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Introduction. In the theory of automorphic functions it is important to
investigate the properties of the singular sets of the properly discontinuous
groups. Recently I proved the existence of Kleinian groups with fundamental
domains bounded by mutually disjoint circles whose singular sets have positive
(3/2)-dimensional measure ([3]). Now in the natural way the following problem
arises : To what extent does the dimension of the singular sets of Kleinian
groups climb up, when the number N of the boundary circles increase ? It is
well known that the 2-dimensional measure of the singular set is always zero
in the case that the fundamental domains are bounded by mutually disjoint
circles ([9]).

Let G be a Kleinian group which acts both on the unit ball B in the
3-dimensional space and on its boundary S. Its action on B is always discontinuous,
but its action on S will not in general be so. There is an exceptional set E of
singular points. Ahlfors [2] proved that, if the isometric polyhedron of G in
B has only a finite number of sides, then either E is all of S or the 2-dimen-
sional measure of E in S is zero. But it seems still open that the 2-dimensional
measure of the singular set of all finitely generated Kleinian groups is always
zero (Ahlfors’s conjecture).

The purpose of this paper is to solve this problem in the special case.

1. Let G be a group of linear transformations

az+b

cztd’ ad—bc=1

S(=) =

of the extended complex plane. A point 2, is called a singular point of G if it
is an accumulation point of S(z,), S € G, for some 2,. The set of singular points
will be called the singular set of G and denoted by E.

E is a closed set, and invariant under G ; we denote its complement by D.
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As soon as D is not empty we say that G is discontinuous, and D is its set of
discontinuity. It is easy to classify all groups for which E is void, consists of a
single point, or of two points. All other discontinuous groups will be called
Kleinian groups, that is, a Kleinian group is a discontinuous group with more
than two singular points.

A Kleinian group which leaves a circle invariant is said to be Fuchsian.
The singular set lies on the invariant circle. If E is the whole circle, the
Fuchsian group is of the first kind. If not, E is nowhere dense on the invariant
circle, and the group is of the second kind.

2. Let 7= be the quotient space D/G. It has a natural complex structure
such that the projection map P: D—m is holomorphic. Thus, the components
7; of w are Riemann surfaces. We shall write D; = P~'m;,. In general, the D,
are not connected, and we denote the components of D, by D,,.

With any Kleinian group G we have thus associated the decompositions
D= uD,= UD,; and # = Um,. Each D, is invariant under the full group G,
and the boundary of D; is all of E. The components D;; are ramified covering
surfaces of D, whose branch points are elliptic fixed points.

Now add the hypothesis that one or several D; are connected, and hence
invariant under the full group G. Such groups and domains D, have been called
function groups and invariant regions. The fact that all invariant regions D,
have the same boundary E does not by itself preclude the existence of any
number of such regions. However, the existence of non-elliptic fixed points does
impose a severe restriction. R. Accola [1] proved the following important
theorem : there are at most two invariant regions D,;, and if there are two,
they are simply connected.

3. Let G be a finitely generated Kleinian group and further add the
assumption of function group. For brevity we call it a finitely generated simple
Kleinian group and write it F.S. K-group followed by Maskit [6]. Then from
No. 2 there are at most two invariant regions D, (z =1, 2). If there are two, the
common boundary is a Jordan curve. Without loss of generality we may assume
that the infinity is an ordinary point.

Now we consider a fundamental domain B; ( =1,2) for G with respect to
D; (i =1, 2) respectively, where D, is a component which does not contain the
infinity. We can take a domain as a fundamental domain such that each B; is
bounded by open arcs of circles, called sides, where the endpoints of these arcs
are called vertices and every vertex is an endpoint of precisely two sides. If the
number of sides is finite, B, is called finitely sided.

Further we impose a restrictive condition to B,. Let C; (j=1,---,2p) be
the boundary circles which form the part of the boundary of B; (: =1,2). Let
D, (j=1,---,2p) be aclosed disc bounded by C; (j=1,+--,2p). Then the set
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{D;} (j=1,---,2p) are called a finite closed chain, if they satisfy the following
two conditions : (i) any two of the D; have no interior point in common, and
(i) D, has a common boundary point with D, for j=1,-+,2p (where C,,,,=C)).
We call such a group an F.S.K-group with finite closed chain.

Starting from an F.S. K-group, we reached the fundamental domain of it.
Conversely let us form any finite closed chain. If we can define the discontinuous
group whose fundamental domain is one of two components, which are the
complementary sets of this chain, it is known that the singular set of this group
is a Jordan curve and has a complicated shape ([5], [7]).

4. Now let G be an F.S. K-group with finite closed chain. The purpose
of this paper is to prove that the 2-dimensional measure of the singular set E
of G is zero.

Let B, be a fundamental domain bounded by 2p circular arcs {C}(i=1,---,2p)
which does not contain the infinity, where C, is a closed circular arc on the
circle C;. Without loss of generality we can assume that the origin 0 is
contained in B,. The elements of G, which map some side C,, of B, onto some
other side C;, of B,, generate G.

Let S;, denote a generating transformation which transforms the outside of
C,, onto the inside of C;, that is, maps the side C, onto the side C,, of B,,
where C;, and C;, are some circles of {C;} (i=1,--+,2p). Obviously S;!
transforms the outside of C; onto the inside of C;.

In general, we denote by ST the transformation obtained by composition of
transformations S and 7T, that is, ST(z) = S(T'(z)). Consider the totality G of
all linear transformations in the form

(1) S =i Sizy+ -+ S, via, S(=)= SHS -+ (SHE) )

together with the identical transformation, where N; (1 =j=%) are integers and
ij:?l:ij_l fOI' j = 2, A ,k.
We call the sum

k
m ZZ |7\'j|
j=1

the grade of S. The image S(B,) of the fundamental domain B, of G by S (€G)
with grade m (+#0) is bounded by 2p mutually tangent circular arcs C{™
(i=1,-++,2p), the one C{™ of which is contained in the boundary of the
image of B, under some T ( € G) with grade m—1. For simplicity, we say that
the 2p—1 circular arcs of S(B,) different from C{™ are circular arcs of grade
m. Circular arcs {C} (i=1,-++,2p), which bound B,, are of grade zero. The
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number of circular arcs of grade m is obviously equal to 2p(2p—1)".

The circumstance with respect to the fundamental domain B, containing
the infinity is the same as B,. If we denote the closure of the complementary
circular arc of the circular arc C{™ of grade m by Ci™, which is also called a
circular arc of grade m, the join C¥® UC{™ is a complete circle and is denoted
by C{™, which is called a circle of grade m.

5. Given a set & of points in the z-plane and a positive number 8, we
denote by I(8, €) a family of a countable number of closed discs U of diameter
ly; =3 such that every point of € is an interior point of at least one U.

We call the quantity

(2) 11y(€) = lim[ inf 3 zy,]

a0 | UG} 5 7

the 7-dimensional measure of &.

6. Let E be the singular set of an F.S. K-group defined in No.4. Let us
give a covering of E by using the set of circles of grade m (=m,) in order to
calculate the 2-dimensional measure of E.

Denote by 9),. a finite closed chain, that is, a continuum consisting of the
whole closed discs bounded by 2p(2p—1)™ circles of grade m, which are tangent
externally in turns. Evidently {9,}(m=1,2,--+) is a monotone decreasing

sequence of continua. The set ﬂ D, is consistent with E. We call 9, the

m=1
m-th net of E. Since the points of contact during circles are also singular points,
we can not give up them by the definition (2). Still more when the number of
grade m increases, the set of points of contact will have regardful strength.
Therefore we must form another covering of such points.

7. Let. & (j=1,--+,2p) be the points of contact between C; and C,,,,
where C,p4; = C,. These &, (j=1,---,2p) are divided into some systems, which
are called parabolic cycles. Take a parabolic point, for example, £, from a
parabolic cycle {&:, &, -+, €.}, (B=2p). Suppose that £; is the point of
contact between C;, and C; ,;. Then, from the definition of a parabolic cycle, &;,
is the fixed point of the parabolic transformation S, of grade k.

Let O® (¢=1,2,-+-) be the image circles, which go through £, and are
tangent internally with C, at £,, by S%), (¢=1,2,+--) and O@, (¢ = —1, —2,--+)
be the image circles, which go through £, and are tangent internally with C,,,
at &,, by Sk, (g=—1, —2,--+). Circles O? (¢ =1,2,-++) and O@, (g=—1,—2,-++)
are called oricycles of C, and C,,, at &,, respectively. It is obvious that OY
and O, are circles of grade |g|k. If |¢| tends to infinity, both oricycles converge
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to £, from both sides.

8. Now describe the circles K, (n=1,-+-,2p) with centers £, (n=1,:-+,2p)
and sufficiently small radii », (n=1,.--,2p) and denote by d, (n=1,---,2p)
the circular arcs of K, (n=1,--+,2p) cut off by B, where £, is a parabolic
point belonging to some parabolic cycle.

Consider any transformation S, of grade v for a sufficiently large integer
v. Then the number of images S,y d,) of d, (n=1,---,2p) by whole
transformations S, of grade v is obviously equal to (2p)(2p—1)"'. The images
Sudy) (n=1,+-+,2p) are the 2p circular arcs which join the 2p boundary
circular arcs of the image Sy (B,) in turn. If we take some S,(d,), then S,(d,)
and the boundary circular subarcs of S,(B;) joined by S,,(d,) form a circular
triangle, one of whose vertices facing S,(d,) is a parabolic point, that is, a
singular point. In this triangle we denote the smaller one of two euclidian
distances joining this parabolic point with the other two vertices by & and
describle a circle K¢ of radius r$’ with center at this parabolic point. There
are 2p(2p—1) parabolic points of S, (2) in all. The set of these parabolic points
{(EPY (n=1,2,+++,2p(2p—1)) consist of the points of contact of the finite
closed chain 9.,.

The set {£¥} (n=1,2,--+,2p(2p—1)) are divided into two kinds in the
following.

(1) If £Yis a parabolic point of some S)(2), but not a parabolic point of any
Sw-1(2), that is, there is no circular arcs of grade v—1 which go through &3,
we let a circle K$ of radius r$’ with center at £3 correspond to £{.

(2) If €9 is a parabolic point of some Sy (z) and still also of some S(_;(z),
that is, there is two externally tangent circular arcs of grade »—1 which go
through £, we get two circular triangles with common vertex £, each of
which is formed by S.,(d,) and two boundary circular subarcs of S, ,(B;) joined
by Suy(d,). In these two triangles we denote the minimum of four euclidean
distances joining this parabolic point £’ with the other four vertices by r{’
and let a circle K¢’ of radius ¢ with center at £$’ correspond to £{.

For 2p(2p—1)" parabolic points {£%’} (n=1,2,---,2p(2p—1)") we form
closed discs Ay (n=1,2,---,2p2p—1)) bounded by K¢’ in the above methods
(1) and (2). It is obvious that the set {AY} (n=1,2,---,2p(2p—1)) form a
covering of parabolic points that are singular points. Considering the set

2p(2p-1)"
D,u ( U Aiﬁ) , we get a covering of E and call this the complete »-th
n=1
net of E,

9. In the above we got a covering of E in order to investigate the
2-dimensional measure of E. It is important to calculate the radii of discs in
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this complete »-th net of E.
Let ¢ be a coefficient of z in the denominator of any transformation S,
(€G) of grade » such that

a¥z+b"

4 2T O® —pWe» =1
a ¢V =1.
Wz 4+d>”’

(3) So(=)=
We state the well known lemma, which needs later, without proof.

LEMMA 1. (Ford [4]) If the point at infinity is an ordinary point of
G, the series %|c™| ™™ converges for m=2, where in the summation the
Jfinite number of terms for which ¢* =0 are omitted.

10. Now let us solve the Ahlfors’s conjecture in this special case by using
the complete v-th net of E formed in No. 8. Denote by R (=1, -« -, 2p(2p—1))
the radii of circles of 9, and by »’ (n=1,---,2p(2p—1)") the radii of circles
K to the complete v-th net of E, respectively. In order to prove that the
2-dimensional measure m,(E) of the singular set E of an F.S. K-group G with
finite closed chain is zero, it is enough to show that

(4)

{zp(ap—l)" 2p(2p-1)¥

SR X @y

is less than any given small &.

At first we shall give the estimate of R from the above. Let R{” be the
radius of C{. Then C{¥ is a complete circle consisting of two circular arcs
which are images of boundary circular arcs of B, and B, by the transformation
Sw, of grade v in the form (3). We describe two circles K; and K;,, with
small radii and centers at the points of contact &, and £;,, of the boundary
circle C, of B, respectively.

Denote by é, the join of two circular arcs of C; outside these K; and
K;,,. Taking sufficiently small radii of K; and Kj,,, we can always assume
that the length of the image of 5, by S,y on C{ is larger than the half of
circumference of the circle C{. Therefore we have

(5) R = 217[ ) dS(v)(z)‘ld | <— 1 f ‘dS(,,)(7) |dz|
and

1 dS.(z) 1 |dz|
(6) L5 an = o [ e

‘+ (v)
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2R, 2R
<@gyl =K K= @Gl

where R; is the radius of C, and A(j) is a quantity smaller than the distances
~ »
from C; to the pole —40(—,). Since k(j) is a constant depending only on K; and

K;,, and there are 2p such constants in all with respect to the boundary circles
C, (j=1,---,2p), we can take the maximum o of these constants and have

from (5) and (6)

1.
(7) RM<”| POIER

11. Now we shall estimate »$’ in (4) from the above. Let us return to the
notations of No. 8. Let [ be the circular arcs, which form the two sides of
a triangle, different from d, and (/7)® and £ be the images of /¥ and &, by
the transformation S, of grade v, respectively. The minimum of two euclidian
distances from this parabolic point £’ to the endpoints of these (/%)* is the
radius 7 of K¢ and {A}(n=1,---,2p(2p—1)) bounded by K (n=1,---,
2p(2p—1)) form a covering of parabolic points of the transformations of grade .

We can easily obtain

d d
(8) Ir%V)I§.£+‘C(DJz:li(v)l2 C(V)l2f ‘ | ;(ll') 2

(V)

)
(i) First we consider the case in which Sg}(e0) = (), that is, the pole

of S,(z), is not contained in the domain bounded by the oricycle OP or OGY,
which is the image of C, by Sy, or C,., by S3), where C, and C,,, are two
boundary circles of the finite closed chain which are tangent externally at £,.
When 2z is on [, there exists a constant K(n) depending only on /; such that
it holds

(9)

)
+ 45| > ).

Denoting the minimum of K(n) (n=1,---,2p) by

K = min Kn),

1=n=<2p

we obtain from (8) and (9)
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max | /x| 1

K e

(10) |71 <

where |l%| denotes the euclidean length of [f and K is a constant bounded
below depending only on G.

.. . . . AL .
(ii) Secondly we.consider the case in which Sgl(ec) = — =5 is contained
P

in the domain bounded by the oricycle O or OGY.
o)
(a) Suppose that —% is sufficiently close to €, and is contained in the

domain bounded by two oricycles O@ and O¢*Y (¢>0; integer), which are
the images of C, by S%, and S%}, respectively. We put

11) Se(2) = S(S@(2) -

o
(b) In the case in which —% is contained in the domain bounded by

two oricycles O%9 and OG¢*Y, which are the images of C, ., by S3§ and Sa#*?,
respectively, we put

Su(2) = S(S%y(2)) .

Since the discussion about (b) is the same as (a), it is enough to consider the
case (a) only. Then it is obvious that S~!(c) is in the domain D$® bounded
by two oricycles O and O®.

It is obvious that

dsS (,)(z)
dz

dS(zy)
dz,

dz,

dz

(12)

’

where 2, =S34(2) and z is any point on /.
Let us estimate the two factors of the right hand side of (12) from the
above. Since 2,=S3j(z) is parabolic, it is represented by the following form :

1 1
zq_fn z—&n

(13) +bq,

where b is a constant independent of ¢. Then we easily obtain

dz,
dz

1 1
lbg|® 2_({:1'_%)

14)

2 .
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We choose the orthogonal coordinate system such that the x-axis goes

through the points £,— bl—q,(q=1, 2,+++) and £, is the origin. Then we can

deform (14) in the following form :

dz,
dz

1
(I6lgz+1)"+ (lblqy)" *

(15)

If we consider the right hand side of (15) as the function of g, we can easily

2
find that this take the maximum value 1+ (%) at ¢ = — W.:z——i-y—z) Since

2z is on l,f,—fj tends to O for 2—£, along [;. Hence the maximum value in (15)

is bounded and there exists some positive number p such that it holds

dz,

E<,u for any ze€li.

The discussion for each parabolic point &, is the same as the above and
therefore we see easily that it holds for &, (n=1,--+,2p)

dz,

(16) dz

< p for any zelf.

12. By using the estimate that was given by Myrberg [8] in the proof of
divergence of the (—2)-dimensional Poincaré theta series with respect to Fuchsian
groups of the first kind whose fundamental domain is finitely sided, we obtain
the following Lemma.

LEMMA 2. Suppose that S.(2)=S(SG\(z)) has the property (a) in the
case (i1), where S(z) has the following form :

a7 S(z) = i‘ii’g . ad—By=1.

Then it holds

1

dS(,)(z) s T
'Y b

(18 dz

<

where s is a constant which is bounded above,
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PROOF. We assumed that the origin 0 is contained in B; (No.4). Since
S-!(o0) is in the domain D$?® bounded by two oricycles OF and OP, it is
obvious that S'(0) is also in D{?. Denote by K, and K, the circles with center
at the origin whose radii » and R are sufficiently small and large, respectively,
such that K, is contained in B, and K, contains the finite closed chain 9, and
is contained in B,. Since the point of B,, which is sufficiently close to £&,, is
also mapped into the point of D®?, which is sufficiently close to £,, by the
parabolic transformation S, (z), we can describe a circle 7, of small radius p
with center £, such that K,N7,= @ and the point S~!(0), which is equivalent
to 0, is not contained in 7,.

Then from the above we obtain

19)

bt B = [E,—570) >p.

Since S(£,) is also a singular point from the invariance of the singular set by
any element of this group, it holds

1af,,+8 _J a E"“L%

(20) =|— <~ I<R.
vEn+98 Y §n+_§f

It is easily seen that

2) = 1S >

from the assumption that the infinity is contained in B, Then we obtain, from
(19), (20), and (21), the following inequality :

r

o
(22) §n+ 7;yﬁ’ >p R’ .

We can easily find from (13) and (14)

=\/E&£.

Since first we took the arbitrarily small circle K, of radius r, with center &,
in No. 7, we can take r, so small that K, may be contained in 7,, that is,
r, <& <p. Then it holds from (16) and (23)

zq_fn

) B
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(24) Izq_fnl<rn'\/~; <81'\/7

for any point z on {;. Hence it implies from (22) and (24)

(25)

2q+%‘>(0— ﬁ—-—Em/,u, ,

where » is a positive constant bounded below. Because 7, is arbitrarily small
and hence & can be taken so small that the right hand side of (25) may be
positive. Hence we obtain from (25) the following inequality :

dS(z,)
dz,

1 1 1
vz +01rS @ y[*c

(26)

By using (16) and (26), we have the following inequality :

‘dS‘(i,;(z)‘ .l

Ik for any z¢€lf,

where s=pu/w? is a constant bounded above. g-e.d.

Thus we have from (18) of Lemma 2 the following inequality :

S
lW

@7)

max |[Z].

Put 8 = max (s,%), where K is a constant given in (10). If we correspond
S(Sa¥=)), (9=0,1,2,-+-) to S, we obtain, by arranging (10) and (27),

1

(28) |78 < & max Ili]-—ﬁl—z.

13. Thus we get from (7) and (28) the following estimate of (4) from
the above :

2p(2p-1)” 1

(29) Ié4{o‘ > ‘(v)|4+8 max |[f|? (Z 14)},

=1 1=n=2p S |'Y I

where 3 denotes the summation with respect to terms corresponding to (28).
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Since it holds from Lemma 1 that }_ — [y |4 < oo for all transformations
Se@
wap-”

except ones satisfying v =0, the first summation T of (29) tends to
i=1 J

zero for v— . We note that ¥y =0 arises only in the case of the identical

transformation, since the point at infinity is an ordinary point and G does not

contain the elliptic transformation in this case. Hence we can determine a

sufficiently large v depending only on any given small number € such that the

firs term in the brace does not exceed —- 8 Since Z 'y‘,‘ is finite, we can

make the radii of circles K, (n=1,---,2p) with centers E, (n=1,-++,2p)
sufficiently small for such fixed » such that the second term in the brace is

smaller than%. Thus we obtain the following inequality :

2p(2p-1)” 1 , 1
2 '+ | 2
(30) 4{«7 > o+ ¥ max 5] (z |v|4)]<8'

J=1 s

Since &€ is an arbitrary small number, this leads to the conclusion that m.(E)
is equal to zero in our special case.
Therefore we have the following

THEOREM. Let G be an F.S.K-group whose fundamental domain is
bounded by the boundary circular arcs of a finite closed chain. Then the
2-dimensional measure of the singular set of G, which is a Jordan curve
and a common boundary of two invariant regions, is zero.

14. REMARK. We treated the case of a finite closed chain consisting of
2p boundary circles thus far. Generally the case of the odd number of boundary
circles may occur and in this case the group has at least one elliptic transformation
with period 2 as a generator. But if we take a reflection with respect to this
circle, we shall obtain a subgroup G' of G formed by the even number of
generators. It is easily seen that the singular set of G’ is consistent with one
of G. Hence it is sufficient to consider the group G with 2p generators as the
case we treated.
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