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NUCLEARITY ON HARMONIC SPACES
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Let X be a locally compact space and Si be a sheaf on X such that for
any open subset U of X M(U) is a real vector space of real continous functions
on U called harmonic functions on U. We suppose that M satisfies the axioms
HO, Hj, H2 [3]. In order to obtain a harmonic space we have to assume that a
supplementary axiom concerning the convergence of increasing sequences of
harmonic functions is fulfilled. There are known in literature three such
axioms: K t, KD [1] and 3 [4] where 3==>KD=>K1. In [6] (resp. [2]) it was
proved that axiom 3 (resp. axiom K/> and the axiom of countable basis) implies
the property that for any open subset U of X, <9ί(U) is nuclear [7] with respect
to the topology of uniform convergence on compact sets. We shall call this
property axiom of nuclearity. This axiom implies the axiom K t. If axiom 3
is fulfil led then for any regular domain V and for any x € V the carrier of
the harmonic measure μ% is equal to the boundary of V. We shall call this
prooerty axiom of ellipticity. In [2] it was proved that if the axiom KD and
the axiom of ellipticity are fulfilled then the axiom 3 is fulfilled.

In this paper we give some equivalent conditions for the axiom of nuclearity
and show that the nuclearity does not follow from the axiom KL and the
axiom of ellipticity and that KD does not follow from the axiom of nuclearity
and the axiom of ellipticity. We don't know whether the axiom KD implies
the axiom of nuclearity when the space has no countable basis.

Let X be a locally compact space and 3t be a presheaf on X such that for
any open subset U of X <9{(U) is a real vector space of real continuous functions
on U. The elements of 3t((T) will be called harmonic functions on U. We
suppose that the following axiom is fulfilled :

AXIOM. For any x0 £ X and any compact neighbourhood K of x there
exist an open neighbourhood V of x^ VdK, and a family (μx)xer °f positive
(Radon) measures on K such that

β ) for any real continuous function f on K the function on V x.-^μx(f)
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belongs to <4C(V)
b ) for any open neighbourhood U of K and any u £ <$C(U) we have

u(x) = μx(u) for any xzV.

The example we have in mind introducing this structure is a harmonic
space [3],

THEOREM. Let U be a basis of open subsets of X. The following
assertions are equivalent'*^

a ) (resp. a') for any open subset U of X (res p. for any U € U) the vector
space c$ΐ(U) endowed with the topology of uniform convergence on compact
subsets of U is nuclear

b ) (resp. b') for any U € U and any compact subset K of U there exists
a positive measure μ on U with compact carrier such that for any harmonic
function (resp. positive harmonic function) u on U we have

sup*: \u\ ̂  μ( I u ) (resp. supκu ̂  μ(u))

c) (resp. c) for any U £ U and any compact subset K of U there exists
a measure μ on U with compact carrier such that the least upper bound of
any increasing sequence of harmonic functions on U is finite continuous
(resp. bounded) on K if it is μ-integrable

d ) (resp. d') for any open subset U of X (resp. for any U £ U) and any

sequence (u^]n^N of positive harmonic functions on U such that ^ un is
nzN

locally bounded we have

for any compact subset K of U
e ) For any open subset U of X, for any compact subset K of U and

for any positive harmonic function u on U we have

sup utxg < oo ,
t 6 /

where (xt\*r is an arbitrary finite family in K and (ut)^i is an arbitrary

finite family of positive harmonic functions on U such that u — y^ ut\

) The implication a =»/ may be deduced also from D. HINRICHSEN, Randintegrale und
nukleare Funktionenraume, Ann. Inst. Fourier 17, 1(1967), 225-271.
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f ) for any open subset V of X, any compact subset K of X, V C K,
any family (μx)x«=Γ of positive measures on K satisfying the conditions &\
b ) of the axiom and any compact subset L of V there exists a positive
measure μ on K such that μx ^ μ for any x £ L;

f ' ) for any x$ € X and any compact neighbourhood K of XQ there exist
an open neighbourhood V of XQ, VdK, and a family (μx)X€F of positive
measures on K satisfying the conditions a), b ) of the axiom and such that
for any compact subset L of V there exists a positive measure μ on K such
that μx fg μ for any x £ L.

a — >̂ a' is trivial.
a' —;>b. The set {u£j{(U} supκ\u ±g 1} is a circled convex closed

neighbourhood of the origin of <4C(U). Since <4C(U) is nuclear there exists a
compact subset L of ί7, J£cL, such that the map u\L\-+u\κ: JC(U)\L^£C(U)\K*^
is nuclear ([7] page 63). Hence there exist a sequence (/n)n 6jv of continuous
linear functionals of norm at most equal to 1 on the normed space <3C\JJ)\L and
a sequence (u^)n€N in M(U) such that

Σ SUpκ\Un\ < oo , u\κ = Σ ^nOUXJ*'

By the Hahn-Banach theorem there exists for any n € N a measure μn on L
such that \\μn\\ ^1 and μn(u\L} = ln(u\^) for any u e <4C(U). We denote by μ
the positive measure on L

Obviously

b — >̂ a. Let U be an open subset of X. For any x £ U we denote by lx

the element of the dual <4C(U)' of SC(U) defined by u\-+u(x). It is obvious
that the map

is continuous for the σ^^ί/)', <4ί(U)) topology. Let L be a compact subset of
U and W be the circled convex closed neighbourhood of the origin of

*> U\L (resp. <9C(JU")\L) means the restriction of u (resp. the normed vector space of the
rp<ϊ1-rίrtίnn«ι nf _4f(TT\^\ tr» 1.restrictions of &(U)) to L.
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W: = {uz<4C(U)\supL >u\ rgl] .

For any measure μ on L the map

f(lx)dμ(x): C(W°}-^R

defines a measure u on W°, the polar of W.
Let ίC be a compact subset of U. There exist a finite family (Ue\ζf in It

and a finite family (Kt) 6/ of compact sets such that

K fct7,ct7, K=
< € /

From b) there exists for any i € / a positive measure μ , on C7, with compact
carrier such that

sup*, I z/ 1 ^μt(\u\)

for any usMJJj. We set μ:= ]Γ /*,. Let uzJtQJ). Then, since ^Γ is a
< € /

presheaf,

The required implication follows now from the above considerations using
SATZ 4. 1. 5 [7].

b - ̂ > b' is trivial.
b' / c. Let K be a compact subset of U and μ be a measure stated in

b'. Let further (wn)n€jΛr be an increasing sequence in M(U} such that its least
upper bound is μ-integrable. Then for any natural numbers m,n,m < n, we
have

supκ(un - um) <i μ(un - um) .

Hence the sequence (un\κ)neN is uniformly convergent.
c — ̂ > c is trivial.
c' — ̂ > b'. Let K be a compact subset of U and μ be a measure stated in

c'. We want to show that there exists a positive real number a such that
the measure aμ satisfies the conditions required in b'. Assume the contrary.
Then for any mzN there exists a positive harmonic function vm on U such that
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v ̂  m , μ(vm) ^ 1/ w2 .

Then I Σ vm] 'ιs an increasing sequence of harmonic functions on U whose
\m^n J n e N

least upper bound is μ-integrable but not bounded on K.

b'=^>d'. Let K be a compact subset of U, μ be a measure stated in b'

and (un)neN be a sequence of positive harmonic functions on U such that

Σ un is locally bounded. Then

/
f / \

undμ = I I Σ un }dμ < oo .
J \neN /

a ;> d follows immediately from the fact that U is a basis of X.

d ;> e. Suppose that e) is not true. Then there exist an open subset U

of X, a compact subset K of U and a positive harmonic function u on U such

that for any n^N there exists a finite family (untϊ)t*In of positive harmonic

functions on U such that

Σ supxttn,, > 2n , Σ w",f = w

t e /„ r € 7n

This contradicts d) since

is locally bounded and

Z^ ^ΎfΓ Un,e
c e /„ ^

1
2/n t — oo .

n<ί N e e /„

e — ̂  f . Let f be a positive real continuous function on K. By e)

sup Σ /**<(/') < °° >

where (X),€/ is an arbitrary finite family in L and (/,)<« i is an arbitrary finite
family of positive real continuous functions on K such that

f — Y^ fj — Z_^ ./ < >
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the map

/!->sup Σ ^,(/<)
z * /

yields the required measure μ.
f ;> f' follows immediately from the axiom.
f' — >̂ b. Let U be an open subset of X and K be a compact subset of

U. By f') there exists a finite family (K0 V,, (μt,χ)xert\ei such that Kt are compact
subsets of U, Vt are open subsets of Kt9 (μttX)xe v< are families of positive measures

on K( satisfying the conditions a), b) of the axiom and Kc. \^J Ve. There exists a
< € /

family (L f) ί 6/ of compact subsets of U such that LedVe for any i^I and

K = \JL,.
< e /

By f') there exists for any izl a positive measure μt on Kt such that μltX^μt

for any :r £ Lt. We set

/* : = Σ ^
< € /

Then for any harmonic function u on U we have

H ^ Σ sup/ w | = 2Z sup|/A f i a .(w) |

COROLLARY 1. L ί̂ X be a harmonic space satisfying the axiom KD

and such that for any open subset U of X and any compact set K of U
there exists a measure μ on U τvith compact carrier L for which any
absorbent set containing L contains K. Then the axiom of nuclearity is
fulfilled.

Let U be an open subset of X and K be a compact subset of U. Let K'
be a compact neighbourhood of K contained in U and μ be a measure on U
with compact carrier L such that any absorbent set containing L contains K''.
Then there exists a positive real numbar a such that for any positive harmonic
function u on U we have
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supκu 5g aμ(u) .

Indeed, if this assertion is not true then there exists a sequence (un)nζN of
positive harmonic functions on U such that

for any n^N. The sequence I 21 um is an increasing sequence of harmonic
\m^n / n&N

functions on U whose least upper bound u is μ-integrable. Hence

Lc {χzU\u(x) < oo )

This last set being absorbent ([3] Lemma 1.6 or [2] Satz 1. 4. 2) it contains K'.
Hence u is harmonic on the interior of K' and therefore bounded on K which
is a contradiction. The corollary follows now from b' — ;> a.

This corollary contains the result of P. Loeb and B. Walsh [6] (resp. that
of H. Bauer [2]) that axiom 3 (resp. axiom KD and the countable basis of X)
implies (resp. imply) the axiom of nuclearity.

COROLLARY 2. Let (X, 3ζ) be a harmonic space, F be an absorbent set
of X and ^fF be the sheaf induced on F by ^C in the sence of [5]. If the
axiom of nuclearity is fulfilled on X then it is fulfilled also on F.

This corollary follows immediately from the theorem (a ^=^ f ) using [5]
Corollary 2. 1.

We shall construct now examples of harmonic spaces which will clear up
the relations between the axiom of nuclearity and the axiom Kj and KD.

EXAMPLE. Let (rn)n^N be a decreasing sequence of strictly positive real

r
mbers converging to 0 and such that for any n £ N —-— £ N. Let further

?~n + l

)neN be a sequence of pairwise different real numbers, 0 :g θn < 2π. We set

X: = {(x,y,z)ϊR*\y = z = 0}

\\J (fay* *) € R* \y = Tn C0$θn, Z = rn Sinθn}
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\J \^J {(x,y,z)£ R*\x = mrn, y = rcos θn ,
U € N 711 6 X

z = r sin 0n, 0 < r < rw}

here ΛΓ, Z, 7ί denote as usal the set of natural, integer, real numbers
respectively. X endowed with the induced topology is a locally compact (connected
and locally connected) space. We shall take as harmonic functions the real
continuous functions which are locally linear on the axis {3; = z = 0} and on
any free segment and such that for any point (x,y,z) of the form x — mrnj

y — rn cos 0n, z — rn sin Θn9 the sum of the derivatives taken in the three directions
starting from this point is equal to zero. More precisely we denote for any
open subset U of X by M(U) the set of real continuous functions on U such
that :

a) the function x\-j>u(xJQy(S) is locally linear on {x £ R \ (x, 0, 0) £ U}
b ) for any n^N the function x I— » u(xy rn cos θn, rn sin 0n) is locally linear

on {oc € R \ x Φ mrn for any m £ Z , (x, rn cos 0n, rn sin 0n) € £7}
c ) for any n € TV, m£ Z the function r I— > u(mrn, r cos 0n, r sin 0n) is locally

linear on the set (0 < r < rn \ (mrn, r cos θn r sin 0W) £ U}
d ) for any m € Z, w € JV such that (wrn> rn cos 0n, rn sin 0n) € Z7

lim (u(mrn + r, rn cos 0n, rn sin 0n) - w(/wrn, rn cos 0n, rn sin 0n))/r
r->0
r>0

+ lim (u(mrn — r, rn cos 0n, rn sin 0n) — u(mrn, rn cos 0n, rn sin 0n))/r
r-»0
r>0

+ lim (u(mrn, (rn - r)cos 0n, (rn - r) sin 0Λ) - u(mrn, rn cos 0n, rn sin 0n))/r
r->0
r>0

-0.

It is obvious that ^f is a sheaf on X such that for any open subset U <4{(U)
is a real vector space of real continuous functions on U. Moreover for any
n~zN the open set

Xn : = {(x,y, z)zX\ y = rcos 0n, z = r sin 0n, 0 < r}

endowed with the restriction of ĉ Γ is a harmonic space satisfying the axiom 3.
Let y be a set of the form

V = {(x,y, z) € X| a < x < b, y + z2 < c2} ,
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where a, b, c € R, and let f be a real hounded function on 3Vj the boundary of
V in X. We denote for any n € N such that rn < c by un (resp. vrι) the
function on V equal to 0 on Vr\£Xn) harmonic on V Γ\ Xn and such that

lim un(x9 rn cos 0n, rn sin 0n) = 1, lim un(x, rn cos 0W, rn sin 0W) = 0 ,
a;->α x->&

(resp. lim vn(:r, rn cos 0n, rn sin 0n) = 0, lim ̂ (.r, rn cos 0Λ > ;~n sin 0n) = 1}
x-*α x->δ

lim un(q) = 0 (resp. lim vn(q) = 0)
g->.p q-+p

for any /> € V Π 3(V" Π Xn). It is easy to see that un, vn are harmonic functions on
V and that

(1/3) un(mrn, rn cos θn, rn sin θn) ̂  Mn((m + l)rn, rn cos (9n, rn sin 6>n)

^ (1/2) un(mrn, rn cos βn, rn sin 0n) ,

(1/3) vn((w + l)rn, rn cos gn, rn sin(9n) ̂  vn(mrn, rn cos 0n, ;-n sin 0n)

^ (1/2) 77w((m + l)rn, rn cos 0n, rn sin 0n)

for any mz Z, a < mrn < (m + 1) rn < 6. Let α',i' be real numbers such that
α < <2r ̂  b' < £. From the above inequalities we deduce

1/3 " ^ sup un(x^ y, z) g

Ar*:+2

1/3 " ^ sup vn(x,y,z)^

Let (oίn)nζNΛβn)n^N be two bounded sequences of real numbers. Using the last

inequalities one may show that the function ]P (oίn un + βn vn} is harmonic on
rn<c

V and may be extended continuously to V if

lim an = lim βn = 0 .

From this fact and the fact that the functions of the form (x, y, z) I—> ax + β
(a, β £ R) are harmonic on X it follows that V is regular and that the Bauer
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convergence axiom K{ is fulfilled. Moreover V is an ΛίP-set.

/ br- \
The sequence ( y^ 3 um\ is an increasing sequence of harmonic

\ m^n ]n e N
rm<c

functions on V whose limit is finite everywhere but it is not locally bounded.
Hence the axiom KD (and even axiom Kz [1]) is not fulfilled.

We prove now that if (rw)ne^ is a strictly decreasing sequence then the
axiom of nuclearity is fulfilled. Let first V be as above and K be a compact
subset of V. Then there exist real numbers a', b' such that

a < a < V < b9 a — a = b — b'9 Kd {(x, y, z) £ V \ a < x < b'} .

Let p be an isolated boundary point of V belonging to Xn with rn < c and let
(/4)z€F be the family of harmonic measures of V. Then, by the above
inequality,

for any x^K. If the sequence (rn)we# is strictly decreasing then

Σ ι/2V"2<oo.

We deduce immediately that there exists a measure μ on the boundary of V
such that μζ ̂  μ for any x € K. A similar result is true for any regular set
V in Xn for any n € N since on Xn the axiom 3 is fulfilled. The axiom of
nuclearity follows now from the theorem (f —^> a).

Suppose now that the sequence (rn)n€2\r is such that

Σ ι/31/r" = oo.
nzN

In this case the axiom of nuclearity is not fulfilled. Indeed let V be the set

We set
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K is a compact subset of V and we have

sup*Mn :

where un is the function constructed above. Since

Σ

the above assertion follows from the theorem (a — ̂ > d).
In this example the axiom of ellipticity is not fulfil led. In the sequel we

shall modify the sheaf <4f such that all the above properties are conserved and
such that the axiom of ellipticity shall be satisfied.

Let (£n)neN be a sequence of strictly positive real numbers such that

For any n £ N (J {00} and any open subset U of X we denote by <4Cn(U) the
set of real continuous functions u on U such that :

a) the restriction of u to {(x9 y, z) € U \ (yy z) Φ (0, 0)} belongs to

b ) for any two times continuously dif ferentiable real function φ on R
whose carrier is contained in [χ€ R\ (x, 0, 0) € U} we have

I
J{x

u(x9 0, ϋ)φ"(x)dx

φ(mri) I™ (u(mrn r cos Θi9 r sin βt) — u(mri9 0, 0))/r
r-*0

( τ n r t , 0 , 0 ) € E / r>0

- 0.

It can be shown as above that for any n^N (X,Mn) is a harmonic space for
which the above sets V are regular. For any p^V we denote by μζtp the
harmonic measure associated to V, p and Jttn. For any bounded real function
/ on the boundary of V we denote by Hn.f the function on V

p\- ffdμζ.,.
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For any real numbers α, r, r > 0, we set

V(α,r): = {(*,;y, *)€ X| |*-α| < r, .y2 4- *a < r8} .

Let (δnX6 Λr be a sequence of strictly positive real numbers. We may construct
inductively the above sequence (£n)neτv such that for any n^N we have

n+ι,/ *on ,

for any j € N, j ^ n 4- 1, any m £ N, 0 < ra ^ ΓQ/Γ^-, any real function jf on
the boundary of ^(mr,, r^), \f\ ^ 1, and any k £ N . Then by simple considerations
we deduce that we have

sup
.'C -•/»?•; I <

for any m^Z any j^N, any real function / on the boundary of V(mrj9Γj\

\f\ ^1, and any ^^^V. If

then for any m £ Z any j £ N and any real bounded function f on the boundary
of V(mr^r^) the sequence (Hn(™Tj'rj)\ςN is uniformly convergent. We set

It is easy to see that HL(™rj'rj) € SΐJ<y(nιr^ r^ )). Moreover if f is continuous

the function on V(mr^rj) equal to HL(m/ 'ri) on V(mrjyr^) and equal to /on the
boundary of V(mrj, r^ ) is continuous.

Let U be an open relatively compact subset of X and u be a function of
c^Γoo(ί7) whose lower limit at the boundary of U is positive. We want to show
that u is positive. Suppose the contrary and let p be a point of U where u

takes its minimum. It is obvious that p& \^J Xn. Hence p is of the form
nzN

(α, 0, 0). We may suppose that there exists an increasing sequence (X^)H^N in R
converging to a such that u(xn, 0, 0) > u(a, 0, 0) for any n € N. Let 8 be a
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strictly positive real number such that {(x, 0, 0) <= X \ \x — a\ rg£] c U and

u(x, 0,0)^0 for \x-a\ ^ £. We set

8 : = sup w(X 0, 0) - u(a, 0, 0).
a-ε^x<a

By the hypothesis δ > 0. There exist real numbers, έ, c, J such that

a -B<d<c <b <a

and such that

sup u(x, 0, 0) ̂  u(a, 0,0) + 8/3 ,
b^x^a

inf tt(.r, 0, 0) ̂  w(α, 0, 0) + 2δ/3 .
(Z^x^c

Let φ be a two times continuously differentiable real function on R whose

carrier lies in ]d, a + £[ such that: a ) it is positive and φ(a) = 1, b ) φ' ^0

on [α - f, α], ^ ̂  0 on [α, α + £] and ̂ '(6) ̂  l/£ c ) ^>r/ ̂  0 on [J, b] and

</>' ^ 0 on [c, a\. We have

Γ« Γ«
/ u(x, 0, Q)φ"(x)dx ^ - (8/3) / ^/"(α;) Jx > 8/3£ .

Ja-ε Jb

On the other hand

Σl £* ΣZ φ(jnr^) lim (u(mr^ rcosθi, -sin^i) — u(jnr^ 0, 0))/r

Ξ^ - δfi

Hence for a sufficiently small £

I u(x, 0, 0) φ"(x)dx
Ja-ε

x/^

(w/ ,,n,o

lim (u(mrif r cos (9^, - sin 61,;) — w(wn ,0, 0))/r
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If u is constant on an interval of the form [a, a + η\ (η > 0) then we may take
φ such that

rα+ε

I u(x9 0, 0) φ"(x)dx
Ja

+ Σ ^ * Σ φ(mrΐ) lim (u(mri9 r cos Θi9 r sin 0t) — u(mrt, 0, 0))/r
777 e x ?

( 7 n r , , 0 , 0 ) 6 Z 7

= 0.

If this condition is not fulfilled we may show as before that the above expression
is strictly positive for a sufficiently small £. We get therefore the contradictory
relation

0 - f w(.r, 0, 0) φ"(x)clx
J l.r «. /t'|(.r, < ] , < ) ) t fJ]

+ Σ $ί Σ ψ(jnri} urn (u(mrί9 r cos 0έ, /^ sin 0J — u(mri9 0, 0))/r
i .TV m^ pj

( w ι r t . O , 0 ) € t Γ

From all these considerations we deduce that V(mr^ TJ) is a regular
domain with respect to Sί^ for any m € Z , j £ N. Since the restriction of Sζw

to \^j Xn forms a harmonic space we deduce that there exists a basis of regular
nzN

sets for t#foo. Let (un}n€N be an increasing sequence in ^{^(U} whose limit u
is bounded. For any m £ Z, j £ N such that V(mrjyrj)c.U we have

on VXraΓj , r^. Hence w is continuous and M^ satisfies the axiom Kλ. Since
(x,y, z),^oίx + β : X-+R belongs to c^Όo(X) for any real numbers a,β we
deduce that the set of harmonic functions on X separates X. We have proved
therefore that (X, <_#£») is a harmonic space. It is easy to see, since any £n

(n £ N) is strictly positive, that (X, M^) satisfies the axiom of ellipticity.
Comparing the harmonic measures of V(mrj9 r^ with respect to Si and Sΐ™

it is easy to see using the formula (F) and the theorem (a ^=^ Γ) that (X, SC)
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and (X, c^foo) satisfy simultaneously the axiom of nuclear ity. If

then it can be shown as for (X, M) that (X, jWΌo) does not satisfy the axiom KD

(an even axiom K2 [1]).
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