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GENERATORS OF T7*-ALGEBRAS II

HORST BEHNCKE*

(Received Sept. 30, 1970)

In [1] it was shown that generators of properly infinite T7*-algebras
can be chosen from rather restricted classes of operators. Here we shall
show that generators of properly infinite TF*-algebras abound in another
sense. Let SI be a l/F*-algebra on the separable Hubert space H with no
summand of type ΊIίf then the set of generators of §1 is a norm dense
set in 21. Moreover any operator T e 21 can be written as the sum of
two generators of 21. These results have been obtained previously for
B(H), the algebra of all bounded linear operators on H [5, 7, 8, 9]. These
results are also valid for certain ΫF*-algebras of type 11^ for example the
hyperfinite factor of type JIim Throughout all Hubert spaces will be
separable and all TF*-algebras are assumed to act on separable Hubert
spaces. For a ΫF*-algebra 21 we denote the algebra of all k by k matrices
with entries from 21 by Mk(%) = 310 Mk. In this notation ikL stands for
the algebra of all bounded linear operators on a separable infinite dimen-
sional Hubert space. For Al9 A2, ...eB(H), the T7*-algebra generated
by Au A2, . . . will be denoted by 9t (Al9 A2, . . . ) . For TeB(H), T =
A + iB will always stand for the decomposition of T into its real and
imaginary part. The spectrum of an operator T will be denoted by
Sp Γ. For a TF*-algebra 21 let %h (3t+) be the set of hermitean (positive)
elements of 2t.

LEMMA 1. a) Let Al9 A2eB(H) with Sp A, Π Sp A2 = 0 then
CA1 = A2C implies C — 0.

b) Let Al9 A2eB(H)h and CeB(H) positive and invertible, then

X — A2C implies Aί = A2.

PROOF, a) This is an easy consequence of a result of Rosenblum
[10].

b) CA, = A2C implies A,C = CA2 and C2A, = CA2C = A.C2. Since C
is positive A, commutes also with C. Thus A,C = CA1 = A2C and A1 = A2,
because C is invertible.

LEMMA 2. Let 2t be an abelian W*-algebra, then the set of hermitean
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generators of 3C is dense in 3th.

PROOF. Let A e 3ίA and e > 0, then there exist an invertible operator
Ar e StA with a finite spectrum and | A — A'\ < ε. Let A! = Σ?=i λΐe; be
the spectral decomposition of Ar and let 57 be the smallest distance
between the points in the set {0, λ1? « , λ j . Each abelian W*-algebra
Stβ», 1 ^ i S n, has a hermitean generator a{ with | <x̂  | < min(ε, η/2). Then
A" — Σ?=i βί(λi + αj is a hermitean generator of SI and | A — A" \ < 2ε.

LEMMA 3. Let the W*-algebra 3ί be the (countable) direct sum of
W ""-algebras St*, SI = Σ 0 31;, and let T = Σ Θ T< e 31. Assume /or eαcΛ
-i αraZ /or some ε > 0 ί&ere e#is£s α generator Tl of 3l{, wiίΛ, | Γ4 — ϊ7/1 < e;
ίfeew ί/iere eα ίsίs α generator T" 0/ 31 ^ΐί^ | T — T" \ < 2e.

PROOF. Let T" = Σ θ Tl and let T' = A' + ΐ £ ' be the decomposition
of Tf into its real and imaginary part. B' lies in some maximal abelian
subalgebra S3 of 31, and by Lemma 2 there exists a generator jB"e35A of
S3 with I Bf - B" \ < ε. Then T" = A + i 5 " is the desired operator.
I T - T" I < 2ε is obvious. Let be the central projection onto 3 ,̂ 21̂  =
ViZi. Then 2 ^ 8 and any Z) = 2?* G 3 Ϊ ( Γ " ) ' commutes with all z{. Hence
ΰ = Σ Θ A and A e 8*(Γ'V = »(Γ/)'= Slί. This shows DeSl' or
3l(Γ") = 31.

COROLLARY. Let 31 = Σ ® % be such that each 3ti has a dense set
of generators. Then 31 has a dense set of generators.

Thus the T7*-algebra 31 has a dense set of generators, if its parts of
type In, type II and type III each have this property. Apart from this
rather obvious application the lemma will also be used in the following
way. Let 31 be a TF*-algebra, ΓeSX and ε > 0 arbitrary. Then
determine a countable central decomposition of 31, 31 = Σ 0 % and T =
Σ 0 Tiy which may depend on T, such that for each i the operator T{

can be approximated within ε by a generator Tl of 31;. Then the lemma
shows the existence of a generator T" of 31 with | T - T" \ < 2ε.

PROPOSITION 1. A finite W*-algebra 31 of type I on a separable
Hilbert space has a norm dense set of generators.

PROOF. By Lemma 3 and the remarks following it we may assume
21 to be homogeneous of type In, with n < 00. Then we can write 31 =
3 (x) Mn, where 3 is the center of 31. Let ε > 0 and let T = A + iB e 31.
By [3, Cor. 3.3] we may assume A to be diagonal, A = d iag^, . . . , an)
with al9 . . . , ane&. Let 33 be the algebra of all diagonal operators C =
diagfo, . . . ,c n ) , with cl9 . . . , cne$. S3 is a maximal abelian subalgebra
of 31, and by Lemma 2 there exists a hermitean generator A' of 93 with
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I A — A'\ < e/2. Let B = (bitj)lj=ι, then we can find invertible operators
Ki = b'ά e 3 with | 6<fi - Viti \ < 1/2-e-n~\ with l^i,j^n. Set now
5 ' = (δί,*)?.i«i and Γ' = A' + ij?\ Then | T - T' | < ε. To show 3t(T') =
21 let D = D*e?ft(T'y. Since in particular 2)6 33', D is diagonal, D =
diag (du .. , d j with <Z4 6 g. Then DB' = B'D gives dJU,, = b[βζ = cZ ,̂,
or dγ = di for 1 ^ i ^ n, because the b[ti are invertible. D e 21' is now
obvious. Hence gt(T')' - 21' or Sft(Γ') = 21.

We state now a number of results on operators in TF*-algebras,
which will be needed later. Most of these results are based on the polar
decomposition of operators [2].

Let 21 be a T7*-algebra and Te 21. We say T has finite rank if
there exists a finite projection P e 21 with TP = T. In a purely infinite
T7*-algebra only the 0 operator is of finite rank. Clearly Γe2l has finite
rank if and only if Γ* has finite rank. Let {QJ?=i with n — 1, 2, . . . , oo,
be a family of equivalent orthogonal projections in 21 with Σ Q% = l The
{QjLi induce a tensor decomposition of 21 [2, ch. I § 2], 21 = S3® Mn. In
this notation Te2l has the matrix form T = (titj)lj=1 with t u = VfTVa

where ViV* = Q{ and V*Vt — Qi Let P be a finite projection in 21,
then PV3 has finite rank. Thus if Te2t has finite rank the titj have
finite rank too. The converse holds if n is finite.

In any W*-algebra 21 a partial isometry is a restriction of an isometry
or a coisometry. Using this and the polar decomposition of operators in
21, it is easy to see that any Te2l can be approximated in the norm by
an operator S such that &S* or S*S are invertible. This result is
optimal as the example of a nonunitary isometry shows. However since
partial isometries of finite rank are restrictions of unitary operators,
operators of finite rank can be approximated by invertible operators.
Let 21 be a Wr*-algebra and P a projection in 21. Then there exists a
unique central projection Z in 21 such that ZP is finite and such that
(1 — Z)P is properly infinite.

Let A e 21 be a selfadjoint invertible operator with a finite spectrum
and let A = ΣΓ=i λ<P< be the spectral resolution of A. Let Zt with
1 ^ % <Ξ n, be the unique central projection such that (1 — Z^)P{ is pro-
perly infinite. The projections Z{ generate a finite dimensional algebra
3o of central operators. Let Z be a minimal nonzero projection in Bo-
Then the spectral projections of the operator AZ = Σ?=i VP* Ze'ΆZ are
either finite or properly infinite.

LEMMA 4. Let 21 be a properly infinite W*-algebra on a separable
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Hilbert space and let A e 2lA. Then for any e > 0 there exists a generator
T of 21 with I T - A \ < ε.

PROOF, a) Since the invertible hermitean operators with finite spec-
trum are dense in SIΛ, we may assume without loss of generality that A
is invertible and has a finite spectrum. Then by our remarks above 21
has a finite decomposition by central projections Z{ of 21 such that the
spectral projections of AZ{ in 21^ are either finite or properly infinite.
Because of our remarks following Lemma 3 we may thus assume that
the spectral projections of A are either finite or infinite. Let A =
Σ?=i \Pi be the spectral resolution of A such that the projections Pu . . . , Pk

are properly infinite and such that Pk+1, . . . , P % are finite. Since 21 is
properly infinite and 1 = Σ?=i P% w e &e* & Ξ> 1. If k = 1 we decompose
Px into two equivalent orthogonal projections P[ and P[f and replace A
by the operator A = P[\γ + P/'λJ + Σ? = 2 λ P* with X[ Φ λ<, X[eR and
I K — \ I < e/2. For the operator A' we have A: ̂  2. Thus we may as-
sume without loss of generality k ^ 2.

b) Now let & = Pl9 . . . , QΛ - 1 = Pk^ and Q, = Pk + . . . + P w . Then
the projections Ql9 . . . , Qk are properly infinite, orthogonal, equivalent and
satisfy Σ U Qi = l Thus they induce a tensor decomposition of SI, 21 =
33 ® ikΓjfc In this decomposition A is diagonal, A = diag(X, . . . , \k-l9 a) =
diag(αi, . . . , ak). By construction the operator a — Xk has finite rank in
33. This will be of importance later. Furthermore we should point out
that Sp a{ Π Sp a3- = 0 for i Φ j .

c) The algebra S3 is generated by two positive invertible operators
b and c, which we may choose such that | b |, | c | ^ ε/2. Then set

b d

d c

d

0 .

o
with ώ = e/Ak 1 and let T = A + ίJ5.

d) Clearly | A - Γ | < e. To show Sft(Γ) = a let C = C*
C can also be considered as a matrix, C = (cifJ-)*/=le Since Spα ίΓΊSpα i = 0
for i Φ j CA = AC implies by Lemma 1 (a) that C is diagonal, C = diag
(c19.. .,CA.). Then CP = i?C gives c ^ = c^i for 1 ^ i ^ A:, or d = . . . = ck.
CB = BC gives further cj> = be, and c,c = cc, or d e S ' . Thus 9t(T)' =
33'(g)l or St(Γ) = 21.

LEMMA 5. Let 21 be a properly infinite W*-algebra on a separable
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Hilbert space and let T = A + iBe% with B of finite rank. Then for
any ε > 0 there exists a generator T' of 21 with \ T — T' \ < 2ε.

PROOF, a) Using the same arguments as in the proof of Lemma 4
(a) and (b), we may assume that 21 has the form 21 = 33 (R) Mk and that A is
diagonal, A = diag(λi, . . . , λ ^ , a) = d i a g ^ , . . . , ak) with Sp a{Γ) Sp aά = 0
for iΦj. B has the form B = (bitj)ϊj=1 and each bitj for l^i, j tik, has
finite rank in 93. Let 57 be the smallest distance between the points in
the set {0} U Sp A. By Lemma 4 there exists a positive operator b e 33
and a selfadjoint operator δί^eSS with \b[tl — bul\ < ε/2, ϋi(b[fl, b) = 33 and
I 6 I < min {η/2, ε). Similarly there exist invertible operators b[tί = δ;* e33
with 2^i ^k such that | δ M - b[Λ | < ε/4fc. Now set Viti = 6̂ ,,- for the
remaining indices and define Bf = (δί,i)i,y=i The operator A' is defined
by A! = diag (λx + 6, λ2, . . . , \k__l9 a). Then the operator T = A' + %Bf

satisfies | T - T'\ < 2ε.

b) Let C = C* G 3ΐ(Γ')' CA' = A'C shows as before with the aid of
Lemma 1 that C is diagonal, C = diag (cl9 c2, . . . , ck). CA! = A'C and
CJ5' = B'C give further cL6 = be, and c ^ ^ = 6;,^. Thus c . e S ' . Then
CE' = B'C shows b\Λcγ = d6[f< = δί,^ or cL = ct for 1 ^ ί ^ fc, because the
b[ti are invertible. Hence 3t(T')' = 33' ® 1 or 3ΐ(Γ) = 21.

With this lemma we can now prove the general result.

PROPOSITION 2. The set of generators in a properly infinite W*-
algebra 21 on a separable Hilbert space is norm dense.

PROOF, a) Let ε > 0 and let T = A + iB e 21. We shall find a
generator T' of 21 with \ T — Tf \ < 2ε. Arguing as in the Lemmas 4
and 5 there is no loss of generality if we assume 21 = 33 0 Mk, with
k ^ 2, and A — diag (λ^ . . . , λfc-1, α). We may further assume λ; Φ \3- for
iΦ j and \ £ Sp a for 1 ^ ί, i ^ fc — 1. By construction we know further
that there exists a constant λfc such that Xk — α has finite rank. J5 has
the form B = (bitj)ϊtj=sl. Let again η be the smallest distance between the
points in {0} U Sp A. By Lemma 4 we can find positive operators b{ for
1 ^ i ^ & — 1 and selfadjoint operators blfi such that | δ ί ? i — bf

iti \ < ε/2,
I bι I ̂  min (ε, τ?/2) and 31(6^, 6i) = 33. Since a has essentially finite rank
we can find by Lemma 5 selfadjoint operators α', bf

kίke^& with \a — a'\ <
min(ε, 97/2), | bktk — bktk \ < ε/2 and ϋi(a\ bkfk) = 33. In addition we choose
operators bβ = δί^ such that | 6^! — b'itl \ < εjik and such that δ^δj* or
5I*6i,i is invertible. Set now δ ^ = bitj for the remaining indices and
define B' = (δ ,,). With A' = diag (\ + δx, , λfc_! + 6fc^, a') and Γ' =
A' + iB' we have obviously \T - T'\<2ε.

b) Let C = C*e3t(T') ' . C has the matrix form C = (ci,i)*,=i A s
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before CA = AC shows that C is diagonal, C = diagfo, ...,ck). Then
Ci e 35', for 1 ^ i ^ k, follows as above from CA = AC and C£ = BC.
Using the off-diagonal terms of CB = BC we get

for 1 ^ i ^ k. If &,'*&[,< is invertible multiply this equation from the left
by b[% One gets δί*&ί,<Ci = b[*b'ίtiCi or ct = cίβ Otherwise multiply by b[%
from the right. Again cj>[tib[* = c<δ[f<&ί* shows cx = c*. Thus we have
d = c< for 1 <£ i ^ &, because δ * ^ o r 6i,«&*< a r e invertible. The remainder
is now obvious.

Summing up we have:

THEOREM 1. Any W*-algebra SI on a separable Hilbert space with
no direct summand of type IIt has a norm dense set of generators.

PROOF. Apply Lemma 3 to Propositions 1 and 2.

Next we want to extend Theorem 1 to TΓ*-algebras of type Πlβ Since
it is not yet known whether factors of type IIL are singly generated, we
introduce a class s/ of TΓ*-algebras of type Hi on a separable Hilbert
space with:

i ) 216 j ^ then SI is singly generated
ii) SI e s^f then there exists a S3 6 J ^ with SI = 33 ® Λf2.

If every factor of type H on a separable Hilbert space is singly generated,
also every T7*-algebra of type H on a separable Hilbert space is singly
generated, because the direct integral of singly generated T7*-algebras
is again singly generated (P. Willing, private communication). In that
case sf may be chosen to be the class of all TF*-algebras of type H on
a separable Hilbert space. In any case we may always assume that Jzf
contains the hyperfinite factor.

LEMMA 6. Let S l e j ^ and let AeSlΛ. Then for any ε > 0 there
exists a generator T of SI with \ T — A \ < ε.

PROOF, a) Without loss of generality we may assume that A is
invertible and has a finite spectrum. Let A = Σ U λ.*P< be the spectral
decomposition of A. Let fe| be the natural center valued map [2]. Since
1 = Σ?=i Pi — Σ?=i PP there exist finitely many orthogonal central pro-
jections Zl9 , Zm with Σ Zi = 1 s u c h that for each Z3 there exists a P{

with Pi" Z3 ^ 2~nZj. Using again the remarks following Lemma 3, we
may assume without loss of generality Px* ̂ > 2~\ Then by [4, Theorem 1]
we can find a family {Qi}T=1 of orthogonal equivalent projections with
2?=! Qi = 1, QiA = AQi and Qx ^ P lβ The {QJ?^ induce a tensor decom-
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position of 21, SI = 33 M2

n.

A =

Then A has the form

diagOw, α2, . . . , α2*) .

Now we replace each a{ with 2 ^ ί ^ 2n by a selfadjoint operator α[ with
the same spectral projections as αi9 such that | α{ — α\ \ < ε/2 and such
that Sp α, Π Sp αj = 0 for i Φ j , 1 ^ i, i ^ 2W, λ : = αx. Then the operator
A! — diag (λlf α2, . . . , αj») satisfies | A — A' | < ε/2.

b) S3 is generated by the positive invertible operators 6, c with
I 6 I, I c I ̂  ε/4, because 33 e J ^ Then let B be given by the matrix

"6 d

B=

with d = ε/8 1.
c) The operator T = A' + iB satisfies clearly

0
d

0

e

d

d

0 d

•• d

0

A - Γ | < ε. Let

C = C* e9ΐ(Γ) f . Then CA! = A!C shows as above by Lemma 1 that C
is diagonal, C = diag(Ci, . . . , c2Ό From this and CB = 5 C one obtains
by the same methods as before ^ = c2 = . . . = c2

we33\ Thus 9ϊ(T) = 21.

THEOREM 2. 21 e J ^ then the set of generators of 21 is dense in
21.

PROOF, a) Let ε > 0 and T = A + %B e 21. Arguing as in the proof
of Lemma 6 we may assume 21 = 33 (x) M2

n and

A = A* = diag (λlf α2, , α2*) .

We may further assume that spectrum of A is finite and that

Sp α* Π Sp αy = 0

for i ^ i, 1 ^ ΐ, i ^ 2W and λx = αx. Let η be the smallest distance be-
tween the points in Sp A and let B = (6<,y)<Γi=i ^y Lemma 6 there exists
a positive operator b e S3 and a selfadjoint operator 6^ with | b \ ^
min (iy/2, ε), | bίΛ - b[tl | < ε and 5R (δ, b[Λ) = 33. We can further find
invertible operators b[ti = &ί* for 1 < i ^ 2n with | 6̂ ^ — b'ui | < ε 2"TO.
For the remaining indices set bu = Vifj. Then let B' = (6ί,y)5Γy=i
A' = diag (λx + 6, α2, . . . , α2

%).
b) Clearly Γ' = A' + iJ3' satisfies | Γ - T | < 4ε. Let C - C* e

then CAf — A!C implies again by Lemma 1 C = diag (cl9 . . . , c2

n). T'C —
CT' gives further cfi = be, and cj)[9ί = %,& or ^ 8 33'. Then 6 ^ =
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Clb[Λ = δ^d for 1 ^ ΐ ^ 2% or cx = ci9 because b[ti is invertible. Again
C = diag (Cl, . . . , Cl) shows Sft(Γ') = 2L

We want to show now that in most PF*-algebras on a separable
Hubert space each operator can be written as the sum of two generators.
This is known for B(H) [5, 8]. We begin with a general lemma, which
in some sense is an analogue of Lemma 3.

LEMMA 7. Let the W*-algebra 21 be a finite direct sum of TF*-
algebras 2l<, 21 = Σ?=i Θ 2l» Assume in each % every operator is the sum
of two generators of 21*, then every TeWi can likewise be written as the
sum of two generators of 21.

PROOF. Let T = Σ Θ Tt e 21 and let T, = Ui + Vi9 where V{ and V{

are generators of 21*. We write

T = Σ Θ (Ui + Ki) + Σ + (Vi - κt) = u + v,

where the K{ are scalars. Since n is finite we can choose the Ki such
that Sp (Ui + Ki) Π Sp (Uj + K3) = 0 and Sp (F* - i Q Π Sp (F, - K3) = 0
for i Φ j . Let C = C* e 3t(Z7)', then we can write C = (Cij)ϊ,3 =19 and we
obtain c^3(U3 + K3) = (Ut + Ki)ci)3. For i Φ j Lemma 1 (a) shows ci>3 = 0.
Hence C = Σ © c< and ^(17* + JBΓ<) = (Z7* + Ki)ct or c< 6 ϋt(Ui)' = 2U- Thus
Sft(l7)' = Σ Θ ^ and 3t(I7) = 21. Similarly one shows SR(7) = 21.

PROPOSITION 3. Let ^ be a properly infinite W*-algebra on a sepa-
rable Hilbert space. Then any element in 21 can be written as the sum
of two generators of 21.

PROOF, a) Let T = A + iB e 21. Then there exist four equivalent
orthogonal projections Fi e 21, with 1 <£ i ^ 4, such that ^ A = AFi and
^ΣjFi = 1 [4, th. 3]. The {Fi}Ui induce a tensor decomposition of 21, 21 =
S3 (g) Λf4 and A = diag (α:, α2, α3, α4). Let K = 3 | T \ and let A' = diag (0,
K, 2K, ZK). Since 21 is properly infinite, it is generated by the positive
invertible operators c and d with c9d^K l. B is represented by the
matrix B = (bitί)it3 =19 then let B' be given by the matrix

c — δi,i

- δί2

0

0

d — δ l l 2

c

0

0

d

0

0

0

K

0

Now write Γ = 7; + Γ2 = [(A + A') + ΐ ( β + B')\ - [A' + iB'].
b) Let C =C*e ΪR(Tyf then C(A + A') - (A + A')C and Lemma 1 (a)

imply that C is diagonal, C = diag (cx, c2, c8, c4). Then
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C(B' + B) = (Bf + B)C

gives cγc = ccί and cγd = dc2. By Lemma 1 (b) this shows eλ = c2 e 33',

because 3ΐ(c, d) = 33. CT, = TγC gives fur ther (d + 62,3)c3 = c2(d + 62,s) =

(d + b2>z)c2 or c2 = c3, because d + 62>3 is invertible. The relation

(K + 63,4)c4 = c8(ϋΓ + 63,4) = (K+ 63,4)̂ 3

finally gives c3 = c4 by the same argument. Thus C = cγ (x) 1 with cx e 33'

or ΪR(Td = a .
c) 3ft(Γ2) = 21 is shown as in (b).
To show this result also for finite TF*-algebras of type I, we need

some preparations.

LEMMA 8. Let 21 be an abelian W*-algebra then any TeWi is the

sum of two generators of 21.

PROOF. Let T = A + iB and let C be a selfadjoint generator of 21.
Then T = [C + i(B - Q] + [(A - C) + iC] is the desired decomposition.

Now let 21 be a PF*-algebra of type In, then 21 can be represented as
21 = 3 (x) Mn, where 3 is the center of 21. Let Te% then we may as-
sume that T has upper triangular form [3], T = (titί)?,j=1 and titj = 0 for
3 < i. The diagonal part of such a T we denote by diag Γ, diag Γ =
diag(ί l f l, . . . , tn,n). Let 33 be the maximal abelian subalgebra of 21, which
consists of all diagonal operators. Of course 33 depends on the given
matrix representation of 21. In the next lemma we exhibit a large class
of generators of 21.

LEMMA 9. Let 21, 33 and T as above, then ΐR(T) = 21 if
i ) 3ΐ (diag Γ) = SB
ii) ίifί+1 is invertible for all 1 ̂  i <£ % — 1.

PROOF. We may represent 21 on a suitable Hubert space H such
that 33 is a maximal abelian subalgebra of B{H). Let C = C*e9ΐ(T) '
and C = (Cij)lj=1. Computing the (n, 1) matrix element of CT = TC one
finds cnΛtul = tn,ncnΛ. Let C be the operator, which one obtains from C
by setting all matrix elements except the one in the (n, 1) position equal
to zero. Then C diag T = diag TC9 and by the Fuglede theorem [6]
C e 3ΐ(diag TY = 33' - 33. Hence C" = cnΛ = cUn = 0. With the same
method applied to (CT)n>i = (TC)n>i one shows by induction cΛfi = ci>n = 0
for all i < w and cnt% e Q. Further induction finally yields C = c (x) 1 e 21'.
Thus 3t(T)' = 21' or 9Ϊ(T) = 21.

Lemma 9 can be extended to finite T7*-algebras of type I. To do
this let 21 - Σ θ %» with 21. = Qn (x) Mn, be a finite T7*-algebra of type
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I. Let T ^ Σ Θ ^ G 21. Then we may assume that each Tn = («#) is
upper triangular [3]. With respect to this representation let again $8n

denote the diagonal part of 3tn and let S3 = Σ θ s »

LEMMA 10. Let % S3 and T as above, then 9t(T) = 21 if
i ) SR(ΣΘdiag Tn) = S3 and
ii) ί$ + 1 is invertible for all 1 ̂  i < n — 1 and for all n.

PROOF. Again we may find a representation of 21 on a suitable
Hubert space H such that S3 is a maximal abelian subalgebra of B(H).
Let C = C* = (Cι,k) e 9t(T)'. Then TkCktl = (7*4Ti and because of Lemma 9
it suffices to show that this implies Cktι = 0 for kΦl. To do this write
Tk, Tι and Ck>ι as matrices and use the same methods as in Lemma 9.

THEOREM 3. Let 'SI be a W*-algebra on a separable Hilbert space
with no summand of type IIι then any T e 21 can be written as the sum
of two generators of 21.

PROOF, a) Let 2X = Σ θ 2t» be a finite TF*-algebra of type I and
let T = Σ θ Tn e 21. Write each Tn in upper triangular from [3] and
determine the corresponding S3TO and S3. Now it is easy to see that T can
be written as the sum of two operators in 21, each of which satisfies the
conditions (i) and (ii) of Lemma 10.

b) Now the theorem follows from Lemma 7, Proposition 3 and (a).
Theorem 3 holds also for certain ΫF*-algebras of type H .

THEOREM 4. Let 21 be a W*-algebra of type II, and let 21 G J ^ then
any T e 21 can be written as the sum of two generators of 21.

PROOF. The proof of Proposition 3 will also show this result.
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