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In the proof of Theorem I in [1], the continuum hypothesis has been used.
Dr. J.Vesterstrφm has asked the author, whether Theorem I in [1] can be proved
or not without using the continuum hypothesis. In this paper, we shall show that
the fact holds without the continuum hypothesis. Before going into the discus-
sions, the author wishes to his thanks to Dr. J. Vesterstrφm for his indebted
communication in the presentation of this paper.

THEOREM. Let M be a properly infinite von Neumann algebra with
the separable predual M*; then any homomorphism π from M onto a von
Neumann algebra N is σ-τveakly continuous.

PROOF. In [1], we have shown the following fact, that is, if any
"*-homomorphism from a von Neumann algebra M onto a von Neumann algebra
N is σ-weakly continuous, then any homomorphism from M onto N is σ-weakly
continuous. Therefore, to prove Theorem, we may suppose that π is a ^-homomo-
rphism.

If the kernel τr~ι(0) = I of π is σ-weakly closed, then there exists a central
projection z of M such that / = M α _ : ) . Then, the restriction of n to Mz is a
*-isomorphism from Mz onto N. Therefore, π is σ-weakly continuous. Next, we
assume that / is not σ-weakly closed and derive a contradiction. Let / be the
σ-weak closure of / in M. Then there exists a central projection z of M such
that I=Mz. Since n is a ^-homomorphism from M onto N, π(z) is a central
projection of N. Furthermore, n induces a ^-homomorphism from Mz onto Nx{g).
Therefore, we can assume that π is a *-homo:norphism from M onto N and
the kernel π~ι(Q) = I is σ-weakly dense in M. Since the predual M# is separa-
ble, M is σ-finite and the cardinal number of Mp is not larger than C

Now, since the σ-weak closure of / is M and M is σ-finite, there exists a
oo

sequence {en}n=i of mutually orthogonal projections in / with ]Γ) en = 1. That is,
n-l

there exists a family {en}ζ=ι of countable orthogonal projections such
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= 1 and π(en) = 0 for all n. Then, by the same argument as in the proof of

Lemma 1 in [1], there exists a continuum family {qs}SζR of projections in M

such that π(qsqs>) = 0 if s Φ s and π(qs) Φ 0. Indeed, since M is properly infinite,

there exists in M a family [pn}n=1 of orthogonal projections such as pn^l.

Take a partial isometry vn such that vn*vn = pn and vnvn~* = 1 for each n.

Define the family {qn}n=i of orthogonal projections by qn — vn*Ί^^pn.

Let {WilϊLi be an increasing sequence of positive integers, then we have

Hence Σ ^ i Σ e^ a n d ^ ΣZ^J i ^ E
/ \

=τr l -

Therefore, tf ]>Z g^ p £ 0. On the other hand τt{qn) — π(vn)* Σ π(eic) τt(vn) = 0.
\ΐ=l / \fc=l /

Next, let {rn}n=ι be a countable set of all rational numbers. For each real

number 5, we can choose an infinite subsequence {rni}ΐ=ι of {rn}n=ι such that,

for each positive integer i, we have 0<\rni — s\ < l / z and n^rti for every

j<i. Now, let us correspond to 5 the index set {«JΓ=i of the above sequence

{rnί\T=ι> Then if sΦs for real numbers 5 and 5', {n^ Π [nί] is at most a finite

set where {̂ ί}Γ=i and {;z'i}Γ=i are corresponding index sets of 5 and 5' respectively,
because {rni]Γ=i and {rŵ }Γ=i converge to 5 and s respectively. Therefore, if we

00

set qs = ΣQnt ror a real number 5 where {fli}Γ=i is an index set corresponding

to 5, we get π(qs)Φθ and π(qsqs>) = 0 if 5^5 ' .

Now, there exists a continuum family of orthogonal projections in N and

so the cardinal number of the set of all projections in N is not smaller than 2C.

But, since the cardinal number of Mp is not larger than c and π(Mp)

— Np>Np^Mp^c. This is a contradiction. Therefore, the kernel τt~ 1(0) = I of

7Γ is σ-weakly closed in M. By the first argument in this paper, n is σ-weakly

continuous. This completes the proof of Theorem.
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