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1. G.H.Hardy, [1], p. 239 has proved the following

THEOREM A. If p>1,a, =0, (n=1,2,+++) and A, =a, +a, + +++
+ a,, then

Sy <(,ry) Ta (1)
unless all the a, vanish. The constant (p/(p—1))" is best possible.

In [2], pp. 273-275, he proved that the arithmetic mean of (a,) in (1) can
be replaced by a more general mean which contains the Euler mean, Cesaro
mean and Holder mean as particular cases. Another more general case has
been studied in [3] and [4] where the following has been proved.

THEOREM B. Let C=(c,) be a positive triangular matrix (i.e. ¢, =0
Jor k>m, and ¢, >0 for k=m (m=1,2,--+)), satisfying

0< mk <A foral k=m=n, (2)

C'm., k

and there exists a sequence f(k), f(k)/Too such that

0 <fm)cni/fimec e =As, Sforadl k=m=n (3)
and

oo

Z [ fim)]? = Ayl flR)]'7, p>1, (4)

n=K

where A,, A, and A, are constants.

If a,=0, and if p>1
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m=1 \k=1

5 (£ cnetr) AT @utmcnny. (5)

The case cpix=1/m, k=m, ¢, r =0, k> m, and f(k) = %k satisfies the
conditions of Theorem B and (5) reduces to (1).

2. In this paper we shall investigate various generalizations of these two
theorems, the letters A, A;, A, etc. will denote various constants independent
of the terms under the summation sign.

THEOREM 1. Let p>1,a,=0 (m=1,2,---), gom) >0 (m=1,2,--+)
and C=(cn 1) be a positive triangular matriz. If

i Com,m << 90 (6)
m=t
and
i gm)ch . = A, gn)chn  for all n=1, (7)
then
i g(m) (i Conn “n) ” =4, i glmya, . (8)
m=1 =1 m=t

PROOF. Denote by U and V' the left hand side and right hand side sums,
respectively, in (8). Using Minkowski’s inequality and (7)

oo oo 1/p oo
U= S (S ame) | = A Salgon
n=1

n=1 m=n

By Hoélder’s inequality and (6)

o 1/p [ o 1/a
U = A, (Z aﬁg(n)) <Z cn,,,) =AVY?
n=1 n=1

where 1/p+1/q = 1. This completes the proof of the Theorem 1.
As an immediate consequence we have

COROLLARY 11. If (6) and
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gim) chn = A g(n) ciiCom - (9)
Sor all m =Zn=1, hold, then (8) must follow.
Let gom) =1 (m=1,2,--+), in Theorem 1 to obtain
COROLLARY 1.2. If (6) and

Sha=Acn  forall n=1, (10)

m=n
then

oo

i(z{";cmna ),, A ah.

m=1 m=1

Condition (6) is quite restrictive and we shall now attempt to find a more
satisfactory alternative.

THEOREM 2. Let a, =0 (m=12,---), gm)>0 (m=1,2,-++) and
C =(cnyr) be a positive triangular matrix which satisfies the conditions

Z g(m> CnuCm,» é Al g(v) Cyp for all 1z é v (11)

mn=y

then

Z g(m) <Z Cin,n @ ) =A Z glm) a2, . (12)

m=1

PROOF. From the left hand side of (12)
Z gim) (Z Cnva ) Z g(m) (Z Cmna )(Z c,wau>
m=1 m=1 p=1
( Cm,vg(m)(zcm.ﬂan))
m=y p=1

Cm,y g(m) (Z Crmp @y + Zcm uau)

n=1 p=v

Il
Tu[\/]z

i

IIA

||[\18

Il
nMS

Z_: uzcm nCm, vg(m) + Za Zauz Com,pCm, ,g(m)

m=y p=v m=pn

I
)

+ T,
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From condition (11) and Schwarz’s inequality, it follows that

S= AT a Nagv)e, = AL a gD o) Sac.,

v=1 p=1

1/2

o 1/2 [ o v 2
= A, (z=:g<v>aa) (;g@ (za)) _As (1)

and

T

IA

A a ) aug(p)e,, = Ay 2 agw) cua, =AS (14)

v=1
Combining (13) and (14), we have the desired inequality (12).

An immediate consequence of Theorem 2 is the following

COROLLARY 2.1. Let a,=0 (m=1,2,---), gom) >0 (m=1,2,+-+),
C=(cnr) be a positive triangular matrix and o any real number. If

i (cmm/gim)) = Acz,/gv) Sfor all v=1

m=v

and

(gem)) " o e,y = A(g(m) 2 it e,
for all m = n = p, then inequality (12) holds.

The case a = 0 gives

COROLLARY 22. If 3 cpm << oo and

m=1
g(m)Cn nCmp = Ag(n)CumCin
for all m =n = p, then inequality (12) holds.

Another corollary of Theorem 2 is

COROLLARY 2.3. Let a, =0 (m=1,2,---), gm)>0 (m=1,2,---),
C=(cnyx) be a positive triangular matriz and B any real number. If
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2 (Cmpeinlgm)™) = Aci(g(w))™®  for all v=1
and
gm)y*eeiticn, = A gm)* P eilica,  for all mzn=p,
then inequality (12) holds.
For the case 8=0, we have

COROLLARY 24. If

> CmsCnn < Ac,,  forall v=1,

m=v
and

g(m)cn.nc‘nl.u = Al g(n)Cm.an‘” fOT all m =Z=n= 17
then inequality (12) holds.

In Theorem 2, let us consider the case Cpx = pPi/qms (Pe >0, ¢n > 0) and
g(m)=1. We have

COROLLARY 25. If > ¢l = A(p.q.)"" then

m=vy

oo 1 m 2 oo
Z<q ZPva,) =AY a.
m=1 moy=1

v=1

By the same substitution in Theorem 1 we obtain

COROLLARY 26. If > (pu/qm) < oo and

m=1

gt =AptgY) forallv=1

m=y

then

Z(izna) =A, Za&-
m=1

Z\lan 5
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3. By an M matrix we shall denote a positive triangular matrix C=(cu.x)
which satisfies

ogic"hLéK O=k=n
n.k

A

m) (15)

and for which there exists an f{m) 7 oo such that

Cni < g J(n)
e =N my 0=

_;
A
=<

IA
g

(16)

where K and K, are constants.

THEOREM 3. Let p>1. If C=(cur) s an M matrix and a,=0
(k=1,2,---), and if

Z ( f(?Z)I; - converges : a7
and
7", m A
> oy = oy (18)
it follow that
i ”l "lf(”L) { i C"l v all ) ' é i "L m (7’L) ‘l"'/ - (1'9)

PROOF. We first observe that from Lemma 1 in [4] we have

-1

m P m v
(za) — A cna, (z cm,,a,)
v=1 v=1 r=1

r=1

<A zcmvav ({K(;l)) ) (ch,rar) — .

Hence

N m »
SN = Z Cm. mf(m) { Z Cm,v av}

JIA

A3 Z I:{"Z, Conym f(m)cm a, (ff((fl;l?) ) (z c, rélr) " ]

m=1Ly=1
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and it follows that

Se= 43 (Sever) [Zennftmena( 4] |

Also, we have by applying (16) and then (17),

3 o fim) s ( 22 ) = G fO) ™ E Cnmn S
= @ fO) ™ 6 e (fom)?

=a(f) e, K, Z_ Cmn SN S ()"

= a(f0) 6. Ki 2 Cun(flm)) ™7 = a f) .. KA = Aga f0)c.. .

Substituting this relation in the previous expression and using Hélder’s inequality

N m D N m p—-1
S o fim) (z a) A4S (z a> an fm)mm
m=1 v=1 m=1 \v=1

N 1/p ( N m p\1/q
= A S cnfmaf | ennson(Senea) |

m=1 m=1 v=1

where 1/p+1/g=1.

Dividing both sides of the inequality by the last factor on the right and
raising to the pth power,

2 ) (S ) = A E o )

m=1

By letting N tend to infinity, we prove our theorem.
Suppose an additional condition is satisfied by the matrix, namely

c‘"l. m f(m) / 2 (20)

then let

ay = (Cn,nf(n»_l/p Hn
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and substituting in (19), we have

o m P oo
2 ( Cms #-») =A 2 ph. (21)

A matrix satisfying (15), (16), (18) and (20) in the case p=2 is given by

V1/zm—3/2 (v é m)
[ {

0 (v>m).
For this matrix
C'rn ) 1/2 m—3/2 - —
1/2 ,,—3/2 =1 (Oﬁvéném)’

if fim) = m*?,

Cnw < S(n) O=rvr=n=m).

Cns — flm)

Furthermore,

Z Cm.ln[f(m)]_l - Z m~! m—3/2 é -‘,/z dx < A v =
m=y m=y v—1 f(l/)

and c,.n fim) = m'?,/ so that the stated conditions are satisfied. From (21)
this implies

4. We next turn our attention to

THEOREM 4. If a, =0 (n=1,2,+-+), and C= (c.:) is a positive
triangular matrix, satisfying

oo

Sl =AM for 1=k=n, (22)

(n=1,2,+++) for some p>1, then

i(nzcnkak)péAziaz- (23)

n=1 n=1
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We shall also prove

THEOREM 5. If p>1 (n=1,2,+++), fm)=0 (m=1,2,+--) and C=(c,)
s a positive triangular matrix, satisfying the condition

5 w(ens = AKUD ere) (24)

Sor a small € >0 and for all k=1, then

i (nz cn,kak)p = A, i n'(na, f(n)cpn)”. (25)

PROOF OF THEOREM 4. Let 1/p+ 1/¢g=1and 0 <r <<1/q. Then by
Hoélder’s inequality, ,

m m

oo P oo m P oo m v/a
£ (Bew) - E(Ermrns ) =B v B
m=1 =1 m=1 \k=1 m=1 \k=1 k=1

k=

=AY m Y R (e a) = A kPald. mPT P (ew)” . (26)
m=1 k=1 m=k

k=1 =

Let Cor = D (cmx)” (K =n) so that by (22)

Con =A n 74! for all k=n.

Hence, for the inner sum on the right hand side of (26),

Z mP PN e )? = Z m?~ PN Cp e — Crsr k)
m=k

m=k

= kPP C , + Z [(m+1)P=72 —mP= P ] Copy i

m=k

<A BT+ Ay S (mA1)P T m 1) < Ak (27)
m=k

Substitutirig (27) into (26) we complete the proof of Theorem 4.

PROOF OF THEOREM 5. As before, let 1/p+1/¢g =1 and 0 <r <1/q.
In (26) let r be chosen so that &=p—rp—1, then (24) becomes
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3 e ) = AR R )

m=k

and then, by (26)

m=1 \k=1

> (Z ak)p = A, Sk kay fb)cos)”

which is the required result.

Consider the Norlund mean

Cnk = —gﬁlg"ﬂ for k(=n and ¢, =0 for k> n,

n

where p, =0 and P, = p, + py + + -+ + p, > 0. Then we have the following

COROLLARY 5.1. If a,=0, fim)=0, p, =0 and

oo

2 1 (Proiei/ Pr)? = A K (flR)/ Pr)? (28)
n=k
for an €>0 and all k=1, then we have

% (£ pusan/P) = 40 5 nnan S0/ P

n=1 \k=1

For example, we take p, = 1/log n, then P, = nlog n and (28) is satisfied
for 0<é< p—1and fln)=n""/log(n+1). Thus we have

" [logn < =
Z( n Zlog(n k+l)) §A2"Z=laﬁ.

We shall next consider the case p,=n* (0=a<1) then P,=n"" and
(28) is satisfied for 0 < &< p—1 and [f(n)]” = n'~**, log n or 1 according as
0=a<l/p, a=1/por a>1/p Then we have

g( Z = k+1)> éAzn%aﬁg(n)

where g(n) is 1, log n or n**~! according as 0=a<<1/p, a=1/p or 1/p<a<l.
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Finally we consider the case p, =1/n, then P, =logn and f(n) = 1. The
inequality that results is

< ! o abn’!
nzzl ( log(n+1) * Z n— k+1) =42 log(n+1) -
Another corollay is
COROLLARY 5.2. Let p>1, flk)y=0 (k=1,2,-++), and C=(cp1) a
positive triangular matriz. If
Z ms(cm.k)p =A ks[f(k)]p
m=k

for an € >0 and for all k=1, then

k=1

5. In the previous paragraph, the conditions were imposed on the column
sums of the matrix. We shall exhibit a theorem involving row sums.

THEOREM 6. Let C=(c, ) be a positive triangular matrix and a, =0
(n=1,2,-+), fn) =0 (n=1,2,-++), gln) =0 (n=1,2,-++), and p>2. If

S (ews? E A Meny  for all n=1 (29)
and
5 WS = Ak () g)ce)” (30)

for an € >0 and for all k=1, then we have

i (2 Cn kalc)1 é A3 i n‘2(n a,,f(n) g(n) cn.n)p . (31)

n=1 n=1

PROOF. Let p>2, 1/p+1/g=1 and & > 0. By Holder’s inequality

oo
m=1

Bewea) = 5 (S warkren)

k=1 m=1 \k=1
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o m n/a oo oo m n/a
= Z (Z k“’ai:) (Z]""’c:’n ,) => k'"ap (Zj"’“cz,‘,) . (32)
J=1 1

k=1 k=1 m=k

Using Hoélder’s inequality again,

é A4 Z mp—bp—2 Z Cgt.f ’ (33>

if 0<b<(p—2)/p. We take b close to p—2/p so that &€= p—bp—2, then
(29) and (30) imply that

S = Ak (kf(R) g(R) ci i)’

and

Z “(kay flk) 9(k) cii)”

1M
o
ifs
) (3}
3
=
[
&
v
ll/\
|| 8

which completes the proof.

In the particular case ¢, = pp_x+1/P, for k=n and c¢,, =0 for 2 >n,
Po=p+p+-+p>0n=12---) (29 is satisfied when

n 1/p
Sn) = (kZ P/’c’)

and condition (30) is satisfied when
(flk)g(k)/ PP = k™ 3 n* fln)? P77
n=k

The conclusion of Theorem 6 becomes
‘Z (P;‘:an-kak) =A Z arn?-?-¢ Z m (P:"P i pz,) (34)
) ) m=n k=0
Thus we have
COROLLARY 6.1. Let €>0 and p>1. If (p,) is any positive sequence

and P,=p + py+-+-+p, (n=1,2,---), then (34) holds for any series
> a, with positive terms.
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