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1. Introduction. It is well-known that the Cauchy problem and difference
approximations of its solution are closely related to the theory of semigroups,
but these relations are usually treated under the assumption that the semigroup
generated by the solution operators of the Cauchy problem is a (C,)-semigroup.
Trotter [9] shows that the difference approximations for the Cauchy problem is
formulated in terms of semigroups and reduces the problem to the convergence
of semigroups. On the other hand, the theory of semigroups is developed in
more general classes, for example, in the class of (A) or (0, A). Phillips [8]
formulates the abstract Cauchy problem in terms of (C;)- and (0, A)-semigroups.
The theory of convergence of semigroups is generalized to (1, A)-semigroups by
Miyadera [6], and to (A)- and (0, A)-semigroups by Oharu and Sunouchi [7].

The purpose of this paper is to formulate the semi-discrete difference
approximations to Cauchy problem in terms of semigroups. In §2, we show that
the problem of convergence of semi-discrete difference approximations of Cauchy
problem is reduced to the problem of convergence of semigroups. In order to
treat this problem by semigroup-theoretic approach, we shall introduce the notion
of well-posedness in the sense of semigroup and study some relations between
the abstract Cauchy problem and its semigroup. In this formulation our results
on the convergence of (A)- and (0, A)-semigroups are applicable to the problem.
But if we assume that the Cauchy problem is well-posed in the sense defined in
§2, then the conditions of convergence are given in very simple forms (§3). As
an application, in the case of constant coefficients considered in L*R%), we can
show there are always semi-discrete difference approximations which converge to
the solution of the given Cauchy problem (in §4). Finally, in this respect, we
shall show some examples of (0, A)-semigroups generated by the solution
operators of Cauchy problems in simple forms (in the Appendix). These examples
will be interested in themselves.

2. Abstract Cauchy problem and semi-discrete difference scheme. Let
us consider the abstract Cauchy problem
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2.1) === Au, u(0) = u,,

in a Banach space X. Here A is a densely defined closed linear operator. We
shall assume that A has a core, that is, a linear dense set contained in the domain
D(A=)= N D(A™), such that the closure of A restricted to D is equal to A and
A(D)c D. This condition is usually satisfied by differential operators. (Concerning
the notion of core and its properties, refer Kato [4].)

The process of setting up a sequence of finite difference approximations to
the Cauchy problem (2.1) may be described in the following general terms. Let
{A.} be a sequence of bounded linear operators which approximates A in the
sense that

(2.2) Au— Au, for ue D,
then we obtain the sequence of equations

dul"_, = =
2.3) “dt Anthy s u(0)=1u, ,

which will be called a semi-discrete difference scheme. (2.2) will be called a
consistency condition. The solution of (2.3) for each n is obviously represented
as

2.4 u(t) = exp(tAn) u, = TH(t) u, .

oo

Here T.(t) = exp(tA,) = >_(tA,)*/k!, which is well-defined, because A, is a

k=0

bounded linear operator. Thus we obtain a sequence of uniformly continuous
semigroups {7T,(#)}. The general descriptions of semi-discrete difference approxi-
mations for constant coefficient cases are given by Birkhoff and Varga [1] in
some details. See also §4.

Now the problem of semi-discrete approximations is: under what conditions
do the approximate solutions «,(¢)="T,(¢)u, converge to the solution «(¢) of (2.1)
for t >0 or t =07?. Note that the problem is formulated whether or not the
Cauchy problem (2.1) is well-posed.

Trotter [9] proved (in a more general form) that, under the consistency
condition, if there are constants M and e such that

2.5 ITw@®)] = llexp(tAn)| = Me*,

and the resolvent set of A intersects the half plane {A; ReN> ®}, then
the Cauchy problem (2.1) is well-posed in the sense that the solution operators
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T(¢), defined by the solutions u(¢) = T(¢)u,, form a (C,)-semigroup, and the
sequence of approximate solutions «,(¢) converges to u(¢) strongly, and uniformly
in ¢ in any finite interval of [0, o).

However, as will be shown presently, there are Cauchy problems which are
well-posed in weaker sense. We shall restrict our attentions to the well-posedness

which can be defined in terms of semigroup theory.
A function u(t) =u(t; u,) is called a, genuine solution of (2.1), if

i) wu(t) is strongly absolutely continuous and continuously differentiable in each
finite interval of (0, o),

i) u(t)€ D(A) and d;g—t) = Au(t), for each ¢>0,

i) w(t; u,) > u,, as t—0+.

The Cauchy problem (2.1) is said to be well-posed in the sense of semi-
group (S.G. well-posed) if there is a family of bounded linear operators T'(¢),
t >0, defined on the core D of A, such that for any u, < D (2.1) has a unique

genuine solution u(t)=T()u,< D for all ¢ > 0.
We note here that if «(¢) is a genuine solution, then du(t)/dt is continuous
for £t > 0 and Bochner integrable in any finite interval of the form (0, B3).
When the Cauchy problem is S.G. well-posed, we can of course extend the
definition of T'(t) to a bounded linear operator defined on the whole space X by
closure; this extended operator will be denoted by the same symbol 7°(¢) and

called the solution operator of (2.1).

THEOREM 1. If the Cauchy problem (2.1) is S.G. well-posed, then the
solution operators {T(t)} form a semigroup, that is,

(2.6) T(s+t)=T(@6)T@), 5,t=0,
2.7 T u—>T(t)u, ast—t, for any t,>0, ucX.

Further we obtain

@.8) —%T(t) wo = AT@ uo = TE)(Aus)  for t=0, u < D.

PROOF. (2.6) is obvious. (2.7) follows from the strong continuity of
{T(t)uy; uy€ D}, denseness of D and the well known theorem of semigroups

concerning strong measurability and strong continuity ([3; Theorem 10.2.3.]).
Since we have assumed that u,< D implies Aw,< D, T(¢)(Au,) is also a



SEMI-DISCRETE DIFFERENCE SCHEMES 397

genuine solution. Therefore A[T(¢)(Au,)]= {;’TT(t)(Auo) is Bochner integrable
in (0,8) and

T(6)(Aus) = Auq + f ‘ —gt— T(6)(Auy) dt
= Au, + f | AIT() (Aug) de
= Au, + A[ f T(oAuy) dt].

L
Put =z(2) = u, + f T(t)(Au,) dt, then () is strongly continuously differentiable
0

for t=0 and dz(¢)/dt = T(t)(Au,) = A(z()). Thus =2(¢) is also a genuine
solution of (2.1), and z(t)=T(¢) u, by unicity. Now (2.8) is obvious.

As mentioned in §1, the Cauchy problem is usually treated under the
assumption that the solution operators form a (C,)-semigroup or more stronger,
holomorphic semigroup. But some Cauchy problems of parabolic systems in the
sense of Shilov generate semigroups of class (0, A), which will be shown by
examples in the appendix. We shall say the Cauchy problem (2.1) is (4)-,
(0, A)- or (C,)-well-posed if the semigroup of the solution operators is (A)-,
(0,A)- or (C,)-semigroup, respectively.

We close this section with a summary of semigroup theory and a theorem,
but we assume familiarity with these basic facts; see Hille-Phillips [3].

Let {T'(t); t>>0} be a semigroup, then the type of {7°(¢)} is defined by

w, = lim £~ 1og| T(®)] < oo

A semigroup {7'(¢)} is said to be of class (A) if X, = UT(t)[X] is dense in

t>0
X, and if there is an @, > @, such that for any A with Re A > w,, there is a

bounded linear operator R(A) such that

G

a) R(?\,)u=f eMT(t)udt, forueX,,

b) sup {|R(V)] ; Rea>w,} < oo

c) s;lim AMR(N) = 1.
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1
Further, iff | T(8)u|dt <co, then it is said to be of class (0,A). (C,)-
0

semigroup is defined as follows: hm T(t)u=wu for each u< X; it then follows

that, given » > o,, there exists an M >0 such that [|7T(¢)| = Me*, for t=0.
For semigroups of any class mentioned above,

limt(T@)—1u = A,

=0+

exists for a set I(A°), dense in X and A° is preclosed. (A’ is closed for (C,)-case.)
Then resolvent R(A; A) of the closure A of A° exists for ReA>w, and R(A)
=R(n; A). The followings will be used: if < D(A), then

i@}i)ﬂ = AT(t)u=T(t)Au  for t >0,

([3; Theorem 11.5.3.]), and if T'(¢) is of (0, A)-class, then

lim7T(#)u = u, for ue D(A),

-0+
([3; Theorem 11.5.4.]).

Finally, the following theorem will clarify the relation between the Cauchy
problem and its semigroup.

THEOREM 2. When the Cauchy problem (2.1) is (A)-well-posed, then A
is the infinitesimal generator of the semigroup of solution operators.

PROOF. By the definition of (A)-semigroup, the bounded linear operator
R(\)=(I—A")"! is defined for sufficiently large Re A, and

(2.9) R\)u = f e MT(8) udt

for u where T(t)u—u as t »0. (A" is the infinitesimal generator of {7(¢)}.)
Now (2.9) has a meaning for «,< D and, employing (2. 8), we obtain

0o

RO\ Aug = f M T(6)( Auy) dt

0

oo

_ fo ot 7dt— (T u) dt

—u, + XRO") Uy,
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that is, ROAN)(M —A)u,=u, for u,€ D. Similarly we obtain (A —A)R(N)ue=1u,
for u,€ D. But then we know R(A)=(AI—A)"!, by using the closedness of A
and denseness of D. Therefore WI—A)'=(AI—A")"!, and A=A.

3. Convergence of semi-discrete difference schemes. As mentioned
before, the convergence of semi-discrete difference schemes is reduced to the
convergence of semigroups {T,(¢£)}. Recently we obtain a theorem on convergence
of semigroups of class (A) or (0, A) and the results will be applicable as a
criterion for convergence of semi-discrete difference schemes of Cauchy problems.
This may be stated as follows:

THEOREM 3. Under the consistency condition, suppose that

(8.1) there is a v> 0 such that

00

supf e |lexp(tA,)ul| dt < o  for each ucX,
* o Joy

(3.2) IWR(N; A =M, for A>,
(3.3) sgpllexp(tAn)H < oo for each t >0,
(3.4) p(A)N{A; Rex>v) % ¢,

then the Cauchy problem (2.1) is well-posed in the sense of (0,A), and
un(t) = u(t), strongly, and uniformly in any finite closed interval of (0, ).
If (3.1) is replaced by

(3.1)" there are real numbers v and L >0 such that
IRA; ADJI=L  for Rea>v,
then the Cauchy problem is (A)-well-posed.

Proof is rather complicated because the theorem is strong enough to imply
the well-posedness of the Cauchy problem by means of the semi-discrete
approximations. See, Oharu and Sunouchi [7; Theorems (1, A), (4) and their
Corollary 1].

REMARK. It is obvious from (3.1) that R(\n; A,) = f e Mexp(tA,)dt is
0

well-defined for Re A >, therefore {N; Rex>v} cp(A,). Thus we know, with
the consistency condition,
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(3.5 R(n; A,)— R(n; A), and the range of R(A; A) is dense in X.
(cf. Kato [4; Theorem VIII. 1.5]). These conditions are due to Trotter [9].

It is sometimes (or usually) known that the Cauchy problem is well-posed in
either sense mentioned above and the problem is only to show the convergence
of semi-discrete approximations. (A condition of (0, A)-well-posedness is given by
Phillips [8].)

THEOREM 4. Let us assume the Cauchy problem (2.1) is (0, A)- ((A)-,
or (Cy)-) well-posed, and the type of {I(t)} is w,. If the consistent semi-
discrete scheme (2.3) satisfies the conditions

(S) there are real numbers ¥(> »,) and L >0 such that

IRV A)I=L  for Rea>v,
(B) sgpllexp(tAn)H < oo, for each t >0,

then u,(t) — u(t), strongly for t >0, and the convergence is uniform in t for
any compact interval of (0, oo).

PROOF. Put f(¢) = sup||T.(¢)| < oo, then f(¢) is non-negative, measurable

and submultiplicative, so that
(3.6) ft) is bounded in any finite interval of the form [&,1/€],
3.7 lim 27" log flz) < oo
([3; VIII, §7.4]). Hence, for each €>0, there is a @, such that
sBpHexp(—pzot) T, =1, fort=E¢&
Therefore the problem is reduced to the case of T',(¢) and T(t) of negative type,

by considering equivalent semigroups exp(—put)T,(t) and exp(—ut)T(t), where

p=max(g,, V).
Then we know the estimates

lexp(tAn) u — (I—tA, /) ul| é—tI:—K(u), for any ue X,

and

IT) u— (I—tA/k)y*u| < —tI:—K(u), for ue D(AY),
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(cf. [7; Lemma 5]). Thus we obtain, for u< D(A*),

ITa) e — T@) ull = [ Tw()u — (I—-tAn/R) " ull
+ [(I—tA,/ k) *u — (I—tA/k) ™ u| + |(I—tA/ k) u—"T(t)u|

= 2 K@) + [T~ tAn/ky* u—(I—tA/R)* ul,

hence, by (3.5),

lim sup|[ T(£) & —T(2) ] é%ﬁim),

Now we obtain, as k— oo, T,(t)u— T(t)u for ue D. Since D is dense in X
and sup|| T ,(¢)|| <o, we obtain the result.

The uniformity of the convergence follows from (3.6) and equicontinuity of
T.(t)x in [§,1/€]. But this will be obvious.

4. Constant coefficient cases. In this section we shall consider the Cauchy
problem with constant coefficients, that is,
(4.1) e — POy, w0) = ua),
in a Banach space X, where P(D) is a partial differential operator with respect
to x€ R* with constant NX N matrix coefficients, and u(¢) = w(x,¢) is an N-
dimensional vector. General descriptions of semi-discrete approximations for
constant coefficient cases are given by Birkhoff and Varga [1] in some details.
Following their arguments, let 2~ = (h,), ;>0 be a vector whose components

specify the mesh spacings, and approximate each partial derivative D'u,=D} - -

Dfu,, D= i%, by a divided difference of the form
k

(4- 2) (H h/fl") z ,U'gvli) uj(x1+m1h1 P ‘rd+mdhd) = Sﬁ[u,] ’

m

where the u{Y are fixed constant independent of A. The assignment of a particular

choice of a set of such divided difference approximations (4.2) to each D' in
(4.1) will be called a semi-discrete finite difference scheme A. When both
the scheme A and the mesh vector 2 are specified, we will speak of a semi-
discretization of a system (4.1), and denote the resulting approximation to P(D)
by II(A, ). Then II(A, %) is a linear combination of translation operators, and
so a bounded linear operator. It will be natural to require that

(4.3) (A, h)u — P(D)u, for ueD,
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which is the consistency condition. We obtain a sequence of approximating
equations :

(4. 4) %‘7” =TIA,R)uy, un(0) = u,.

The abstract formulation of this setting is given in §2.
Let us now consider the problem in L%(R?), that is, the norm is defined by

. 12 N 12
it = ([t 22az) = ([ £ lwie o1 da)

Defining the Fourier transform by
i(§) = @) [u(x) exp(—i<z §>)dx,

then (4.1) reduces (formally) to the following Cauchy problem for a system of
ordinary differential equations with & as a parameter, namely,

(4.5) U pyak,n, a0 = i),
and (4.4) to
(4.6) Lo _ AE Y@, 0i0)=1.

A(§,11,) is called the amplification matrix.
The solution of (4.5) is

C)) a(€,t) = exp(¢(§)) o(£) »

for any initial function #,(€) if it has a compact support, and the solution of
(4.6) is given by

(4.8) (¢, §) = expA(E, I1,)) do(§),

for any ,.
Now if the centered difference quotient :

Su u(x+hper) — u(x—hpe)
4.9 Jo— Uy &€k j €k
(4.9) dxy 2h, ’
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(ex is the k-th unit vector) is used as an approximation of (Qu;/9x), then the
entries of the amplification matrix A(E, II,) are exactly same as the corresponding
ones of the given matrix P(€), where &, is replaced by &.(h) = sin(hE.)/h..
This is easily seen by

N .
(e = SQeba) o).

dxy

THEOREM 5. Assume the Cauchy problem (4.1) with constant coefficient
matrices is well-posed in any one of (A)-, (0,A)-, and (C,)-senses in L*(R?),
then there is a semi-discrete finite difference scheme which converges to the
solution.

PROOF. By theorem 4, it is sufficient to show the conditions (S) and (B).
If we use the centered difference approximations (4.9), then A(&,I1,)= P(E(h)).
We note that |£c|/2= |Ex(R)| = |&i| for |Ex] = /2R, then

?3?‘(7”1—1’(5@)))“ | = sup (M —P(E) |,
?}',l}))lexp(tP (f (h)))l = Suplexp(tp(f))l ,

and the right hand sides are independent of 2, we have (S) and (B), and the
proof is completed.

APPENDIX. Some examples of (0, A)-well-posedness.
Let us consider the Cauchy problem with constant coefficients :

(A.1) %‘ = P(D)u, w©0)=u, in L¥RY).

Since P(D) is preclosed in L?* we obtain Py(D), called the minimal operator
of P(D), by taking the closure of P(D). If we take differentiation P(D) as
distribution sense, we obtain the maximal operator P,(1J) with the domain
D(P(D)) = {we L*; P(D)ucL? = {de L*; P(§)auE)e L*¥. It is obvious that
P,(D)DPyD), but we are considering these operators in L* on the whole RY, it
is well-known that P,(D) = P«(D), which will be denoted by P(D). Then we
obtain the abstract Cauchy problem

(A.2) %‘t‘_ — PD)u = Au, u(0)=u,, in L¥RY),

and as a core we may take D= {u€S; #(§) has a compact support.}.
Since the Fourier transform preserves the Hilbert space structure of L? we
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may consider the problem in the transformed space Lz(/IE"), see, (4.5). The
correspondence given by the Fourier transform will be summarized as follows:

PD)= A« K§),
T(t) <—— exp(tP(£)),
and | T(2)]| =sup{|exp(t )| 5 £ < RY,
=A<« W-HE),
when either side is bounded, and then |(nI—A) || =sup{|(AM—PE)|; £ < RY.

REMARK. If the Cauchy problem (A.2) is S.G. well-posed, then the type
of semigroup: @, = lim¢~!log|7'(¢)| is finite. Let A,(£) be the eigenvalues of

P(£) and put A(P)=sup {max;Ren,(£); £ e/ﬁ"}, then [ 7T(¢)|=exp(tA(P)), and so
o, = A(P).

This implies, if the Cauchy problem is S.G. well-posed, then it is well-posed in
the sense of Petrowski.

We note here that the condition of (C,)-well-posedness is, as easily seen,
sup{|7(¢)|; 0=t =T} < oo for any T >0, and the algebraic condition for P(§)
is given by Kreiss [5].

Before entering examples, we note

LEMMA A. Let \< p(A), then we obtain a representation of the resolvent
of A by

(A.3) A=Aty = fxexp(—ht) T(t)udt for ueD.

0

PROOF. For any fixed £ such as AI—P(€) is regular,
(=PE) l6) = [ exp(~t)expPE) aE)

follows from the matrix theory. Now A € p(A) implies this equation is valid for
each £ and

W-A) " u <> (W -PE) " a()
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= [ exp(—ne)explePE) ace) dt,
0

in L% On the other hand, if #< D, then by the Fubini theorem, the inverse
Fourier transform of |exp(—at)exp(¢P(€))4(€)dt equals to f exp(—A)T (@) udt,
0 0

thus we obtain the representation.

REMARK. € p(A) implies that the operator R(A) defined by
RQ\)u = f exp(—N)T({)udt, for ueD.
0

is a bounded linear operator, and R(A)=R(n; A).

In order to verify the condition a) of the definition of (A)-semigroups, we
have to show (A.3) for each u <€ X, = UT(t)[X], but this and the remaining

t>0
conditions of (A)-semigroups will be proved directly in the examples.

Let us now consider the Cauchy problem (A.2) with d=1 and

(—sm‘f* 2 )
— g

P(§) =

then the order of equation p=max(4,q). Let A(£) = max,Ren,(£), where the
M, (€) are the eigenvalues of P(£), then

A = -8,

therefore the system da/dt= P(£)# is parabolic in the sense of Shilov with the
exponent =2, (See, for example, A. Friedman [2; Chap. 7, §6].) Since

exp(t(—E*+iE*)) t&E%exp(t(—&°+i?))
exp(tP(£)) = ( )

exp((—§*+1£Y))

it is obvious sx;plexp(tP(E))I < oo for £>0, so that the Cauchy problem is S.G.

well-posed, and the type ©,=0.

The matrix theorem of Kreiss [5] shows that if ¢=0, 1, or 2, then (A.2) is
(C,)-well-posed, and otherwise, it is not (C,)-well-posed.

We shall show that (A.2) is (0, A)-well-posed if g=3 and 4, and is not even
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(A)-well-posed if ¢=5. If Ren>0, then

/(N +E—igY) §/N+E—iE')
(A9 Rowi €)= )
1/(n+ 82 —ifY)
for each £ and
IR\ P)| = s?pIRO\,; )| < oo,
if g=8. Therefore, if ¢=8, {\; ReAn>0} is contained in the resolvent set of
A, and we have

IRN; A =M,  for Ren>0.

This is the condition b) of (A)-semigroups.
Next we shall show' the condition a). Since {7'(¢)} is strongly continuous

for t>0, D(A®) is dense in X, = UT(t)[)(_I ({3; Theorem 10.3.1.]). It is

t>0

obvious that the core DC D(A®) and D is dense in X, hence X, is dense in X.
Fix o, >, = 0, and take a ve€ X,, then there is a ¢,>0 such that v = T(¢,)u,
ue X. But if ue D, then T(¢,)u € D and we have the representation, by Lemma
A, for Rea >0,

(A.3) O —A) T(t)u = f exp(—ne) T() Tt wdt

00

Now, Re A > w,, then f exp(—at) T(¢+t,)dt is a bounded linear operator on X,

0

and f exp(—ne) T(¢) T(t,) udt is well-defined for any u < X. Therefore,
0

WI—A)"v = I—A)" T(t)u

- f expl—n) T(8) T(to) wdt = f “exp(—nt) Tt v dt .

Since ve X, is arbitrary, this is the condition a).
Thus, in order to show (A)-well-posedness, it is sufficient to show the

condition c), that is,

(A.5) Jl\im AMR(A; A)u=wu, for each uwe L%

At first we shall show that sgp[f"/(?\,—l-fz—if“fl < oo as A— oo, if and only
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if ¢g=4. But this is evident, because |&9/(N+£2—i£*)?| takes its maximum at
the point £*=O(A) as A — . Thus we know [AR(A; A)|=L as A — oo, if
q=4
(A.5) is evident for #< D, dense in L? thus we obtain (A.5) for any u € L2
Finally we show that (A.2) with ¢g=3 or 4 is actually (0, A)-well-posed. The
proof depends on the Phillips criterion [8; Theorem 3.2] on (0, A)-well-posedness.
It suffices to show that, if «,< D(A), then

(A.6) T uy—u,, ast—0,

because we have shown that it is (A)-well-posed, and so the assumptions of the
Phillips theorem are satisfied. (A.6) will be proved as follows:

As remarked before, IXA)= {d<c L*; P§)ac L?}. Therefore, u,= <u10>
u
€ D(A) if and only if *
dlo> ((—f2+if4)ﬁm+§‘dzo)
= el?,

P(f)( - _
(=4 iEY) s

Py

Ugg
that is, &'y, £y <€ L. Now

exp(t(—E°+1E%)) o +tE* exp(e(—E°+iEY)) dy )

exp(tP(E)) iy = ( ,
exp(H( — £+ ")) sy

and
exp(¢(—§&? +iEY) dyy —— Uy,
as t —0,
exp(¢( —&E*+iEY)) dyy —> 4y,
are evident. Since £%,,€ L% it is also evident that

tE'lexp(t(—&*+if") dyy —> 0,  as t—0.

Thus we obtain (A.6), and the proof is completed.
As corollaries, we know that

[ lespiePeEn a@l de < oo, for any wee L,

R(n; P)uy, = fexp(—)»t)T(t)uo dt, for any u,< L?,
0
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by the properties of (0, A)-semi-groups.

REMARK. In the above example, if ¢ =3, then the Cauchy problem (A.2)

1
is (1, A)-well-posed. In fact, it is sufficient to show that f |T°(2)| dt < oo, or
[1]

But

1

[ supleg? exple(— 2 +ig) | de < oo.

this is shown by the fact that the integrand takes the maximum at the point

of t£? = 3/2, therefore s:tlp]tf3 exp(t(—&E*+if*))| = O(1/t"/?) as t — 0.

[1]
[2]
[31
[4]
(51
(61
[71]
(8]
[91
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