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1. G. H. Hardy, [1], p. 239 has proved the following

THEOREM A. // p > 1, an ̂  0, (n = 1, 2, ) and An = al + α2 +
+ αn, then

( i )
-t 71=1

unless all the an vanish. The constant (/*/(/>— l))p is best possible.

In [2], pp. 273-275, he proved that the arithmetic mean of (αn) in (1) can
be replaced by a more general mean which contains the Euler mean, Cesaro
mean and Holder mean as particular cases. Another more general case has
been studied in [3] and [4] where the following has been proved.

THEOREM B. Let C=(cIΛιk} be a positive triangular matrix (i.e. c.llltk = 0
for k > m, and cmtk > 0 for k^m (m — \, 2, )), satisfying

0<Cn'k^Al for all k-^m^n, (2)
Cm, k

and there exists a sequence f(k\ /(£)/* °° such that

0 <f(n}cn>k/f(m}cmtk ^ A2 , for all k^m^n ( 3 )

and

Σ \βn)rp^A,[f(Kj\l-p > P> 1 > ( 4 )
n = k

where A l ? A2 and A:3 are constants.

If an^Q, and if p> 1
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oo / m \ p oo

Σ Σ cm,kaλ =£ A Σ (amf(m)cm, „)' . ( 5 )
τn = l \k=l I m = l

The case cm<k = 1/w, £ ±g m, cmtk = 0, & > m, and /(&) = & satisfies the
conditions of Theorem B and (5) reduces to (1).

2. In this paper we shall investigate various generalizations of these two
theorems, the letters A, Aί9 A2 etc. will denote various constants independent
of the terms under the summation sign.

THEOREM 1. Let p> 1, am ̂  0 (m = 1, 2, ), g(m) > 0 (m = 1, 2, )
C=(cOTffc) fe α positive triangular matrix. If

(6)

Σ ff(n) c^n ̂  A, g(n) cg i /or α// w ̂  1, ( 7 )

'Σ ^(w) Σ cm. n aλ ^ A2 Σ ί7(/«) "» ( 8 )
m = l \n = l / m=-l

PROOF. Denote by U and V the left hand side and right hand side sums,
respectively, in (8). Using Minkowski's inequality and (7)

n=l m = n

By Holder's inequality and (6)

where \/ p+\/ q — 1. This completes the proof of the Theorem 1.

As an immediate consequence we have

COROLLARY 1.1. If (6) and
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g(m) cp

m,n^Ag(n) eftcm,m . ( 9 )

for all m^n^l, hold, then (8) must follow.

Let g(m) — 1 (ra = l, 2, ), in Theorem 1 to obtain

COROLLARY 1.2. // (6) and

^7n for all n ̂  1, (10)

then

V /V r /7 V <: X\ V ^
2_, 2-C™."α» ^ A 2^ «m

Condition (6) is quite restrictive and we shall now attempt to find a more
satisfactory alternative.

THEOREM 2. Let am ̂  0 (m = 1, 2, ), #(w) > 0 (m = 1, 2, ) tf/*d
C = (cmtk) be a positive triangular matrix which satisfies the conditions

Σ 9(^} cm^cm.tV ̂  A{ g(v) cvtβ for all μ^v (11)

then

Σ 9(m} Σ c».. α.V ^ A t Σ ̂ («) '4 . (12)

PROOF. From the left hand side of (12)

i>("

μ=l

T.
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From condition (11) and Schwarz's inequality, it follows that

s ^ AS y^αυ y^αutfM^.u = A* Σa»(ff(vy) (g(vW Σ

2 \ 1/2

and

T ̂  A4 Σ av E
 aμ g(p>) c\ι, v = A4 Σ

 a* d(A6) Σ cμ, v ̂ υ ̂  A4 5" (14)

Combining (13) and (14), we have the desired inequality (12).

An immediate consequence of Theorem 2 is the following

COROLLARY 2.1. Let am^Q (m = 1, 2, ), g(m) > 0 (m = 1, 2, ),

C=(cmtk) be a positive triangular matrix and ci any real number. If

00

Σ (c™ΐn/g(nΐ)a) ^ A c« ,/g(Vy for all v ̂  1
m=v

and

(g(m)r+°»* c«;e)/1 <W ̂  AίsfcW+ w c«-'/2 cn,;ι

ybr α// w ̂  n ̂  μf then inequality (12) holds.

The case # — 0 gives

COROLLARY 2.2. // ]Γ cm>

/br α// m^n^ μ, then inequality (12) holds.

Another corollary of Theorem 2 is

COROLLARY 2.3. Letf am ̂  0 (w = 1, 2, ), g(m) > 0 (m = 1, 2, ),

C—(cm>k) be a positive triangular matrix and β any real number. If



ON HARDY'S INEQUALITY AND ITS GENERALIZATION 605

Σ (c».. citttoCm))-*) ̂  A ci:/O;(iO)-fl >r all v ̂  1

then inequality (12) holds.

For the case /3=0, we have

COROLLARY 2.4. //

Σ cm,vcm%m < AcVιV for all v g: 1,

α^ύ?

£/ι<?« inequality (12) holds.

In Theorem 2, let us consider the case cmtk = pk/qm, (pk > 0, gm > 0) and
g(nί) — \. We have

00

COROLLARY 2,5. IfΣQm* = A(ρvqvy
ι then

By the same substitution in Theorem 1 we obtain

00

COROLLARY 2.6. // Σ (Pm/Qm) < °° and
m=l

Σ <ff ^ AA"19»"P+1) /or all v^

then
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3. By an M matrix we shall denote a positive triangular matrix C=(cmtfc)
which satisfies

0 ̂
(15)

and for which there exists an f(m) / oo such that

£f—\

(O^k^n^m)M ~A*n)
(16)

where K and K{ are constants.

THEOREM 3. Let p>l. If C-(cm,k) is an M matrix and ak ̂  0
= l,2," \ and if

"-' converges

and

it follow that

PROOF. We first observe that from Lemma 1 in [4] we have

(17)

(18)

(19)

Hence

SN =

^ Γ 7 " / /r^ \?;-1 / v \p - 1

^ Λ Σ Σ ̂ ,, /fo)<», * -M Σ ̂ ,r «r
m=ιL»=ι Y/^w; / γr=l ^
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and it follows that

N I v \ P - 1 Γ Λ Γ / r( x \ P - 1 Ί

S*^A3£ Σ'..'"r Σ^./Cm)^^^ .
υ = l \r=l / Lm=υ \ -̂  V ' / J

Also, we have by applying (16) and then (17),

N

^ a.(βvy)> c... K, E ίm.-.σW)1-2' =i a./ί^^.K.A ̂  Λα.̂ ί:... .
m=v

Substituting this relation in the previous expression and using Holder's inequality

P-1

\l/p ( N / m \ p \ 1/Q

where l/p + l/q= 1.

Dividing both sides of the inequality by the last factor on the right and
raising to the ^>th power,

jV av ^ Ax X] cm,mf(m)ap

m .

By letting N tend to infinity, we prove our theorem.
Suppose an additional condition is satisfied by the matrix, namely

cm,mf(m)/, (20)

then let
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and substituting in (19), we have

Σ
m=l

A matrix satisfying (15), (16), (18) and (20) in the case p = 2 is given by

(v > m}.

For this matrix

/" Ίί^ ' 2 ΎYί~"^'^'

if f(m) = w3 / 2,

^̂  ̂  -̂ r (O^v^n^m).

Furthermore,

00 00

Σ cin i / i I / \m)\ —— / m m -uι, nil j \ / j ^_^ _

and cnitmf(m) = ml/2S so that the stated conditions are satisfied. From (21)

this implies

4. We next turn our attention to

THEOREM 4. If an ̂  0 (n = 1, 2, ), and C = (c1fltk) z5 α positive

triangular matrix, satisfying

(tt = l, 2, ) /αr some />> 1, ίΛen

o o / n \ p

Σ l X~^ i <^ /\ X~^ ϋ /OQ\

1-

<:».*Λ* =A22-α» (23)
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We shall also prove

THEOREM 5. If p>l (n = I, 2, •), f(m)^0 (ra = l, 2, •) and C=(cm>lc)
is a positive triangular matrix, satisfying the condition

IX^*)"^. *!/(*) Ok.*)' (24)

for a small B > 0 and for all k^l, then

0 0 / 7 1 . \ p oo

Σ (Σ Cn.*aλ ^A,Σ n-\nanf(n)cnιn)
p . (25)

PROOF OF THEOREM 4. Let !//>+ 1/0 = 1 and 0 < r < l/q. Then by
Holder's inequality,

oo m oo oo

<Γ /4 \~^ ^^»P-^P-1 \~^ Z»^P/r> x» ΛP <r^ /I SΓ^ Lrp ~p \~^ ^^P-^P-l/^ \P /O^Λ
= /1-3 / , 771 / ^ /c y^in^a^) -^ /i-4 / ^ /c tlfc / y /7X \^m,k) W^/

Let Cn,t = Σ,(C*.J' (k^n) so that by (22)
m=n

Cn_k^Aιn-
v+l for all k ̂  n.

Hence, for the inner sum on the right hand side of (26),

00 00

Σ p - r p - l / \p _ y^ p.yp-wp p x
^ \cm,k) — / . "I V^w.fc ^w+i.fcy/

A, ^(m + iγ-rp-\m + iYp+l^A6k-rp . (27)

Substituting (27) into (26) we complete the proof of Theorem 4.

PROOF OF THEOREM 5. As before, let l/p + 1/g = 1 and 0 < r < l/q.
In (26) let r be chosen so that £=p—rp — l, then (24) becomes
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and then, by (26)

Σ (!>-.* «»)" Ξi Aa Σ k-\kakf(k}ck,k)>
τn=l \fe = l / k = l

which is the required result.

Consider the Nδrlund mean

cntk = h^±λ for k ̂  n and cn,k = 0 for k > w,
•* n

where pn^0 and Pn = />! + ^>2 + * + pn > O Then we have the following

COROLLARY 5.1. // an ̂  0, /(m) ̂  0, ρn ̂  0 αnJ

έ n fa-^/PJ* ̂  A, k*(f(k)/Pkγ (28)
w=fc

/or an £ > 0 and all k ̂  1, ί/ι^« ?w Aατ7^

Σ έ Λ-^/pΎ ^ A2 f: n~\nanf(n)/PJ* .

For example, we take pn = I/ log n, then Pn = n log n and (28) is satisfied
for 0 < S < p- 1 and f(n) = nί/p/log(n + ϊ). Thus we have

We shall next consider the case pn^n a (0 ̂  Λ < 1) then Pn^nl a and
(28) is satisfied for 0 < £ < ^> — 1 and [f(n)]p = nl~ap, log n or 1 according as
0 ̂  tf < l/^>, a=l/p or a> I/ p. Then we have

Σ "-1 Σ

where ^(w) is 1, log n or wap~1 according as Q^a<l/p, a=l/p or l/p<a<l
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Finally we consider the case pn = l//z, then Pn = log n and f(n) = 1. The
inequality that results is

ί log(n

Another corollay is

COROLLARY 5.2. Lei p> 1, /(£) ̂  0 (£ - 1, 2, ), and C = (cn,k) a
positive triangular matrix. If

for an θ > 0 and for all k ̂  1, then

5. In the previous paragraph, the conditions were imposed on the column
sums of the matrix. We shall exhibit a theorem involving row sums.

THEOREM 6. Let C=(cntk) be a positive triangular matrix and an g: 0

(n = l,2, ),/βι)^0 (n = l,2, X g(n) ̂  0 (n = l,2, ), and p> 2. //

X>n,fc)
p ̂  AX/OOcn.n)* for all n ̂  1 (29)

α^<ί

CX)

Σ « C/(»)c...)p ̂  A,k'(f(k}g(K)ckΛγ (30)

for an £ > 0 α iύ? /br α// ^ ̂  1, ίΛ^w zue have

^ A, Σ «-2(nαn/(«)ί7<X)cn,n)
!> . (31)

w = ι

PROOF. Let p>2, l/p+l/q = l and δ > 0. By Holder's inequality

Σ Σ^*αJ =Σ
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oo / m \ m \p/q <*> oo / m \ p/q

, (32)
= k j=l

Using Holder's inequality again,

<χ> I m \p/q oo f m \ / m \ J > - 2

S — V I V j-bPrQ I — Y " ( V c p l ί V r-
bp/p-2

0 — 2-/ \Z^,J c™,n — 2—, 12^ L™> 112^ r

m=fc \j=l / m=A; \j=l / \r=l

!'-4p-2 Σ <& (33)

if Q<b<(p-2)/p. We take 6 close to p-2/ p so that £ = ρ-bρ-2, then
(29) and (30) imply that

and
o

Σ Σ '«.*«* ^ A Σ k~\kakf(k) g(K) ck,k

which completes the proof.

In the particular case cn>k = pn-k+1/Pn for k^n and cntk = 0 for k > n,
Pn = Pi + p2 + + pn > 0 (w = l, 2, ), (29) is satisfied when

(
n \l/p

Σtf
k=0 I

and condition (30) is satisfied when

(f(k}g(k}/Pk}» = k-' Σ n'.f(nY Pn~» .

The conclusion of Theorem 6 becomes

oo / n \ p oo oo / m \

n = l \ fc=0 / rι=l m = n \ k=0 /

Thus we have

COROLLARY 6.1. Let £> 0 and p> I. If (pn} is any positive sequence
and Pn — pl + p2 -h + pn (n = 1, 2, ), then (34) holds for any series

y^ak with positive terms.
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