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1. Let 3a, be a given infinite series with s, as its z-th partial sum, We
denote by {o2} and {z3}the n-th (C,a), (> —1) means of the sequences {s,} and
{na,} respectively. A series Za, is said to be summable |C,a| if 3|os—oa_,| < oo
and summable |C,a|, 2=1, a> —1 if '

(1.1) 2 o — o [F < oo,

In view of the well known identity £2 = n(oct—0o%_,), the condition (1.1) can
also be written as

o pialk
(1.2) > |£2] <oo,
~ =n
Let {p,} be a sequence Of positive real constants such that P, = p,+ 5,
+ oo+ p,—>00 as m—oo, A series Sa, is said to be summable |N,p,| if t¥ € BV,

where tx = ?}-Z DSk .

N k=0

For p, = %the summability |N, p,| is equivalent to the well known summability
|R, logn, 1].
For any real a and integers #=0, we define aAU,, =Y A;%U,, whenever the

v=n
series is convergent.

2. Tt is known that summability |N, p,| and the summability |C,a|; are, in
general, independent of each other. It is, therefore, natural to find out suitable
summability factors {€,} so that 3a,&, may be summable |Ca|, @>—1, k=1,
whenever Sa, is summable |N,p,|, and conversely, if 2a, is summable |C, al,
then 3a,&, may be summable |N,p,|. Ina recent paper [5] the author has
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examined the summability factor problem of the first type. We propose to study
the converse problem in the present note. In what follows we shall prove the
following:

THEOREM. The necessary and sufficient conditions for the series 3a,&, to
be summable |N, p,| whenever Sa, is summable |C,a|;, a=0, k=1, are

atl-L a
(i) {n 1"’A(%)}elk3%+% 1,

I

(ii)(a) {n;k_'e,,}elk', o<a=<1,
(ii )(b) {n"”‘"(%)s,.}ezk', a>1,

where (a) po=O(pari), (b) (n+1)p, =O(P,) and (c) P,=O(n"p,) (@>1).

It may be remarked that our theorem includes, as a special case for k=1,
the following theorem of Mohapatra [8].

THEOREM A. Let the sequence {p,} satisfy the following:

(2- 1) Pn= O(Pn+l) ’
(2.2) (n+1)p, = O(P,),
(2.3) P,=0(p,n), a>1.

The necessary and sufficient conditions to be satisfied by a sequence {€,} such
that 3a,€, is summable |N, p,|, whenever 3a, is summable |C,a|, a=0 are

O(1), 0=a=1,
(2 4) &, = P,,n"“

O(T), a>1,
(2.5) A (‘97)= O .

On the other hand if we take p,=1, we get the following result of Mehdi [6].

THEOREM B. Let a=0, k>1. The necessary and sufficient conditions for
Sa,E, to be summable |C,1| whenever 3a, is summable |C,al; are (i) and
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-] k'
(i) @) T8 cw, ax1,
\ 1 n
(i) (b) Sate¥|g, ¥ < oo az1.
1

Similarly on taking p, =1/n+1, we deduce the following result concerning
|R, logn, 1| summability factor of infinite series.

COROLLARY. Let a=0. The necessary and sufficient conditions for Za,&,
to be summable |R, logn,1| whenever Sa, is summable |C, a|, k=1, are

a+1- L &« \
I {n +1 k’ A(en)}élk', 1 + 1‘ =1’
n k

kB
- L
I (a) {n ¥&}el¥, O=a=l,

1

I () {n ¥ (ogn&}lel¥, a>1.
3. We require the following lemmas for the proof of our theorem.

LEMMA 1 [7]. Let p=1, k=1 and suppose that x,yu and v are related as:
Yn = Z Cn,mxm’ n=0,
m=0

Up =2 Conthns m=0,

n=0
The necessary and sufficient condition for

(3.1) yel? whenever xel* is
(3.2) vel¥ whenever uel”,

where k' and p’ are the conjugate indices of k and p respectively.

LEMMA 2 [7]. If 2>1 and 3, =3 Conttn and 3" |ya| <oo whenever

m=0 n=0

> |xpl¥< oo then

m=0

(3.3) 3 (Canl¥ < oo

n=0
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LEMMA 3[71®. If 1<k=oo, the necessary and sufficient condition for
¥o=O(1) whenever x, cl* is

Z |Cym¥ < 00,

where x, and v, are related as in Lemma 1.

LEMMA 4. Let k=1. It 3a,g, is bounded (N,p,) whenever Za, is
summable |C, 0|, then

1
& =0(n *)
PROOF. We write
1 n
Yn = Z(P Pr— )
N r=q
-1
and x,=r *a,r=1,z,=a,=0.
Then
) T, <
Z P Pr—- . & = zbn,rxr ’
'" r=1 . r=1
1 -1
where b,,= (P P,_)er* r=n,

Il

r>mn.

-

By hypothesis y,=0O(1) whenever 3|x,|* < oo. Then appealing to Lemma 3,
a necessary and sufficient condition for the above is

(3.4) S bp ¥ < o0,
. r=1

Now

*) This is given in Cooke’s “Infinite Matrices and Sequence Spaces” with a superfluous hypothesis.
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1
lyn|—(Z|bnf|") (le l")" <C*’<Z|x )"

Choose any m=1 and let a,=1, a,=0, n#m.

Then Tp=m °, 2,=0, n#*m
and In = (P Pm 1) m<n’
= m>n

Thus for n=m

1

19a] = (Pa= Poci)l&a] =C m' %,

Making n—o0 we get

-

e =Cm *

which is the required result.

LEMMA 5 [L,2]. If &,=O0(1), then A(A&,)=RE, if =0, B> —1, a-+8>0,
If &, =o0(1) then the equality holds for a=0, 8=—1, a+B=0.

LEMMA 6 [8]. If 1<a<2, & =O(n), then

ZA(%’)A;LP,,-I =-XA ( )z p,,zA =1
+ > P Z( )A;,‘,
- T A(&)Tazanaz,

+P > A ( )ZAF‘ s

m=n+1 J=r

*) Where C is a constant not necessarily the same at' each occurrence.
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LEMMA 7 [2]. For 0<B=a<l, 0=r=v=n,

v
> ALTLARGH=CALLAS .
m=r

LeEMMA 8. If (n+1)p, = O(P,), P,—oo, then

lim e = 1

Sor finite v.

The proof is quite easy.,

LEMMA 9[7]. Let 1<k=+o0, a>0, 6,=0(1),
and

zn(a+1)k’—1IA¢0”|k' < oo,
1
Then SR A, < 0, O<y=a.
1
LEMMA 10 [3]. If Sa, is summable |C,at|, B=1, a==0, then Sn~1-%|t2-3|*

< o0, where 0=0=a.

LEMMA 11[91¥. For a=1, k—1<a—1=k, where k is an integer,

n 1 k-1 * ° 1
a-1-1 A —(a~1)=-1 — _ p-1
EAn-—v Av—r o+1 ECP( I)PA (7"+1) Au—p—r

k-1 1
+ n—lc—ro( (r+1)"“ ).

LEMMA 12. If 3a, is summable |C,a|y, a=1, Then 3 t./n is summable
|C a—1],.

For =1 it is a special case of a general theorem due to Kogbetliantz [4].

*) This is a special case: B=a, ¥ =1 and a replaced by a—1 in[9].
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PROOF. Let T'3™! denote (C,a—1) means of {t.}.

a— 1 - a-— a - ajsax
Then Te 1= A,,_len_m == 1§1A as 1 EA,,_At
epe = ARTVATS
A" -1 Z:lt,A E v+1
=3 lnlar [T o-1rh hy A
—= A:—-l = r T = (4 (?‘+1) n—p—7

_ 1
+A$._1q_70( (r+1)71 )}’ g-1<a-1=g9,
by virtue of Lemma 11.

It is, therefore, sufficient to prove that

1 k
I= Z 1+(a_1)k (Z ItalA“ (—+1)1—+9A::¥—r) < oo, for 0=p=gq.
r=1

If p=0, then
— 3 1 a|k (a-1)k
I=3 e |t n P < oo,
1

by the hypothesis,
If p>0, then a>g=p so that

k
I Z l+(a 1)k (Z Itul P_IA;T;’;r)

r=1
1 n—p k/k!
—Z 1+(a 1)k (Z Italkﬂ e lAp-p-r) (ZAﬁ_P-lA;_-lp—r)
r=1 r=1

<czj LS |2 kparmrpg

r=1

1|4k __”_—li
=Cx il 3 A

r=1 n=r+p

—CS |k = O(1).

r=1
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4. Proof of the Theorem. The result being known for 2=1, we proceed
to prove the same for 2>1. We write x, = g, and

x, = 1/’}A“ > Aitra,, nz=1,
% y=1 ’
and ?;l—z P P,. 1 ar s f>_1 = 0’
so that
t tn- - 18 Pr—— .
: PP,, » E“
Putting
Vu = L, — L1 n=1, Yo = a&,
we have
P~
&, P,_
=P P, 2‘2 '
P,. A'r' lx ml/kAm
o o ; Z
e & o
PPnlmZ]_m Amxfi‘-"'nAf r—1
= Z Cn-mxm ?
m=1
where

C _v P P“— A.,,lml/k ZA'ra-l r Pr—b m<n,

r=m

= 0. m>n.

Now 3a,&, is summable |N, p,| whenever Za, is summable |C,a|, a=0, &
>1 if and only if

(4.1) 3|y.] < oo whenever 3|x,|* < oo,
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Using Lemma 1, the necessary and sufficient conditions for the same are:

(4.2) >~ Cp.mtn be convergent for every u,=0(1), m=1,
and

o | o K’
(4.3) S 12" Comtta| < + oo whenever u, = O(1).

m=1'n=m

Now
~ p-ac1 &r
gﬂcn m¥n = ml/kA'm":Zm P P,, ; ungn —m:l 7 Pr—l
—_ 1/k A—a -1 f
m A'mz r— IZ P Pn }
= mVAL S AP, %8,
« [ &
s (5 7).
_~__ Dn

where On = En PP
Now

: &
e AP M LE B

n=m r=m

<CZ|A¢¢-II |£| Pr lZPPn »

r=m

—cx el g~ 01) it &, = Om).

r=m

Thus if &,=O(n) then the above series is absolutely convergent for every u,=0O(1)
and hence change of order of summation is justified.

Thus, if &.=0(n) condition (4.2) is satisfied and hence a necessary and sufficient
condition for (4.1) is
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oo kl
(4' 4) Z mak'+k'—1 < + oo

m=1

e [ &
A (ﬁpm—lsm)

whenever &, = O(n) and u, = O(1).

NECESSITY : We are given that 3a,&, is summable [N, p,| whenever Za, is
summable |C,a|;. Then applying Lemma 4 we have &, = O(n'"**) = O(n). Thus
(4.4) is a necessary condition whenever u, = O(1).

NECESSITY OF (i). Let », =1, then §, =

a em
A()
Thus (i) is necessary.
NECESSITY OF (ii) (b)+From Lemma 2 we have

%.'From (4. 4) we obtain
n—1

k

Z mk’¢+k'—l < + 0o, a z O'
m=1

Do Chal*¥ < + o0,

n=1

that is to say,

K
Zn"’"“‘(—%’—) [€.]¥ < + o0,

n=1
This proves the necessity of (ii) (b).
NECESSITY OF (ii) (a). It follows from the case @=0 and the fact that (i) is
a necessary condition,

SUFFICIENCY : For 0=a=1 condition (ii) (a) implies that &, =O(n). Also
from (ii) (b) for a>1

& =0 (n‘““/"‘%) = O(n'*) = O(n)

since 2 =0, a>1.

Thus (4. 4) is also sufficient condition for the validity of (4.1).
Case (i): Suppose @ =0. Then
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SnT & ¥ < .

Using Holder’s inequality we observe that

3 |an8,| = SnVE g, |nV (€, | < (Snt1|a, | K)VEERT &, | ) < oo

Hence on acoount of absolute regularity, the series Sa,E, is summable [N, p,]|.
Case (ii): 1 < a@ = 2. We shall prove that

o o kK’
2o 12°Chrttn| < oo whenever u, = O(1).
r=1!n=r
We have
C P P -1 A:rl/kZA'u- v-1
&
=7 P A,r‘/" {EQA( z;’ P,,_l> A;_",+7"P,,_1A,;;‘,}
= pp A {ZP B A( ) Z-”” oA
+ P, n:j]l_ o } L™+ L™+ L™, say.
Then
o | oo K’ o | oo k' 0 | oo K’ o | oo K’
DU Costtn| =C|12°L{Mu,| +CX > L™u,| +CX |3 L{"Mu,
r=1!n=r r=1'n=r r=1In=7r r=1!n=r

= M, + M, + M,, say.

It is, therefore, sufficient to prove that

M,=0(1), p=1,2,3 whenever u,=0(1).

Let us first suppose that 1<<a < 2. Then applying Lemma 6 we get



444 S.M. MAZHAR

k’
CZZ Pn Aqu/kZP_IA( ) o
r=1ln=r "
n kl
— Czr(oul)k -1 Z unPn ZP'v—l A ( f)’u) -
r=1 n=r n 1 y=p
oo up n K’
= Cgr("ﬂ)k -1 g PnPn_l mz=r ( );Pvz
- (a+1)k’—1 c UnDn = @ € .
+C§r E,P,.Pn-l ,ngA(m)PmA”"l"

%

+ CE ey e 5

r=1 n=r

( )ZPvZ 72 An

oo

+ C3 o= § 11‘)"?': > A (%)Z A7z AL
= n=1 J=r

r=1 n=r

)14

= My, + M, + M,; + M,,, say.
Now using Lemmas 7, 8 the hypotheses (b) and (i),

24

Mx = CZT("”W

r=1

I e )ZP.,ZA - Az,

-1 p=r
k’
f_m_ a-2 Al—a
m ~ —rély—r
A% rassacs

— c (a+1)k’— - Pn
O(l)gr anPn_l

m=r

Ms -

- o) Z(

n

Pu S
PnPn—l Z=T

m
m.
m

= 0(1)3 (z mo =1

r

A

M

(4.5) ~ 01 )ir"’"“(

r=1

3
I

r

8

A

r=1

Z 7k’ =1 Z ak’—1

— O( 1 )Z e -1

Similarly,
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=Ja(%)

A( )\.Pr)k'

kl
i )
—-r

Ms

S -

r=1

P
y28

ﬁMs i

(a+1)k’—
Zrl ( PP,

[ oo

=0 (Z r(¢+1)k’—1

r=1

kl
a-2 1-a
—rAv—r)

a—2 Pn 2~a ¥
"r+1° 1A )

Ml3=0(1)zr(~+l>k'—l<z b 3 A

r=1

< (a+1)k -1 c Pn =
Lr (ZP,,P,,-I >

=0 (1) rrrw=1 (S m
r=1 =

K’ L] K [k
§ : m—5k+k+k—1 9<i<a+1
m=r

« (g K’
A(%)

I

m=r

o

_kl L — ’ 4 -

1 )Zr +ak? —1,.— 8k’ + 2k Z mak' 1
r=1 m=r

oo

= O(1) 5 e[

m=1

Next using Lemma 7.

M= O(1) 5 e

r=1

zr(a+l)k (i A'm.——'r

as shown in (4.5).

Thus M, =0(1), for 1<a<2.
Now let a=2. Then
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UnPn 1/k & r+1
L (B ($) -2 o ()
EW_I(ETPP“P” ;> (rl“l)
-1 o “PnPr—l
mzla () (S a5
omzr=|a(7zy)
y
=o(1 ) 2 ”A( )
=0(1),

kK’

i

—cxy

r=1

>
NN
N(m
+ 3
= =
~——
£

by virtue of Lemma 9.

Hence, M; =0O(1) for 1<a=2. We shall now consider M,. We have

/

M,=Cy.

r=1

Un® pn / v+l
Z P,P,_, A kZP,, v+1 A'"-T

n=r

= O( 1 )Zruk'+k (2 Pn va |‘:$il Aze,

r=1 ” 1 y=r

1)ir""-l( (P ) [E0s1]* IAMI)

r=1
]8v+ll 1 ) ’

1 )Z,vak'—l (
v=1

'3 !MB

by virtue of (ii)(b) and (a). Also

k'

unpn a1k D Cnt1 —a
Z A’ Py " n+1

-cx

r=1

n=r

zr“k-l(z 2 lenaiaz) = o),

r=1 n=r

as shown in the proof of M,=O(1).

This proves the theorem for the case: 1<a=2.

Case (iii): @>2. Choose a positive integer » such that 1=r<a=r+1. By
case (ii) the result is true when r=1. Suppose the result is true for s<<a
=s+1,s=1. We shall show that it is also true for s+1<a=s+2.

Now we have on applying Abel’s transformation
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n n 2@ n £
DA€, =2 &+ D (VAE) T+ &l
=1 1 v =1 v

= Ji(n) + Jo(n) + J5(n), say .

The series =a,&, will be summable [N,p,| if each of the sequences {J,(n)}, p
=1,2,3, is summable |N,p,|. By virtue of Lemma 12 and the hypothesis 3£./n
is summable |C,a—1|,. Hence to prove that {J,} and {J,} are summable [N, p,|
it is sufficient to show that {&,} and {vAE&,} satisfy the conditions of the theorem
with a@a—1 in place of @. Since in the case of 1<a=2 we require for the proof
(i),(ii)(b),(a), (b) and 3|&,|*'/n<< oo we assume the same set of conditions
for a>2.

Since > n7!|&,|* < oo implies that &, = O(n), it follows from Lemma 9 that
1

(@.5)(3) Zrn B (%) <o,
Also it is obvious that
(4.5 L D (%) ¥ < oo.
Also since a>2 (1) implies that

in“‘"‘ A(—enl) < o,

1
and from this it follows that
(4.6)i) S AG]Y < oo,

Now

A&, =2 AJ5TE,

v=n

= S Ay (n+a) + (— a+v—n)} ‘Z

- A (B)-a R (%),
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Therefore
- ak’— ! nAE" =
2B (255
= Ak
1
< o ernir-a| R [En : N e K -
=C)'n A + CYn* A
1 n 1 n
=0(1).
Thus
oo a K’
(4. 6)( ll) Znak’—l Al (n_An_EL_) < oo
1
Again
o P Kk’
(4. 6)iii) D mleTvEt (~P—) [n A& ¥ =O(1).
1 n

Thus from (4.5)—(4.6) it is clear that {&,} and {nAE&,} satisfy the conditions
(i), (ii)(b) and =|&,|*¥ /n<<oo with (@—1) in place of a.
Hence {Ji(n)} and {J,n)} are summable |N,p,]|.

We shall now consider Jy(n). We will show that {&,,,£.} is summable|N, p,|.

oo P n-1 oo P
Z?}"; valevnlltu+Z?n]8n+1||t:z|
1 n

nt =1 =y 1

v=1
o K’ k' [ o 1k
= C(Z (;_v) [Epsr| ¥+ ,vak'—l) (Z.v—ak+k-1 |2 lc)
v=1 v v=1
=0(1),

by (ii)(b), condition (a) and Lemma 10.

Hence {Jy(n)} is summable |N, p,|.

Therefore the theorem is proved for s+1<a=s+2 (s=1) and consequently
theorem holds for a> 2.

Case (iv): 0<a=1. We have
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Cor= —P——-—A,rl/kZP,, L o A

n 1

—a a 8

v

n —a— a— p 8
=P11)°,,1 S P iz S b ()

- Pfl’g” lAir‘/k[ZPv Ay IZA; (%)
+ZP,J A Z Aq:UA( )]

g=n+1

a=r

P‘It [ ‘ ( —a—
+ L A,—rl/k P _ A‘U— 1 —'D
P.P., Z A% )zr-
= Q,+ Q,, say.
It is, therefore, sufficient to prove that

Z Qlun

,
< o0,

(4.7) i

oo

4.8) |5 Qu|

r=1In=r

< oo, whenever u, = O(1).

PROOF OF (4.7). We have for 0<a<1

—|< P 14‘z 1/k u -a—l a-1 ¥
EEP"P"—X Tr u"lz—:A( ); -
< i (a+1)k’~1 “z 8_) —a=1fa-1
e n=r P, P" 1 ¢= r q9 m=r -

a—1 a—1
q 1

i

< Czr(a+1)k -1 (

oA (52
A%

o
As:}A;"r)

+ CZ rler vk E“; :i_‘,

- 1Aq-,)
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=CY (ZP,,_1 Al
« g,
A(T)

Z rak -1 Z q(a+a)k -1

r=1 q=r

1 ) “Z rﬂk’—l—ak'—dk’+k' i q(¢+ﬂ)k'-l

Kk’

a i K
A(q)) e

k’[k
—dk—ak+k—1

+ CZ r(¢+l)k’—1

r=1

o
/.\
T.Ms

Q

r=1 a=r
oo a k'

1)zq(a+1)lc’—1 A(%) +O(l)=O(1)y bY(l)
q=1

If a=1, then the proof is easy.
This proves (4.7) for o<a=1.

PROOF OF (4.8). For 0<a <1 we have as in (4.7)

oo oo k’
Z ZQ‘zun
r=1 In=7
oo & Kk’
e (a+1)k’—1 ~aq P _r—l a:l
;r ;PPnlunqa,l <Q)g=zr o ?
< r(a+1)k -1 Pn - i a—1 a:}"
=z (zebs 2 A(G)IE-+2

+P,,-12 e LY

m=r

i

>Z(Z
oz

1 )Z 7ok-1 (i qk’—1+(a/4)k'
r=1 q=r

K’ 2g K[k
) (Z q—1 ka/Alog )

q=7

+0(1)=0(1).

A

+O(1) = (1) g+

q=1

m'“’
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The case @ =1 can be easily disposed of.

This completes the proof of the theorem.
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