and that H maps {Λ(ξΊ,?2)| |?ι| ^θ/3,£2 = 0} homeomorphically onto

In both cases we refer to H as the f -homeomorphism corresponding to h.
We need two lemmas. Hereafter we assume M is a compact n-manifold

and f is a topological non-degenerate function on M.

LEMMA 3.1. Ifa<c<,d<b and [a,b] is an interval of regular values,
then there exists a homeomorphism D:M - *~M such that D(x)= x iff(x)
^ b or f(x) ^ a and f(D(x)} ^ c if f(x) ^d.

PROOF. Let hί9 , hq be a set of /-coordinate functions such that the
/-neighborhoods [h^N^"1)} form an open cover of f~l([c,d]) and do not meet
f~l((— oo,α]u[6, oo)). Let Hi be the /-homeomorphism corresponding to hi9

i = 1, , q. Define a homeomorphism E : M - *- M by E = ίίαo . . . oH^H^.
Clearly if ΛΓ€/-1([cf d]) then x^h^N^} for some / so that f(E(x)}<f(x).
Furthermore if f(x) ^ b or f(x) ^ a it is clear that Ht(x) = Λ:, / = 1, , q
so that E(x)=x. By compactness there exists a positive integer m such that
/CEO)) ̂ /(.r) - (d - c)/m for every x^f-\[c9 d\). Let D= J£Λ. Clearly D is
a homeomorphism and D(x)= x if f(x) ^ 6 or /(α;) ̂  α. It is also clear that
f(D(x)) ^d- m(d - c)/m = c for all α: zf~l ([c, d]). We have established
Lemma 3.1.

LEMMA 3.2. There exists a homeomorphism D:M - >-M such that:
i) f(D(x)) <f(x) if x is a topological regular point
ii) for each critical point ξ € M of index λ (0 5g λ ̂  w) ί/iere exists an
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£ > 0 and an /-coordinate function h : AT* - *• M such that
^ 0)) = h(2ζl9 0) if I f , I fg

PROOF. Let hl9 ,hq be a set of /-coordinate functions such that the
/-neighborhoods h^Nί^) cover M. Suppose that λι(0), ,hp(0) are regular
points and that hp+l(0)9 , /^(O) are critical points. Suppose further that the
h, have been chosen so that h^N^1) Π {hk(ξl9 0) | | ξ, \ ̂  2Skβ} = 0 , i = L - , p\
k = p+ 1, ,g. Let H£ be the /-homeomorphism corresponding to hiy i = Ί9

• , q. Define D= Hqo oH^Hlu Clearly f(D(xJ) <f(x) if x is a topological
regular point. If ξ is a topological critical point there exists k (p+l ^k^q)
such that hk(ϋ) = ξ. Then D(λΛ(?ι,0))= ^(2^,0) if |^| ^θfc/3. Lemma 3.2 is
proved.

4. Proof of Theorem 1.1. We first prove:

THEOREM 4.1. If [a, b] is an interval of regular values, then there exists
a homeomorphism K^ from f~l(V) x (0, 1] onto f~λ((a, bj) such that K^x, 1)
= x for all xzf-\b).

PROOF. Since a and b are both regular values, f~λ(d) and f~l(b) are
both locally flat (n — 1) — manifolds in M. Therefore by a result of Brown
[1], f~l(ά) and f~l(b) are both collared. Thus there exist homeomorphisms
HiJT-^xIO,!] - *f-l([a,b)} and K:f'\b)x[Qyl] - *f-l((a,b]) such that
H(x,0) = x for all χzf-\a\K(x,l)= x for all x zf~l(b), and H(f~\a) x
[OαD^/^α^α + θ]), K(f~\b) x [O,!])^/-1^-^^) for some £ > 0. By
Lemma 3.1 there exists a homeomorphism D:M - *- M such that D is the
identity outside f~l((a, b)) and D moves the set f~l(b — £) strictly below the
/-level (a + θ).

Let X0 -DoK and H0 = H. Then H0 \f~\d) X [0, 1]->M and KQ :f~l(b) x
[0,1] - *~M are homeomorphisms, jFί0(^, 0) = x for all x^f~"l(a\ Ko(x,l)=x
for all * € /"'(i), H.(f-\a) x [0, 1)) u K0(f~\b) x (0,1]) - /-'([α, b]), and there
exists Co (0«:0<1) such that HQ(f-\ά)x[Q, l])nK0(f-\b)x [cc, !]) = #.

I f O < c < ^ < ! a n d i r / -^xtOΛl-^MαΓ λ :f'l(b)x [0, 1] - > M i s a
homeomorphism into, define a homeomorphism £(c, d, k) : M - *• M by

E(c, d, k)(k(x, t)) = k(xy c + (1 - c)(t - d)/(l - d)) if J ̂  ί ̂  1

= *(Λ, cί/J) if 0 ̂  ί ̂  ί/,

E(c, d,k)(y) = y if y φ image .̂

We proceed to define a sequence of real numbers cm and a double sequence
Hm and jK"m of homeomorphisms using induction. Our inductive hypothesis is :
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Pm : There exists a real number cm (0 <cm 5Ξ(l/2)m and cm < cm_0 and
homeomorphisms Hm :/-'(α) X [0,1] —- M and Km : /-' (&) x [0,1] —- M such
that Hm(x,G) = x for all -τ6/-'(α) and Km(:r, 1) = x for all a: €/-'(&) and:

i) #„(/-'(*) x[0, <:„,]) lies strictly below the/-level a + (l/2)m;
ii) Xm(/-'(6)xO)cHm(/-'(α)x[0,l));

iii) Hm(f-\ά) x [0,1]) n Km(f-\b) x [cm, 1]) = J0r .

We first establish P,. Choose 0<dl<e1<l such that Hn(f-\a) x [0, d,])
lies strictly below the/-level α+1/2 and K0(f~l(b) x 0)cH0(/-1(α) x [0,et]).
Define X, =£(J,A,Hβ)oX0. Clearly ^ :/-'(*) x [0,1] 'M is a homeo-
morphism such that K^x, 1) = α: for all x&f'\b), Kι(f~l (b) X 0) lies strictly
below the/-level a+1/2, X1(/-I(&)xO)cH.(/-1(α) x [0,1)), and H0(f-l(a)x
[0,1]) n K,(f-lψ) x [cβ. 1]) = JET. Choose c,(0 < c, ̂  1/2 and c, < cβ) such
that -£,(/-'(&) x [0,c,]) lies strictly below the /-level α + 1/2. Define H,
= .E(CI,CO, K^oHq. Clearly //! :/~'(α) x[0,1] M is a homeomorphism
such that Hλ(x,(ί) = x for all χzf-\ά), K1(/-1(6)xO)cH,(/-1(α) x[0,1)), and
H1(/-1(α)x[0,l])nX1(/-1(^)x[cι,l]) = J3". PI is established.

Now suppose Pm is true. Choose 0 < dm+1 < em+1 < 1 such that Hm(f~l(ά)
x[0,ί/m+1]) lies strictly below the /-level a +(l/2)m+1 and Km(f'l(b)xO)c
Hm(f-\ά) x [0, em+1]). Define Km+1 = E(dm+l,em+1, Hm)°Km. Km+ί: f-\b) x [0,1]
—»M is a homeomorphism such that Km+l(x, l)=x for all x 6 f~l(b), Km+l(f~l(b)
xO) lies strictly below the /-level α + (l/2)m+1, JKm+1(/-1(6)xO)cί/m(/-1(α)x
[0,1)), and Hm(f-\ά) x [0,1]) n Km+ί(f~\b) x [cm, 1]) = ff. Choose cm+1(0 <
cm+1^(l/2Γ+1 and cm+1<cm) such that Xm+1(/-'(&)x[0,cm+1]) lies strictly
below the/-level a +(1/2)™+'. Define Hm+ί = E(cm+1,cm,Km+l)°Hm. Clearly
Km+1(f-\b) x 0) c Hm+l(f-\ά) x [0,1)) and Hm+l(f-\a) x [0,1]) n Km+l(f-\b)
x [cm+ι, l]= J0ί. We have proven Pm+1. Note that Km+J is defined so that

Km+1(x, t) - Xm(α;, ί) if cm ̂  ί ̂  1.

We define Kj[x, ί) - lim Km(α;, ί). For t ̂  cm, Km(α;, ί)= K^^x, t)= .
m—>oo

Therefore this limit exists for all (x, t) s f ~ l ( f y x ( Q . 1] and KJ(x,ί) =Km(x,t)
if t ̂  ̂ m Thus Koo :f~γ(b) x (0,1] »- M is a one-one continuous map. Clearly
KJ^x, 1) = α: for xzf~l(b). Further, if 3/0 zf~l((a,b}) then there exists an m
such that 3 0̂ is strictly above the/-level a -f(l/2)OT. Thus there exists (x0,
tu*f~l(V)x(c^\] such that y0 = Km(x0,ί0) = X^o,ί0) Therefore KOT maps
onto f~l((a, b]). Further, if V is a neighborhood of (α:0,ί0) we may assume
t > cm if (x, t) € V. Therefore ^(V) = Xm(V) is a neighborhood of y0.
Therefore K'1 is continuous at j>0 so K^ is a homeomorphism. Theorem 4.1
is proved.

We can now prove Theorem 1.1. By Theorem 4.1 there exists a home-
omorphism Koo from f~l(b) x(0,1] onto f~l((a, b]) such that K^, 1) = x for
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all xzf~l(b). Similarly there exists a homeomorphism X* from f~l(d) x [0,1)

onto /-l([α,&)) such that K*(x,Q) = x for all xzf~\a). Then F defined by

F(x,t) = (K*)~l(K00(x,t)) for xzf-\V) and 0< £ < 1 is a homeomorphism

from /-'(&) x (0, 1) onto f~l(ά) x (0, 1).

5. Proof of Theorem 1.2. Let D:M — * M be the homeomorphism whose
existence was established in Lemma 3.2. Let ξl9 , ξp be the critical points
of / of index ^ 1. Let λ(i) be the index of £t, ί = 1, — , />. Then there exist
£ > 0 and homeomorphisms /^ : Λ^(ί) - * M, i = 1, , />, such that /^(O) = £i,
Ai(*!, , *n) = /(!*) -*?-•• --- *ί(<) + *i(<)+1 + + 4, and £,(&, 0)
=ht(2ζί9 0) if 0 ̂  & I ̂  6/3. For / - 1, - , p define Ht : R

λ(ί) - - M by :

Ht(x) = ht(x,ΰ) if 0 ̂  I Λ | ^ 2£/3

| ,0) if 2θ3 ̂  x

= Dm oht(x(l - wθ/3|α:|),0) if (m 4- 1)6/3 ̂  |^| ^ (TW + 2)6/3

Let X0 be the set of critical points of / of index 0. Let X^ = X 0 u ( U {Ht

(Λλ(<)) I λ,(0 =.;})• lίyzM, by a compactness argument, there exist N^O
and a critical point ξk such that D~m(y) lies within 6 of |Λ for all m^N.
Thus y € Hk(Rλ(k}). Therefore Xw = M. Clearly Ht is a homeomorphism. If y
is a limit point of Ht(Rλ(i)\ then so also is D~m(y\ m ̂  N (N as above).
Thus if y ^//ί(jRλ(ί)) then y € Hk(Rλw) with λ(A) < λ(z). Therefore X, is closed
and X, — X;_j is the disjoint union of open j-cells. Theorem 1.2 is proved.
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