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NORMAL FAMILIES OF COUSIN I AND II DATA
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It is well-known that on Stein manifolds the solution of the Cousin I
problem is always possible and the obstruction to the solution of the Cousin II
problem is only topological. Here we use Hδrmander's L2-estimates for the 9
operator to investigate the problem of finding normal families of solutions for
given normal families of Cousin I and II data on Stein manifolds. In [8] Stoll
proved that, if M=CP with />> 1, then the following two theorems hold:

(1) Let N be a normal set of non-negative divisors on M and XQ € M.
Suppose X0 dose not belong to the support of any non-negative divisor which
is the limit of a net in N. Then there exists a continuous map γ from N to
the set of all holomorphic functions on M such that for v £ N y(v) defines the
divisor v and y(v)(xo) = 1.

( 2 ) Let N be a normal set of non-negative divisors on M and G be an
open subset of M. Then there is a normal family [fv] V€N of holomorphic
functions on M such that for v £ N fv defines the divisor v and fv(cv} — 1 for
some cv <Ξ G.

Later (1) and (2) were proved for M=a polydisc by McGrath in [6]. We
prove in this paper that on a Stein manifold M a normal family of solutions
for a given normal family of Cousin I data can always be found and, if
Hl(M,R/Z} — H2(M,R] — 0, then a normal family of solutions for a given
normal family of Cousin II data can always be found. As a consequence, (2)
holds for Stein manifolds M satisfying Hl(M,R/Z) = H\M,R) = 0 and thus
a problem proposed by Stoll (problem 17, p. 307, [1]) is solved for such Stein
manifolds. The method we use also enables us to prove (1) for M= the
product of Cq and the unit ball of Cp and a slightly weaker version of (1)
for Stein manifolds M satisfying τt^(M) = H\M, R) = 0.

In what follows M is a connected positive-dimensional Stein manifold.

*) Supported partially by NSF Grant GP-7265.



NORMAL FAMILIES OF COUSIN DATA 549

0, 0"x", c_5ί/, and <3\Ck denote respectively the sheaves of germs of holomorphic,
nowhere zero holomorphic, meromorphic, and non-identically-zero meromorphic
functions on M. UO = the structure sheaf of Cn. If G is an open subset of

M (or C"), then Γ(G, 0) (or Γ(G, nO)\ is given the topology of uniform
convergence on compact subsets. A normal family in Γ(G, 0) (or Γ(G, nO)) is
a relatively compact subset of Γ(G,0) (or Γ(G,nO)). JV = the set of all natural
numbers. If U = {Uλ}λζr is an open covering of a topological space, then

Uλo...λp denotes Uλo Π...ΠC7V {fίΛ...ίf}'io.....ίpeI = {/.„... J λ0, , λp e I,Uλo...λp ^ 0],

and Σ ίθt...,^€/ = S^,...,^/,^^ ̂ .

DEFINITION 1. Suppose G is an open subset of M.
( i ) A net {/σ}σcS c Γ(G, JH} is said to converge to / £ Γ(G, JflQ if for

every x £ G there exist an open neighborhood U of x in G and <7, h, gσ, hσ €
Γ([7, 0), σ € 5, such that fσ\U= gj(hσγ\ f\U = gh~\ and gσ and Λ,
converge respectively to g and /i in Γ(t7, (5).

(ii) A normal family F in Γ(G, Jίί) is a subset of Γ(G, JH} such that, if
σ e s is a net in F, then there is a subnet {/σ(r)}Γ€Γ converging to some
Γ(G,

(iii) A normal family F in Γ(G, JH*) is a subset of Γ(G, JK*) such that,

if {/σ}σ€S is a net in F, then there are a subnet {/σ(r)} r e Γ and an / € Γ(G, e3/*)
with /σ ( f f )-./in Γ(G,

REMARKS.
( i ) If / 6 Γ (G, 0) and {fσ} σes is a net in Γ(G, 0\ then /σ->/ in Γ(G,0)

if and only if fσ—*f in Γ(G, c_5ί/) (Lemma 1 below).

(ii) The convergence defined for Γ(G, JK) in Def. 1 (i) does not define a
topology for Γ(G, Jtt) corresponding to it as is seen in the following counter-
example : On C define meromorphic functions f(z) = 1 ,

/
/ \ _ -1 Γ / \

n\~) -— -̂  > J tι,'iιι\~)

m, n € N. Let 5 = {(n,h)\n £ TV, /z, is a map from ΛΓ to ΛΓ} be directed by
the following ordering : (n, K) ^ (ri, h} if and only if n^n and h(m) ^g Λ'(m)
for all m z N. Let ^ ( n f Λ ) = /W i Λ ( n ) for (w, A) € 5. Then /„-»/ as n^ oo and
for fixed n z N fn,m-^>fn as m-> oo. However, the net {#(«,*)}<n,Λ)es does not
converge to /.
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DEFINITION 2.
( i ) A Cousin I datum / on M is an element of Γ(M,<JK/0), where O

is regarded as a subsheaf of the additive sheaf 3H.

( i i ) A solution of a Cousin I datum f on M is an element of Γ(M,
which is mapped to / under the quotient map Jtt.-

(iii) A normal family of Cousin I data {f(a}}a&A is a set of Cousin I data
on M with the following property : for every point x of M there exist an
open neighborhood U of x in M and a normal family [ g ( a } } a ^ A in Γ(C7, JH}
such that #(α) is a solution of /(β) | U for α € A.

DEFINITION 3.
( i ) A Cousin II datum (or a divisor) / on M is an element of Γ(M, <3M*/O*')9

where O* is regarded as a subsheaf of the multiplicative sheaf JM*. f is
called non-negative if every point of M has a connected open neighborhood U
such that f\U is the image of some non-zero element cf Γ(t7,0) under the
quotient map 3tt* -»3W* / 0*.

(ii) A solution of a Cousin II datum / on M is an element of Γ(M, Jtt*)
which is mapped to f under the quotient map J\ί* —> 3tt* / 0*.

(iii) A normal family of Cousin II data { f ( a } } a*A is a set of Cousin II
data on M with the following property : for every point x of M there exist
an open neighborhood U of x in M and a normal family {g(a}}aζA in l\U,<3M*)
such that g(a} is a solution of /(α) | [7 for <2 £ A.

REMARK. The definition given here of a normal family of non-negative
Cousin II data agrees with the definition given in [8] of a normal family of
non-negative divisors.

DEFINITION 4. A normal family of non-negative divisors F on M is called
small if we can find an open covering U = {Uλ} λ € f of M and a subset K of
M such that (1) intersections of finite subcollections of U are empty or
contractible open subsets of M, ( 2 ) Uϊ is a compact subset of an open subset
of M which is biholomorphic to a ball in a complex number space, (3)
K (Ί Uλμ Φ 0 if Uλ Π Uμ Φ 0 , ( 4) K Π Uλ is pathwise connected for λ £ 7,
and (5) if a non-negative divisor f on M is the limit of a net in F, then
K Π Supp f — 0 (where the set of non-negative divisors is given the topology
defined in [8] and Supp / denotes the support of the section f of the sheaf

on M).
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The following three theorems are the main results :

THEOREM 1. Every normal family of Cousin I data on M admits a

family of solutions -which is normal in Γ(Λί, «_3/).

THEOREM 2. // H\M9 R/Z} = H\M9 K) = 0, then every normal
family of Cousin II data on M admits a family of solutions vυhich is

normal in Γ(M, JM*\

THEOREM 3. If (̂M) = H\M, R) = 0 and F is a small normal family

of non-negative divisors on M, then there is a continuous map γ : F — > Γ(M, 0)
such that γ(/) is a solution of f for every f € F.

REMARKS. ( i ) Suppose G is an open subset of M. Th. 2 implies that every
normal family of non-negative divisors admits a normal family of solutions F such
that for every / ^ F there exists x £ G w'ιthf(x) = 1. The reason is the following :

For the given family of non-negative divisors we first find a normal family of

solutions H. ForxzGandnzN let Dx,n = {/ € Γ(M, G) \ \ f(x) \ > l/n} . Since
the closure H~ of H in Γ(M, O) is compact and H~c. u {Dx,n \ x £ G, n € N} ,
H~d Uί=ι A ί.nf f°r some .a ,̂ , xk £ G and nl9 ,nk£ N. For hz H hz DXijHi

for some i. Define /Λ = h(x^"lh. The normal family of solutions F =
satisfies the requirement.

(ii) Under the assumptions of Th. 3, if x0 € M such that XQ£ Supp jf for
fζ F~, then we can choose 7 such that y(f)(xo) — 1. The reason is the following :
We first find a continuous map 7: F~— >Γ(M, O) such that 7(/) is a solution
of /. Then define γ : F-> Γ(M, 0) by γ(/) - /(α o)-1 7(/).

LEMMA 1. Suppose G is a connected open subset of M. Suppose

/, 0 ΐ 0 e Γ(G, 0) αnJ {fσ}σ*s, {gσ}σ,s are nets in Γ(G, 0) 5wcA ίAαί (1)
I(G ,0), σ € 5, and (2}fσ-+fand gσ->g in Γ(G, 0). Then fg'1 z Γ(G,0)

'^fff-1 in Γ(G,0).

PROOF. Let Z be the zero-set of g. We have to prove that every point
of G has an open neighborhood in which fg~l is holomorphic and on which

fσ(9σ)~l converges uniformly to fg~l. Fix z° € G. If z° £ Z, then fσ(gσ)~l

converges uniformly to fg~l on any compact neighborhood of ZQ in G disjoint
from Z. Suppose 2° € Z. We can assume w. 1. o. g. that ( 1 ) G is an open
subset of C", (2)*° = 0, (3) X = {( ,̂ , *n)sCn | |st| ^ 1, l^i^
and (4) L= {(zί9 , zn) £ K\ \zn\ = 1} is disjoint from Z. Then
converges uniformly to fg~l on L. By considering the coefficients of the negative
powers of zn in the Laurent series of fg~l with respect to zn, we conclude that
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f g ~ ] is holomorphic in the interior of K. Hence ftr(gσY
λ converges to fg~l

uniformly on the interior of K. q. e. d.

LEMMA 2. Suppose G is an open subset of M and K is a compact subset
of G. If F is a normal family in Γ(G, 0\ then F is uniformly bounded on
K.

PROOF. This follows from the fact that the map Φ : ΓVG, 0) -> [0, oo)
defined hy Φ(f) = \f(K)\ for jfeΓ(G, 0) is upper semi-continuous, q. e. d.

LEMMA 3. Suppose [an}n€N and [bn}nζN are tτvo non-decreasing sequences
of points in [0, oo) such that an—>oo. Then there exists a C2 real-valued
function p on [0, oo) such that p §: 0, p" ^ 0, an d p(an) ̂  bn for n^N (where
p and p" are respectively the first and second derivatives of p).

PROOF. Define p0 on [0, oo) by pϋ(x) = bn for an_l ±g x < an (where a^1 = 0).

/

x + l

Pi(t) dt for 0 rg i ̂  2. Then p = ρ3 satisfies the requirement.
u

q. e. d.

LEMMA 4. Suppose ίl is a connected Stein open subset of CN and {Kn}n&N

is a locally finite sequence of compact subsets of Ω. Suppose [cn}neN C [0, oo).
Then there exists a C2 plurisubharmonic function φ on Ω such that inf
[φ(z)\ zzKn} ^cn, nzN.

PROOF. Let f: Ω-+CN' be an embedding of Ω as a closed complex submanifold
/ 00 \

of CN'. For n^N let an be the largest integer such that fi\^JKm\is disjoint
\m=n I

from the ball of CN/ centered at 0 and with radius an. Since {Kn}nζN is locally
finite, α n — >°°- Let bn — .supι^m^n cm, nzN. By Lemma 3 there exists a C2

real-valued function p on [0, oo) such that p'i^O, p"i^0, and p(al}^bn, nzN.

Define φ(z) = P(\z\ 2) for z € CN' . Since E *=• (z) ξt |, = P"(\z 2)| Σ ξt z, \ 2

/^
+ P'd ^Γ) Σ I

\i=l

Γ ^ 0 for f !, - , ̂ ^ e C, ^ is plurisubharmonic on CN' .
/

φ — φ Q f satisfies the requirement, q. e. d.

LEMMA 5. Suppose Hl and H2 are Hubert spaces and φ: Hl—^H^ is a
continuous linear surjection. Then there exists a continuous linear map i/r:
HZ — > ί/i such that φ o -ψ = ίΛ^ identity map on H2.
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PROOF. Let L be the orthogonal complement of Ker φ in Hv. Define

i//*: H^—i-Hi as follows: for x £ H.2 set ^r(x) to be the unique element in L

such that φ(fy(x)} = x. The open mapping theorem implies that ψ is continuous,

q. e. d.

LEMMA 6. Suppose E and F are Frechet spaces and φ: E —> F is a

continuous linear surjection. If K is a compact subset of F, then there exists

a compact subset L of E such that φ(L) — K.

PROOF. This follows from § 22. 2 ( 7 ), p. 281, [5] and the open mapping

theorem, q. e. d.

LEMMA 7. Suppose H2(M,R) = 0 and U — [Uλ}λ€N is an open covering
of M such that intersections of finite sub collections of U are empty or
contractible open subsets of M. Suppose K is a compact subset of Z2(t7, R\

( i ) There exists a continuous linear map ψ : K —> 0(17, R) such that
δ o φ = the identity map on K.

(ii ) If in addition K c Z2(ί7, Z) and H[(M, R/ Z} = 0, then there exists

a compact subset L of C[(U, Z) such that δ(L) = K.

PROOF, (i) There exists ξλμv > 0 for UλμvΦ 0 such that

(3) \aλμ.v\ ^ ξλμv for { a λ l l v } ' ί t μ t V f N e K.

Since δ : C'(Ϊ7, R)—>Z2({7, R) is surjective, by Lemma 6 there exists ^μ>0 for

UλμΦ 0 such that, if a = {aλμv}^μ<v&N € Z2(ί7, R) and \aλμv\^2 ~ ξλμv, then

there exists b= { b ί f ί } f

λ t l ι e N € C[(U,R) with δ& = a and \bλμ. ^ηλμ. Let H^ = [b

1 T T f ( ") ' _ 7^2/|"T D\ I II ~ I ) 2 "Sp' O — /I — μ — v £ ~ 2 | ι 2 ^ - ") T T

and f/2 are Hubert spaces. We claim that the map φγ : Hl-+ H2 induced

by δ is surjective. Fix a — [aλμυ}'λ>μ>v€N £ H2 and we want to find b € Hί such
λ±^±^

that φ^b^ — a. We can assume w. 1. o. g that |lα||^l. Then \alμv\ ^2 ξλμv.

There exists b— {bλμ]^μ&N € Cl(U, R) with δb — a and|^J ^ ηλμ. Hence b € Hl

and ^ι(^) = a. By Lemma 5 there exists a continuous linear map φ2 > H2—>H1

such that φ^φz = the identity map on H2. Let z\: K-^H.2 and z"2: Hl-^Cl(U, R)

be inclusion maps. z\ is continuous because of ( 3). φ — i.2 φ2 i\ satisfies the
requirement.

( ii ) Let G be the multiplicative group [z £ C\ z \ = 1}. Since G^R/Z,

Hl(M,G) = 0. Let K= {a(a)}a<=A. Let φ(a(a}} = b(a} — {b(

λμ

r}^μζN. exp (2τci b$)

ϊπib(

λ"
}) = I for UλμvΦ 0. Hence there exists 0^^α)<l for Uλ
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Φ 0 and az A, such that for UλμΦ 0 exp (2πi ^α)) exp (-2πi £Se)) = exp (2τtib$).
Let eft = «;> +•&<•> - b£\ Then c(α) - {c<$}f

λ^N € C'( 17,Z), Λ € A. The closure
L of [c(a}}aζA in 0(17", Z) satisfies the requirement, q. e. d.

LEMMA 8. Suppose Ω is a Stein open subset of CN. Suppose U'= {£/;,} i e /

is a locally finite opεn covering of Ω such that Uλ is relatively compact in
Ω,λ£/. Suppose F ̂  Zl(U, O) and aλίl>0, \, μ z I, such that \fλμ(Uλμ}\^aλμ

for [fλμ}'λ μ e / £ F. Then there exists a continuous map γ : F—*C°(U,O) such
that

PROOF. Let [pι}λer be a partition of unity subordinate to U. Let

bλ = sup^i^N —~J (Ω) and cλ = Σ [bμaμλ \ Uλ Π Uμ Φ 0 }, λ £ I. Let £ be a C°° posi tive-

valued function on Ω such that ^ — \ kdx < oo (where dx is the Euclidean
«/ ζi

volume element of CN). Since Ω is σ-compact, {λ £ I\ Uλ^ 0} is countable. By
Lemma 4 there is a C2 plurisubharmonic function φ on Ω such that inf
{φ(z) z € t/Π ^ log (Λrd) + I (log^Xt/Γ) I for [Λ ^ 0 . Let ψ(z) = φ(z)
4- 2log(l 4- z | 2 ) on Ω. Let Hl = [η\ η is a locally square integrable function
on Ω and 3 7? is an (0, l)-form on Ω with locally square integrable functions as
coefficients such that H^| | 2

ψ 4- ||3^||5,<00} and let Hz= {ω\ω is a (0, l)-form on
Ω with locally square integrable functions as coefficients such that 3*0 = 0 and
HωIU<°°}> where 9 is in the distribution sense and the norms || \\φ and || \\ψ
are as defined on pp. 77-78 of [3]. Hl and H2 are Hubert spaces. We are going
to define a map Γ/1 : F—>H2. Take f= {fμv}μ,ve / £ J7". Let ΛK)==Σμσμ, where <rμ

is the trivial extension of pμ/^ on [7μ. Then fλμ — h(

μ

} — h[f} on Uλμ. 0 = 3/2./

v/)

— oh(

λ

f) on [7χμ. There is a unique C°° (0, l)-form ω on Ω such that ω — ̂ h(

λ

f) on
Uλ. Then 3ω = 0 and H ^ H ^ 5g/>/e . Hence ω £ //2. Set j^f^ — ω. rγl is
continuous.

Let 0 : Hl —> //2 be induced by 3.
Then 0 is a continuous linear surjection (Lemma 4, p. 945, [4]). By Lemma

5 there exists a continuous linear map 72 : H^^H^ such that 0 o γ2 = the
identity map on H2. Define γ : F-+C°(U90) as follows: Take / € F. Let
<7* = h(

λ

f}—7-2(7ι(f})\ Uλ, where ΛK} is as defined above. Set γ(/) = {^}^6/. Then
γ satisfies the requirement, q. e. d.

THEOREM 4. Suppose U={Uλ}λ&I and F = {V*}^/ αr^ open coverings
of M such that V is locally finite and V^ is a compact subset of Uλί λ £ /.
Suppose F is a compact subset of ZL(17, O). Then there exists a continuous
map γ: F-+C°(F, O) 5McΛ ί/mί δ(γ(/)) =/ wi F.

PROOF. M is a closed complex submanifold of CN for some N. There
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exists an open neighborhood ilt of M in CN and a holomorphic retraction p^ :
Ω!— >M(VΠI.C. 8., p. 257, [2]). There exists a Stein open neighborhood Ω of M

in Ω! (Th. 2, p. 380, [7]).̂  Let p = P l \ f l . Let V = f^},€/, where Vλ = p-l(VJ.

Let p*: Zl(U9<y)-»Z\V,NO) be induced by p, i .e., if {/,μ};,μ«/s Z'(17, 0), then

?*(/) = ί/iμK,μ«/ € ZX(F, ̂ 0), where fλμ = (fίμ, ° p)| V^. p* is linear and continuous.

Let F= p*(F). By Lemma 2 there exists aλμ > 0, λ, μ € /, such that |/jμ(V7μ)| ^^μ

f°r IΛμUμc/^F. Hence l/,μ(V,μ)| ^ α,μ for {/^UM€/£F. By Lemma 8 there

exists a continuous map 7: F-> C°(F, ̂ 0) such that $(7(f)) = f for /^ F

Define γ: F-^C°(F,0) as follows: Take/^F. Let 7 (p*(/)) - {£K«/. Let

^ = ̂ |V Λ . Set '/(/)= {^};€/ Then γ satisfies the requirement, q. e. d.

REMARK. The map γ constructed in the proofs of Lemma 8 and Th. 4
satisfies the following linearity conditions: Ύ(/+/') — Ύ(/) + Ύ(/') and y(af) = ay(f)
if α € C and f,f,f + f'9 af € F.

PROOF OF THEOREM 1. Suppose F= ί/(α)}«e,ι is a normal family of
Cousin I data on M. There exists an open covering U = [Uλ}λGl of M and
{fW**i*C°(U9.5M)> a<^A, such that ( 1 ) /lα) is a solution of /(β> | [/„ Λ e A,
λ £ 7, and ( 2 ) for fixed λ e 7 {/Y } α € 4 is a normal family in ^C/^, c_5$/). We can
suppose w. 1. o. g. that U is locally finite and there is an open covering
V= {Vλ}λ*r of M such that Vϊ is a compact subset of Uλ9 λ € 7.

Let ̂  =(/c-)-/c«)) I C72μ, α^ A, λ ,/*^/ . A(β)={W;)};.μ.^ ^(17,0). By
Lemma 1 for fixed λ, μ> £ I {h$}a*A is a normal family in Γ(Uλμ.9O). By Th. 4
there exists &(α) = {Mβ)}^/^ C°(F, O), Λ € A, such that δ£(α) - Λ ( w ) on F, Λ € A,
and for fixed λ e I {%*'-}„* A is a normal family in Γ ,̂, O). Define #(α) € Γ(M, JH\
a^A, by setting g(a)=f(

λ

tt} — kλ

a) on Fj,, Λ € A. {^(β)}«64 is a normal family in
Γ(M, c ί̂) and ^(α is a solution of /(α), Λ <Ξ A. q. e. d.

PROOF OF THEOREM 2. Suppose F= {/(α)}«€A is a normal family of
Cousin II data on M. There exist an open covering U — {Uλ}λel of M and
{/iβ )}ί*/€C°(t7, JK*),Λ^A, such that ( 1 ) /<α) is a solution of /(α) [/„<*€ A,
λ^7, and (2) for fixed λ ^ 7 { f (

λ

a } } a ζ A is a normal family in Γ(t7,, c5K*). We
can suppose w. 1. o. g. that ( 1 ) intersections of finite subcol lections of U are
empty or contractible open subsets of M, ( 2 ) 17 is locally finite, and I = N and
(3) there exists an open covering V = {Vλ}λ&1 of M such that Vϊ is a compact
subset of Uλ9 λ e 7.

Let h$ =/£°C/V°)~1 I ̂ /o ^ζ A, λ, /*€ 7, By Lemma 1 for fixed λ, μ,
€l.{h$}«*A is a relatively compact subset of Γ([72μ,'G*) (where Γ(ί7i/t, O*) is

given the topology induced from l\Uλμ,O)\ Fix xλμ^Uλμ for CΛ/t=£ 0 . Since
U λμ is empty or contractible, for Uλβ Φ 0 and λ < μ there exists a unique
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k$ £ Γ(l7aμ, 6) such that exp (2xik($} = h($ and the real part of k$(xίμ.) is in [0 1).
Set k$ =-k$ and ktf = 0. k™= {k^}'^^ Cl(U, O). Then δ#β) € Z2(17, Z)
and for fixed λ, μ € I {k$}aeA is a normal family in Γ(Uλμ,O). By Lemmas 2
and 7 there exists u(a) sCl(U, Z).az A, such that δw(α)=δ£(α) and {w ( α )}«€^ is a
relatively compact subset of 0(17, Z). Let v(a} = k(a} — u(a) . Then {^(α)}«^ is a
relatively compact subset of Zl(U,O). By Th. 4 there exists w(β) = {wίσ)}ί€/
€C°(F, (5), tf^A, such that δw(β) = t;(β) and {t£;(β)}βe^ is a relatively compact

subset of C°(F,0). Define #(α) € Γ(M, JK*) by setting g(a} = f\a} exp(-2τr^α))
on W Then {#(α)}«€4 is a normal family in Γ(M, Jflί*) and #(α) is a solution
of /<">, azA. q. e. d.

PROOF OF THEOREM 3. Suppose F= {/(α)}«6^ is a small normal family
of non-negative divisors on M. We can assume w. 1. o. g. that F is compact in
the topological space of all non-negative divisors. There exist an open covering
17 = [Ujάier of M and a subset K of M such that ( 1 ) to ( 5 ) of Def. 4 are
satisfied. We can assume w. 1. o. g. that [7 is countable. Fix xλ^KΓ\Uλ for
UλΦ 0 . Fix xilL = xμί £ KnUλfl for UλΓ\UμΦ 0 . By Ths. 1.9 (p. 168) and 2. 25
(p. 188) of [8J there exists Mβ) £ Γ(C/,, 0\ a^Ay λ € /, such that ( 1 ) Mα) is a
solution of /(α) £/„ ( 2 ) Aie)(^) = 1, and ( 3 ) for fixed λ e 7 the map from F
to Fit/,, D) defined by/(α)->^α) is continuous.

For [/j Π Ϊ7μ Φ 0 choose a continuous map ξλμ, : [0, 1] — > X Π L7j, such that
^/t(0) = ̂  and fiμ(l) — x^. For <^^A and f/,ίΠί7μ^:0 there is a unique
continuous map η$ : [0, 1] -> β such that ^(0) = 0 and exp (2πiη(

λ

a

μ

} (<9))

= Mα)(W0))| Mβ)(^μ(β))l -1 for (9 € [0, 1]. Let *5;> - h<ΐ\WYl Uίμ, a*A,\,μs I.
There is a unique holomorphic function υ$ on Uλμ such that exp (2πίu(

λμ

}} = k($
and the real part of u[a

μ\xλμ) is ^(l)- !̂). Let w(α)- {uft}f

λ^τ. δz/(α) € Z2(f7, Z).
The map, from F to Cl([J, 0) defined by /<->-> w<«> is continuous. β={δM (β)}β€4

is a compact subset of Zί2(U,Z). By Lemma 7 there exists α(α) = (α^j^μe/
zC\U,R\ cczA, such that δα(α) - δw(α) and the map from JS to 0(17, Λ)

defined by δw(α)-^α(α) is continuous. Let 77(α) = u(a} — a(a}. Then C={v(a)}a&A is
a compact subset of Zl(U , O\

Let ciί) = exp(-2τrίαi)). Then

( 4 ) c$c$c<$ = 1 for ?7,μυ^ 0.

Fix UλoΦ 0 . Since M is connected, for every Uλφ 0 we can find λ1? , λOT € /
m-l

such that λm = λ and UλjΓ\UλuιΦ 0 for O^j < m. Let d[a}= Π ^(S+1 Since
j=0

= 0, (4) implies that <^^} is independent of the choice of λ l y , λ,H_,.
d^r{ =rί;> for C7 i μ ^=0.

We can choose a locally finite open covering V={V^}λef of M such that



NORMAL FAMILIES OF COUSIN DATA 557

Vr is a compact subset of Uλy λ £ /. By Th.4 there exists w[a} = {ι^lα)}j€/

eC°(F,<5) such that δw/β) = t;(β) on F and the map from C to C°(F, 0)

defined by v(a) —> w(a} is continuous.

Define #(α) € Γ(M, 0) by setting #(α) = Jlα)Λία) exp (- 2τtiτv(

λ

a}} on V,. #(α) is

well-defined, because exp (— 2πiw(

λ

a}} exp (2πiu)(°}) = exp (2mv{$) — exp (Zπiuff)

exp(-2τriαi;)) - *#<;# - /^W^^W)'1 on W The map γ : F-+Γ(M,0)

defined by j(f(a}) = g(a} satisfies the requirement, q. e. d.

COROLLARY. ( 1) holds for M = the product of Cq and the unit ball
of Cp.

PROOF. We can assume w. 1. o. g. that :r0 = 0, because any point of M

can be mapped to the origin by some biholomorphic map of M onto M. Let

I = N. For λ £ / let Uλ = {(z,w}zCqx Cp\^~2\z\2 + (λ + l)2χ-2 τv\2 < 1). Uλ

is biholomorphic to a ball in CQ+P and is relatively compact in M. U = {L^}^/-

covers M Let K = {0}. Then (1) to (5) of Def. 4 are satisfied with F=N .

N is a small normal family of non-negative divisors on M. q. e, d.
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