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SOME REMARKS ON LOCAL MARTINGALES
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Let (ί2, F, P) be a basic probability space where F is complete with

respect to P and let {F{t)}^t<^ be an increasing family of Borel subfields of F.

In what follows, we suppose that the family {F(t)}0^t<oo is right continuous

and has no time of discontinuity.

We call a family T~ [F(t\ τt}^t<^ a time change function with respect
to the family {F(ί)}o<a<~, if

( 1 ) for each u € [0, oo), τu is a stopping time with respect to the family

{i'WWoo and τ β < o o ,

( 2 ) for almost all ωy [0, oo) ̂ u—>τM(ω) is a continuous and strictly

increasing function with τo(ω) = O.

For a right continuous stochastic process X = {xh F{t)}0^<oo and a time

change function T = [F(t\ τt}Q^t<ooy we can define a new stochastic process

TX= [xTt, F(τt)}0^t<oo and we call it the stochastic process obtained from X by a

time change with respect to T. In particular, if Xa = [xf, F(t)} <&<009 azA,

where A is an arbitrary set, is a collection of continuous stochastic processes

such that

sup{!*?-:r j | ; 0 ^ 5 ^ * , azA

is continuous, then we call the time change function

the stopping process or the brake of the processes Xα, where 0ί = inf [u λ w >ί}

and λί = ί+sup{|;r?-.zj?|; O^s^t, azA).

In the followings we assume that x0 = 0 and X is quasi-continuous from

the left. We call a martingale X= \xu F(t)} Q^t<oo an Lt-martingale if for each t

where ct is some constant with c0 = cQ+ = 0. Let M designate the set of all right

continuous local martingales which can be transformed into L*-martingales
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by means of time changes.

K. E. Dambis [1, 1965] has proved that any ^-martingale (that is to say,

any continuous local martingale [2, 1968]) belongs to M. The purpose of this

note is to give a necessary and sufficient condition for the assertion that a right

continuous local martingale belongs to M.

The author wishes to thank Professor T. Tsuchikura for his kind suggestions

in the presentation of this paper.

THEOREM 1. hi order that a right continuous local martingale

X — {xu F\t)} o<;f<« belongs to M> it is necessary and sufficient tJiat there

exists a continuous stochastic process Y = {yt, F(t)} o^t<oc with ^0 = 0 such

that zve have

P{sup|α:Mj g s u p j ^ i ) =π 1

for each t. Here we need not assume that yt is integrable.

PROOF. Necessity. If X— {xuF{$)}*&t<*> belongs to M, by the definition
of M there exist non negative constant ct and some time change function

T = {F(t\ τt} 0^t<oo satisfying c9 = <;<,+ = 0 and

P{ sup \χru\ ^ c + ) = 1

l Γ'u

for each t. We put c[ = inf cu. ct'= lim c't+h and c* = I c'ύ du. Then c*
t£u hlQ t Jt

is continuous in t and clearly we have

P{ sup I xrv\^cT} = 1

for each t. Therefore we have P i sup \xu\ ^cϊλ = 1, where φt = inf {u τ M > ί ) ,

and {cφt, F(t)} O^KOO is a continuous stochastic process satisfying Cφ0 = c* = 0.

Put yt = Cφt and we have the desired.

Sufficiency. Let Y = {yt, F(t)} 0̂ <«o be a continuous stochastic process

satisfying v o = O and P i sup |α:M | ̂ sup |v M | } = 1 for each t. Then the brake of

y, Θ = (F(ί), θt}ogt«>o, is a time change function and it is easy to see that

P{sup \XΦU\ ^ sup \yH\ ^t] = 1
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for each t and Θ X = [x$t, F(θt)}0^t<oo is an Li-martingale. This implies that
X = [xt, F(ί)}o ί̂«»o is an element of M.

This completes the proof.

It is easy to show that ctXa:> + βX™ belongs to M for any
= {xt

{k\F(t)}o^<oo^Mt £ = 1,2 and any real numbers cίy β. Let Fw be a
sequence of o-fields. By lim F ( n > we mean the o-field of all sets A for which

n-*oo

there exists an Aw <= F ( r° for each n such that lim P(AAAW) = 0.

Let Xw = {xt

w

9F'n\t)}o^<^ w=l, 2,-.. and X={^,F(ί)}o^<oobe stochastic
processes. We say that the sequence Xζ7° converges uniformly almost surely to
X if i\£)=F'(£+0) where F'(t}= lim F ζ n ) (ί) and there exist continuous processes

^ ( ) } s < y =

such that for each t

lim sup max{Iα:«<71> - xu|, | ^ t t

( n > -;y t t | } = 0 ,

%«"> = 0, sup I ̂ » > I ^ sup |3/»<n> I, rt = 1,2,

with probability 1.

THEOREM 2. In order that the stochastic process X = [xt, F(t)} QSt<»
belongs to M, it is necessary and sufficient that there exists a sequence
X ( n ) = {^tcn),F(ί)}o^«oo of right continuous martingales converging uniformly
almost surely to X

PROOF. Sufficiency. We shall divide the proof into three portions.
Case(l). First we shall consider the simple case that α:f

cn> is uniformly
integrable with respect to n, for fixed t.

Let A € F(s). Then for each n

ί x™dP= f

Passing to the limit, we see, in view of the uniform integrability of cr,cn) and
xfn\ that X = [xt, F(ί)}d^< . is a martingale. It is easy to see that we have

a.s.
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In view of Theorem 1, X = {xty F(t)}Qzt<~ belongs to M.
Case (2). Assume that we can define the brake Θ = [F(t), θt}0^t<~ of

{YC7°, Y n = 1,2, •}. As Xt = t + sup max( |jytt

C70 |, |yu | ) , clearly we have
OίgM<ί

π«1.2,

That is to say, Xβt

w is uniformly integrable with respect to n, for fixed £.
As ΘYcn), w = l, 2, ••• and ΘY are continuous stochastic processes and ΘXcn>

converges uniformly almost surely to ΘX, we have ΘX € M in view of case (1).
Hence X is an element of M.

Case (3). Let us go over to the general case. Let ΘC7° = [F(t)9 θt

w}0<:t<-
and Θ = {F(t),θt}0^<09 be the brakes of {YW

9Y} and Y respectively. It is easy
to show that we have with probability 1

»> = t + sup

tends to \t~t + sup|,yM| by the convergence property of X ( n ) and then

lim θt

w = 0,

for each ί. We put Θ$M = inί{θN™ k^n}. Then each (9^w) is a stopping
time with respect to the family {F(ί)W<-, and

w t θN(n

for each JV = 1, 2, .
By the triangle inequality we have

and we have

P{limxp}nAt^Xθ t} = 1
n- oo Λ **

for each N9 because X c n > ccnverges uniformly almost surely to X and the
process X is quasi-continuous from the left. For each n and N, {x6V{n)AU

F(θ#n) Λ t)} ô ôo is a martingale and from the fact | Λ#J><»>Λt | ̂ N% xty«)M is uniformly
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integrable with respect to n, for fixed t. On the other hand, by the assumption
that the family [F(t)} 0̂ <oo has no time of discontinuity, for any Az FΘNΛ* there
exists Aw €F*y*)Msuch that P(AAAW) converges to 0. Therefore for each

n we have

In view of the Lebesgue bounded convergence theorem we have

/ XΘNAS dP = Γ XΘNM dP9 s ^ t \

JA JA

Thus for fixed N, [XΘNM, F(βNf\i)}*&<» is a martingale. On the other hand, as

A[ΘN>S]ZF(ΘNAS) ίorAzF(s\ we have for s<t

/ x,..dP = /

= I χι]fMdP+ I

= ( x<,NhtdP.

A[θN>s]

XβNht dP
A[ΘN>S]

Therefore {XΘNAU F(t)} 0^<Oo is a martingale.

Now we put X<n>= {xeNM,F(t)}o*t<00 and ^

Then the brake of {Ycw), Y ΛΓ = 1,2, •} exists and coincides with
the brake Θ of Y. As X(Λ° converges uniformly almost surely to X, from the
case (2) we see that X is an element of M. This completes the proof of the
sufficiency.

Necessity. Let X = {xt> F(t)} 0^t<oo be an element of M, that is to say, we
assume that there exists a continuous stochastic process Y * = {yfy F(t)} 0^t<oo with
y0 = 0 satisfying

sup \xu\ ^ s u p \yi[ a. s.

for each t. If Θ= {F(ί), ̂ }o s«- is the brake of Y* then X<">= (xt/.^ F(ί)}««-
satisfies that



SOME REMARKS ON LOCAL MARTINGALES 179

sup \xtAon\ ^n a. s .
<ί<

p
0<ί<oo

for each n = 1, 2, From this fact we may deduce that XC7° is a martingale
for each n.

We put xt

in:>=XtAen. Then clearly we have for each t

sup I x u

w I ^ sup] j/ίΛen I = sup \yf Au| ^ nA\t a. s .
O^u^t 0^u<t 0<ίί^ί < i u

where λf = iαf {w θu>t). If we put 3/ί

(n) = nΛλ« and yt = χtj then YC7°
= {ytin\ F(t)}o<ίt<oo and Y = {3/̂  F(f)}0^<oo are continuous stochastic processes and

lim sup \yu

w -yu\ = 0 , yo

w = y0 = 0 a. s.

As lim sup \xu

w — xu\ = 0 a. s., XcrO = {xt

cn\ F(t)}0^t<oo converges uniformly

almost surely to X. This completes the proof.

THEOREM 3. If a sequence X c w ) = {xt

cn\ F(ί)}o^<« o/ M satisfies that
for each t

lim sup m a x { | ^ M

c n ) - ^ u

c m ) | , |y t t

c n ) -y u

c m ) |} = 0

almost surely, then X c n ) converges uniformly almost surely to some element

PROOF. It is easy to see that Xcr° converges uniformly almost surely to
some process X ~ [xt% F(t)}0^<oo, where ^ = lim xt

cn:> a. s., and there exists

a brake Θ = {F(ί). θt}0^t<oo of {Γc'n); n = 1,'2*- •}. Then a sequence ΘX c n )

= {^t

(π), F(θt)}0^t<oo of right continuous martingiles converges uniformly almost
surely to S X= [x$t, F(βt)}0^t<oo. In view of Theorem 2, Θ X belongs to M and
therefore X belongs to M. This completes the proof.

We can generalize Theorem 1 as the follows :

THEOREM 4. Let X= {xu F\f]\^t<00 be a right continuous stochastic
process (not necessary x0 = 0).

In order that for some time change function T= [F(t), τt}{^<OO9

sup \xTu\ t=ΞCt + ξ0 a. s .

where {ct}0^t<oo is a constant process and ξ0 is a F^measurable random
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variable, it is necessary and sufficient that there exists a continuous process
Y = {yt>F(t)}0&<~ (not necessary :yo = O) satisfying the inequality

sup \xu\ ίS sup \yu\ a.s.

for each t.

PROOF. Sufficiency. Let Y = {yt9 F(ί)}0^<« be a continuous stochastic
process satisfying for each t

sup \xu\ ^ s u p \yu\

with probability 1. Then the brake Θ = {F(t)fθt}0^t<oo of the process {yt—y0,
F(t)} ô <o is a time change function and it is easy to check

sup \xθu\ ^ s u p \yθu-yA + bol ^ ί + b o l a.s.

Necessity. We put ct — inf ctt and cΓ = ri+o —^ό+. Then {r*}o^<o« where

1 Γ „c* = —- I c'u'du, is a continuous process with ct — 0 and we have
* Jt

sup \xτu\ ^cf + ξt a . s .

where ^* = £0 + c'0+ (this is clearly F0-measurable).
Therefore we have

sup \xu\ ^Cφt + ξt a. s .

where φt = inί{u; τu>t], and [c$t + ξϊ, F(t)}a^t<^ is a continuous stochastic
process. This completes the proof.

REMARK. We may assume that ct is coitinuous. Then ξ0 = 0 if and only
if yQ = 0. Moreover for each />, ξ0 is Lp-integrable if and only if 3>0 is so.
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