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Introduction. The notion of maximal families of compact complex
submanifolds of complex manifolds was introduced by Kodaira [3J. In
[4], we have proved the existence of maximal families. In this paper,
we generalize the notion of maximal families and prove the following
theorem. (For the definitions of terminologies, see §1.)

THEOREM. Let (X, π, S) be a family of complex manifolds. Let o be
a point of S and let V be a compact complex submanifolds of π-^o). Then
there exists a maximal family (Y, μ, Γ, /) of compact complex submani-
folds of (X, 7Γ, S) with a point toe T such that f(t0) = o and fi"\t0) = V.

The method of the proof is similar to that of [4].
As an application, we give a proof of Kodaira's theorem (Theorem

1, [2]) on the stability of compact complex submanifolds of complex
manifolds.

1. Definitions. By an analytic space, we mean a reduced, Hausdorff,
complex analytic space. By a complex fiber space, we mean a triple
(X, 7Γ, S) of analytic spaces X and S, and a surjective holomorphic map
π : X — S.

DEFINITION 1.1. A complex fiber space (X, π, S) is called a family
of complex manifolds if and only if there are an open covering {Xa} of
X, open sets Ωa of Cn, open sets Sa of S and holomorphic isomorphisms

ηa: Xa->Ωax Sa

such that the diagram

is commutative for each a. S is called the parameter space of the family



238 M. NAMBA

(X, π, S). If 7Γ is a proper map, we say that (X, π, S) is a family of
compact complex manifolds.

Let (X, π, S) be a family of complex manifolds. Let T be an analytic
space and let / : Γ - ^ S be a holomorphic map. We put

f*X={(x,t)eXx T\π(x)=f(t)}.

Let μ: f*X—* T be the restriction of the projection map X x T—* T. Then
it is easy to see that (f*X, μ, T) is a family of complex manifolds. This
family is called the induced family of (X, π, S) over f.

DEFINITION 1.2. Let (X, π, S) be a family of complex manifolds. A
quadruplet (Y, μ, T, f) is called a family of compact complex submanifolds
of fibers of the family (X, π, S) if and only if

1) / is a holomorphic map of T into S,
2) Y is a subvariety of f*X,
3) μ is the restriction of the map

μ:f*X-+Tf

where (f*X, μ, T) is the induced family of (X, π, S) over /, and
4) (Y, μ, T) is a family of compact complex manifolds.

T is called the parameter space of the family (Y, μ, T, / ) .

REMARK. Each fiber μ-\t),te T, of (Γ, μ, T, f) is of the form V x
t where 7 is a compact complex submanifold of π~\f(t)). We identify
V x t with V.

DEFINITION 1.3. A family (Y, μ, T, f) of compact complex submani-
folds of fibers of a family (X, π, S) is said to be maximal at a point t e
T if and only if, for any family (Z, λ, iϋ, g) of compact complex submani-
folds of fibers of (X, π, S) with a point reR such that f(t) = g(r) and
μ~~\t) = λ""1^), there are an open neighborhood U of r in R and a holo-
morphic map

h: U-+ T

such that

1) h(r) = t,
2) fh = g, and
3) λ^ί?) = μ~\h{q)) for all qeU.
A maximal family is a family which is maximal at every point of its

parameter space.

2. Local expressions of families. Let (X, π, S) be a family of com-
plex manifolds. Let o be a point of S. Let V be a compact complex
submanifold of ir\o). Since the problem is local, we may replace S by
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a small neighborhood of o. Thus we may cover V by a finite number
of open sets {Xi}iei of X having the following property: for each ΐ e l ,
there is a holomorphic isomorphism

such that the diagram

— Wt x S

is commutative, where Wi is an open set of Cn. We may assume that
there is in Wi a coordinate system

(wif zt) = (wj, , wr

i9 z\, , zi) , r + d = n ,

such that

Vi(VΠ Xd - {(^, s4, o)eWix olwt = 0}

We put

Then (C7i, ̂ ) is a local chart of V. We sometimes identify E7i with F Π
Xίβ We may assume that

Wi = A x E/i

where A is a polydisc in Cr with the center 0.
Now, let (Y, μ, T, f) be a family of compact complex submanifolds of

fibers of (X, π, S). We write Vt instead of μ~\t). We assume that there
is a point t0 such that f(t0) = o and Vto = F. We may replace T by a
sufficiently small neighborhood of t0. We may assume that there is an
ambient space Γ of T. Then, by the implicit function theorem, we can
show the following proposition. Since the proof is straightforward, we
omit it.

PROPOSITION 2.1. For each ie I, there is a holomorphic map φ{ of
Ui x Γ into Di such that, for each fixed te T,

ηt(Vt ίΊ Xi) = {(wif ziff(t)) e Wi x S\wt - φi(zif t)} .

3. Some lemmas. Let (X, π, S) be a family of complex minifolds.
Let o be a point of S. Let V be a compact complex submanifold of ic\o).
We cover V by a finite number of open subsets {Xi}ieI of X such that,
for each ie I, there is a holomorphic isomorphism
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such that the diagram

\ /

is commutative, where S is an open neighborhood of o in S and TF< is
an open set of C*. We may assume that there is an ambient space Ω of
S. We may assume that Ω is a polydisc in Cι with the center o = 0. Let

be the standard coordinate system in C1.
Now, as in §2, we may assume that there is in Wi a coordinate

system

(wi9 Zi) = (w\, , wϊ9 z\, , zf) , r + d = n ,

such that

^ ( F n XJ = {(Wi, zi9 o)eWix

We put

Then (Ui9 rjt) is a local chart of V. We sometimes identify [/; with V Π
Xi We may assume that

W{ - A x ^

where .D̂  is a polydisc in Cr with the center 0.
For each ie I, let Ut be an open set of V such that
1) Ui is compact and is contained in ϋi9

2) UiUi^V.
We may assume that Ui and ί/̂  are connected and Stein for all i e I.
For each i e I, let Dt be a polydisc in C r with the center 0 such that Dt

contained in D{. Let Ω be a polydisc in C* with the center o = 0 such
the β is contained in 42. We put

Wi = A x Z7, ,

S').

We write S instead of S' to simplify the notation. It is clear that

Ui=VΓiXi.
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Now, we consider the map

Vik = ViVk1'- Vk(Xi n xk) — Vi(Xi n xk).

We want to extend the map Vik to an ambient space of vΛXi Π Xk) This
is done as follows.

Let P be point of Z7; Π Uk. Then it is clear that there is an open
neighborhood WP x SP of Vk(P) in Vk(Xi Π X*) such that

1) SP = Ωpf] S where ΩP is a polydisc in Cι contained in Ω with the
center o — 0, and

2) T7p = Dp x Up where DP is a polydisc in C r with the center 0
contained in Dk and UP is an open neighborhood of P in V contained
in ϋi Π Ok.
We cover %(?/< Π Z7fc) by open sets {WP x SP}P in ^(Xi Π Xk) satisfying the
above conditions 1) and 2). We choose a finite subcovering [Wλ x Sλ}χ=1,.m,,q

of {WPx Sp}, where Sλ = Ωλ Π S and T7; = D^ x Uλ. Then
covers %(£?< Π Uk). The following lemma will be proved in §7.

LEMMA 3.1. There is a Stein open set U in Uk such that

Let Ωo be a polydisc in Cι with the center o = 0 contained in PI* Ωλ.
We put So = Ωo Π S Let Do be a polydisc in Cr with the center 0 con-
tained in Γ\λ Dλ. We put Wo = JD0 x C7. Then ΐ^0 is Stein. It is clear
that

%(£? 4 nu*)c Wox oaWkx o.

It is also clear that

W0 x So c ^(X, n Xfc) .

The following lemma will be proved in §7.

LEMMA 3.2. Taking Ωo and Do sufficiently small, we have

ηk(X{ n X,) ΓΊ (Do x Uk x So) aWox So.

We take Ωo and Do sufficiently small so that Lemma 3.2 is satisfied.
Since Wo x So c ηk{Xi Π Xk), the map ηik = ηζηi1 is defined on Wo x So.
Since Wo x So is a closed subvariety of the Stein manifold Wo x Ωo,

Vik- Wox S0-+W<x So

is extended to a holomorphic map

Ύ]ik: W0x Ω0^Wix Ωo.

The extended map ηik is written as follows:
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Vik(u>k, Zk9 s) = (fikiWk, Zk, s ) , gik(wk, ZJC, β), β) ,

where

fih: Wo x £ 0 — A

and

gik: Wo xΩ0^Ui

are holomorphic maps
Henceforth, we assume that, for each i e /,

TF, = {(wif z<)e WtWwtK 1, \Zi\< 1} ,

and

fl = {seΩ\\s\ < 1} ,

where | ^ | = maxα |«f |, «* = (s{, •••,«?), and so on. We may assume that
there is a positive number eβ, 0 < ε0 < 1, such that

Ω0 = {seΩ\\s\<ε0}

and

Do = {wkeDk\\wk\ <ε0} .

Let e, 0 < e < 1, be a small positive number such that the open sets
Ui, i e I, of V defined by

again cover V. We put

Wi = {(wi9 Zi)e T^H^I < 1, 1̂ 1 < 1 - e)

= A x Ui ,

and

Xi = VT1(Wi

ex S).

For a positive number ε with 0 < ε < e0, we put

Ωε = {seΩ\\s\<ε} ,

Sε = Sf]Ωε,

and

A = {wkeDk\\wk\ <ε} .

The following Lemmas 3.3, 3.4 and 3.5 will be proved in §7.
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LEMMA 3.3. There is a small positive number ε with 0 < ε < ε0 such
that if wk e De and s e Ωε, then, for all zk e Uf ίΊ Uk, gik(wk, zk, s) is defined
and is a point of U^

LEMMA 3.4. Given any δ, 0 < δ rg 1, there is a small positive number
ε with 0 < ε < ε0 such that if wk e Dε and s e Ωε, then, for all zk e Ui Π Uk,
fuddle, Zk, s) is defined and

\fik(wk,zk,s)\<δ.

LEMMA 3.5. There is a small positive number ε with 0 < ε < ε0 such
that if wk e Dε and se Sε, then

Vk\wk, zk, s)eXif] Xk for all zkeU( f]Uk .

Let e', 0 < e < e' < 1, be a small positive number such that the open
sets U ',iel, of V defined by

again cover V. We put

Wf = {(wozάe Wiling < 1, 1̂ 1 < 1 - β'}

- A x Uf

and

Xf = φ\Wf x S).

The following lemma will be proved in §7.

LEMMA 3.6. There is a small positive number ε with 0 < ε < ε0 such
that if wk e Dε, se Sε and 7]kι(wk9 zk, s) e Xf Π Xk, then

zkeU(Γ\Uk.

The set U in Lemma 3.1 depends on the indices i and k. On the
other hand, we may assume that ε0 is independent of indices, for the set
of indices is a finite set. Thus Ωo, So and Do are independent of indices.
We write

U = U{ik)

and

" β = Wo(ik)

Then yjk(W0{ij) x Ωo) is an open set of WoUk) x Ωo and contains Ui Π Uό Π Uk.
The following lemma will be proved in §7.

LEMMA 3.7. There is a small positive number ε with 0 < ε < ε0 such

that if wk e De and s e Ωε, then



244 M NAMBA

1) (wk, zk9 s) e 7]jl(W0{ij) x Ωo) for all z.eU.f] Uό Π Uh,
2) gik{wk, zkf s) e Ui12 Π Up2 for all zkeU?Γ\ Ue

5 ΓΊ Uk where Ui12 =
fee 17,113,1 < 1 - e/2} and Up2 = fee I 7 y | | ^ | < 1 - β/2}.

4. Banach spaces Cp(\ |). We use the same notations as in § 3.
Henceforth we assume that S c f l is a neat imbedding of S at o, [1].
Thus I is equal to the dimension of the Zariski tangent space T0S at o.
We assume that S is defined in Ω as the common zeros of holomorphic
functions

It is easy to see that

( 1 ) ea{o) = 0 , a = 1, •••, m ,

( 2 ) • (deβ/d8fi)(o) = 0 , α - 1, , m, /S - 1, , I .

In §3, we extended the map

Vik = Mί"1: TΓ0 x So -> #< x So

to the map

ηik: Wox Ωo-+ W{ x β 0 .

We wrote the extended map *ηik as follows:

Vik(Wk, ZJC, S) = (fik(wk, Zh9 S), flTifcί^jfe, 2*, S), β)

LEMMA 4.1. Lei 2;̂  be a point of Ui ΓΊ Uk. Then the matrices

(dfik/dWk)(o,zk,0) and (dfik/ds){0>Zk,o)

are independent how to extend the map rjik.

PROOF. The first assertion is ovbious. We prove the second as-
sertion. In a neighborhood of (0, zk, 0) in Wo x Ωo, another extension of
Ύ]ik is written as

v>i = fh(Wk, Zk, s) = fik(wk, zk, s) + Σ α
α = l

m

«* = 9ik(Wk, ZJC, s) = gik(wk, zk, s) + Σ
α=l

where αffc and 6?̂  are vector valued holomorphic functions in the neigh-
borhood. Hence

Σ α«
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by 1) and 2) above, q.e.d.

LEMMA 4.2. Let zk be a point of Ui Π U, Π Uk. Then

where zo = 0^(0, £&, o).

PROOF. Let 2* be a point of [/< (Ί Uό Π £7*. Then there are a neigh-
borhood F of (0, zk9 0) in WoUk) x £?0 and vector valued holomorphic func-
tions

da(wk,zk,s) , a = 1, •••, m

on y such that ^ o ^iA; is defined on Y and

( 3 ) fik(wk, zk, s) = fiό{fjk{wk, zk, s), flfifc(wfc, 3*, s), s) + Σ da(wk9 zk9 s)ea(s) .

Hence, noting that fij(O, zi9 0) — 0, we have

(dfjk/ds){0,Zk>o) = {dfiβwό){,>z.,0){dfjklds){,fZk,0) + (dfi3 /d8){0,t.tO)

+ Σ (dda/d8){0t.k9OMo) + Σ ώα(0, «*, o)(3eβ/
l

The third and the fourth terms vanish by (1) and (2) above. q.e.d.

Differentiating (3) above with respect to wk9 we get

LEMMA 4.3. Let zk be a point of Ui Π U, Π Uk. Then

(dfik/dwk){0,.k,o) = ^fij/^j)(o,zjfo)(Sfjk/dwk){0fZk,0) ,

where z5 = flriΛ(0, zk9 0).

We define a matrix valued holomorphic function Fik(zk) on Ui Π ?7fc by

Fik{zk) = (d

Then, by Lemma 4.3, we have

where zke UiΠ U5 Π Uk and Zj=gjk(0, zk9 0). The holomorphic vector bundle
F on V defined by the transition matrices {Fik} is called the normal
bundle of V in π " 1 ^ ) .

We define a matrix valued holomorphic function Nik(zk) on Ut Π Uk by

where 1 is the (I x i)-identity matrix. Then by Lemmas 4.2 and 4.3, we
have

Nik(zk) = Niά{zά)Njk(zk) ,
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where zke UiΠ U3 Π Uk and z3- = gjk(0, zk9 o).

DEFINITION 4.1. By the normal bundle of V in X, we mean the
holomorphic vector bundle N on V defined by the transition matrices
{Nik}.

From the definitions of F and N, we have

LEMMA 4.4. There is the following exact sequence:

Q-+F-+N-* Vx T o S - > 0 ,

where V x T0S is the trivial bundle on V with the fiber T0S.

We do not use the bundle N in the sequel.
Now, we refer some results in §2 of [4]. We define additive groups

Cp, p = 0,1, 2, , as follows.
An element ξ = {fio...i } e Cp is a function which associates to each

(p + l)-ple (i0, •••jip) of indices of I a holomorphic section ξiQ...ip of the
normal bundle F on U-o Π Ω Z7/ Π I7< In particular, an element
<f = {ξi} e C° is a function which associates to each index i e l a holomorphic
section & of ί 7 on Z7«.

We define the coboundary map

by

(8ξ)^.ip+ι(z) = Σ (-i)^.. Λ _ Λ + 1 . . .* p + 1 («) for ^G c/,; n n utp n uip+1.

Then it is easy to see that

δ2 = 0 .

We introduce a norm | | in Cp. For each ξ = {f<0...<p} e C2', we define

If I by

z e mon ••• u w ^ n uip,(i0, - . . , i p

where ξio...ip is the representation of the component f<<,...* of f with respect
to the coordinate (wio, zio). In particular, we define \ξ\ for ί e C ° by

If I =sup{ | f j | : λ = l, . . . , r , i e / , « e J74}

where f j is the representation of ξ{ with respect to the coordinate (wif zt).
Note that we denoted | |e in [4] instead of

We put

cp(\ i) = ίee
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It is easy to see that Cp(\ |) is a Banach space and the coboundary map δ
maps Cp(\ I) continuously into Cp+ί(\ |).

We put, for p = 0,1, 2, ,

Z*(\ \) = {ξeC*(\

B>(\ i) = δc*-1 n c p ( | i)
and

1Γ'(| I) = Zp(\ \)/Bp(\ I) .

It is clear that H°(\ |) is canonically isomorphic to the 0-th cohomology
group H°(V, F) of F.

By Lemmas 2.3 of [4] and 2.4 of [4], there are continuous linear maps

E:B\\ I ) -CXI I)

and

EtB\\ |)-C°(| I)

such that

δE = the identity map on B\\ \) ,

δE0 = the identity map on B\\ |) .

We put

Λ = 1 - Eδ .

Then Λ( is a projection map of (7(1 |) onto Zx(| |).
By Lemma 2.5 of [4], B\\ \) = δC°(\ \) and is closed in Z\\ |). Again,

by Lemma 2.5 of [4], H\\ |) is canonically isomorphic to i ϊ ^ F , JP7), the first
cohomology group of F. Thus there is a subspace JEPfl |)* of ^(1 |) iso-
morphic to f f^F, F) such that ^ ( | |) splits into the direct sum of ^ ( l |)
and H\\ I):

z\\ \) = &(\ | ) θ f f ( | I ) .

Let

B:Z\\ \)-+B\\ I)

and

fR^d \)-+H\\ I)

be the projection maps corresponding to the splitting.
By Lemma 4.2, {(dfik/ds)(0,zk,o)} is an element of Zι{\ |). Thus we have

* We use the same notation for the convenience.
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a continuous

defined by

for z{ e TJi Π

linear map

Uk, where

σ

a
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:T0S

= Σ
α = l

I

= Σ

- ^ ( l 1)

aa(dfikβs

aa(d/dsa)0

and

zk = Qki(09 zi9 o) .

5. Proof of the theorem. We use the same notations as in §3 and
§4. We consider the product

C°(\ I) x T0S

of the Banach space C°(| |) introduced in §4 and the Zariski tangent space
T0S. We introduce a norm | | in C°(\ |) x T0S as follows:

| (^«) |=max{ |^ | , | 8 | } for (φ, s) e C°(| |) x T0S ,

where

= max I αα I if s — Σ en — ) .

Then C°(\ |) x Γ0S is a Banach space.
We identify Ω with an open set of T0S by

Let Vf be a complex submanifold of π~\s), se S, such that
1) F ' c U X* and
2) for each i e I, there is a holomorphic map φi on £/* into A such

that

τ]i(Xi Π F') = {(wi9 zi9 s)e Wi x s\Wi = φt(Zi)} .

For such V'j we associate an element

(Φ,s)eσ(\ \)xT0S,

where φ = {̂ } e C°(| |) and seSaΩ a T0S.
The proof of the following lemma will be given in §7.

LEMMA 5.1. There is a small positive number ε, 0 < ε < 1, such that
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if V corresponds to

(Φ,s)eC\\ | )x T0S

with \{φ, s)\ < ε, then

V'(z{JXi.
i

Using Lemma 5.1, we prove

LEMMA 5.2. There is a small positive number ε, 0 < ε < 1, such that
if a complex submanifold V of π~ι(s), se S, corresponds to

(φ, s) 6 C(\ I) x T0S

with \(φ, s)\ < ε, then V is compact.

PROOF. Let ε satisfy Lemma 5.1. Let {Pv}v=1,2,... be a sequence of
points in F \ We want to choose a subsequence converging to a point
of Vr. By Lemma 5.1, we may assume that

{P*W>2>... c XI

for a fixed ie I. We put

%(P") = (wl z\, s) , v - 1, 2, .

Then

v)\ = &(«) , y - 1, 2, - .

For each Pv, we associate a point Qv in V defined by

η.iQr) = (0, z\, o) .

Then Qv e J7/, y = 1, 2, . Thus we may assume that {Qv}^i,2>... converges
to a point Q e J7<. We put

%(Q) = (0, ̂ , o) .

Now we put

P - VΛΦ&i), *i, s)eX,.

Then PeV and

= Λ( Km z\) = Km ^ ( ^ ) = Km wj .

Hence {P"}v=i,2,... converges to P. q.e.d.
Now, let V be a compact complex submanifold of TΓ"1^), se S, such

that 1) and 2) above hold. Then the corresponding

(Φ,s)eC°(\ | ) x T0S
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must satisfy the following compatibility conditions:
3) seS and
4) fik(φk(zk),zk,s) = φi(gik(φk(zk),zk,s)) for (φk(zk), zk, s) e %(X< ΓΊ Xh) Π

Conversely if an element (£, s) e C°(\ |) x T0S with \(φ, s) | < ε, (ε satis-
fying Lemma 5.2), satisfies 3) and 4), then it is clear that a compact
complex submanifold V of π^is) is defined by the equations:

w< = Φi(Zi) for ZieUi,ίeI,

and satisfies 1) and 2).
Henceforth, let ε, 0 < ε < 1, be a small positive number which satis-

fies Lemmas 3,3, 3.4 (for δ = 1), 3.5, 3.6, 3.7 and 5.2. Let B£ be the open
ε-ball of C°(| |) with the center 0. Let Ωε be the open ε-ball of T0S with
the center o. We put

St = S n Ωε .

We assume that S is defined in Ω as the common zeros of holomorphic
functions

Φ), •• ,em(8) .

We define a holomorphic map

e: Ω ~> Cm

by

φ ) = (ex(s), ...,em(s)) .

Then

Now, we define a map

K:Bε χΩε^C\\ I)

by

^ , s)ik(*i) = fik(Φk(*k), *k, s) - Φi(gik(Φk(zk), zk, a)) for z{ e Ui Π ^ ,

where zfc = ^H(0, ̂ , o). By Lemmas 3.3 and 3.4, fik(φk(zk), zk, s) and gik(φk(zk),
zk, s) are defined, and

and

\9ik(Φk(Zk),Zk,

Hence Φi(gik(φk(zk), zk, s)) is defined and
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\Φi(9ik(Φk(Zh),Zk,8))\ <S .

Hence

\K(φ,s)\<l + ε.

Thus

K:BtxΩΛ-+Cι(\ I)

is well defined.
Let

β:C°(\ I) x T0S-+T0S

be the projection map.
We put

and

M = {(φ, s) e Bε x Ωε I K(φ, s) = 0, eβ(φ, s) = e(s) = 0}

= {(Φ,8)eBΛxS.\K(φ,8) = 0}.

Now we take an element (φ, s) e Bε x Ωε which satisfies 3) and 4)
above. Let zt be any fixed point of Ui ΓΊ Uk. By Lemma 3.5,

) , *h, 8) G 7]h(Xi Π Xh) ,

where zk = ^^^(0, ̂ , o). Hence, by 4),

# ( & 8)<4(^) = 0 .

Since zi 6 Ui Π ί/̂  is arbitrary,

K(φ, s) = 0.

Hence (φ, s)e M.

Conversely, let (φ9 s) e M. Then s e Sε. Thus 3) is satisfied. Let zk

be a point of Uk. We assume that

(Φk(*k), tic, s) e 57,(X/' n X ί ) .

Then, by Lemma 3.6,

. zk eUlΠUk.

Since K(φ, s) = 0, we have

fik(Φk(Zk), ZJC, s) = Φi(gik(Φk(zk), zk, s)) for (φk(zk), zk9 s) e ηk(Xf Π Xξ') .

Hence the equations

*i€ Uf',iel,
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define a complex submanifold V of π~ι(s). Thus, by the principle of
analytic continuation, the equations

define V. Hence (φ, s) satisfies 4). V is compact by Lemma 5.2. Thus
the problem is reduced to analyze the set M.

PROPOSITION 5.1. Let ε be sufficiently small. Then

K:BεxΩε^C\\ I)

is an analytic map, and

K'{% 0) = δ + σ: C°(\ I) x T0S->Cι(\ |) ,

where δ and σ are continuous linear maps defined in §4, and δ + σ is
defined by

(δ + σ)(φ, s) = δφ + σs .

PROOF. The proof of the first half is similar to that of Lemma 3.4,
[4]. Only what we have to note is that we use Cauchy's estimate for
holomorphic functions of variables (w, s). The rest goes pararell to the
proof of Lemma 3.4, [4]. We prove the second half. Let (φ, s)e Bε x Ωε.
Since iΓ(0, o) = 0,

K(φ, s) - K(0, o) = K(φ, s) .

) , *k, s) - Φi(gik(φk(zk), zk, s))

) , Zk, s) - MO, zk, o)] - φ,{z%)

Φk(zk), zk, s)) - Φi(gik(0, zk, o))] ,

where zk = gki(0, ziy o). Hence

K(Φ, s)ik(Zi) = (dfik/dwk)l0ttk,o)φk(zk) + (dfik/ds){0tZk,o)s

+ o(φ, s) - φi(zt) - (dφi/dzi)z.(dgijdwk)ιo,1tk,o)φk(zk)

- {dφildzi)H{dgiklds)^,Zki0)s + o(φ, s) ,

where o(φ, s) is some function of (φ, s) (and of zk) such that

\o(Φ,s)\/\(φ,s)\-*0 a s | ( 0 , s ) | — O .

There are constants C1 and C2 such that

\(dgik/dwk)i0ίtkfO)\ ^ d

and

I (dgik/ds){0rZk>o) I ^ C2 for zk e Ui 0 Uk .

On the other hand, there is a constant C3 such that
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J g Ct\.φ\ for z.eUί.

Hence

-(dφi/dzi)t.(dgik/dwk)l0,,k,o)φk(zk) = o(φ, s) ,

-(dφi/dzάijdgjda)^,^ = o(φ, s) .

Hence

K(φ, s)M = Fik(zk)φk(zk) - φt(zύ + (3/«/3β)(,,.4..)β + o(φ, s)

= («*)«(*«) + σ(s)ik(Zi) + o(φ, s) .

Thus

K(φ, s) - δφ + σs + o(φ, s) . q.e.d.

Now, we define a map

L: 5 s χ β t - C°(| I) x T0S

by

L(Φ, s) = (φ + E0BΛK(φ, s) - Eoδφ, s) ,

where continuous linear maps Eo, B, A and d are defined in § 4. Then L
is analytic by Proposition 5.1. We have L(0, o) = 0 and

+L(0 0) = l o
1 EJBσ

(We note that BΛd = δ and l̂σ — σ.) Thus Z/(0, 0) is a continuous linear
isomorphism. Hence, by the inverse mapping theorem, there are a small
positive number e', an open neighborhood U of (0, o) in Bε x Ω£ and an
analytic isomorphism Φ of I?ε, x Ω£, onto Z7 such that

We put

L(M, ΠU)=Tί

and

L(ikf n CΓ) = T .

Then Λ^ ΓΊ 17 = Φ(TX) and M n C7 - Φ(T).

LEMMA 5 3 Γx c (H°{\ |) Π -Be0 x £e,.

PROOF. Let ( ,̂ s) e M, Π ?7. Then
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L(φ, s) = (φ + E0BΛK(φ, s) - Eoδφ, s) = (φ - Eoδφ, s) .

But δ(φ - Eoδφ) = δφ - δφ = 0. q.e.d.

COROLLARY 1. 7\ = {(ξ, s) e (H\\ |) n Bε) x Ω, \ KΦ(ξ, s) = 0}.

COROLLARY 2. T = {(£, s) e (2Γ°(| |) ΓΊ 5.,) x S,, | J»(f, β) = 0}.

Corollary 1 follows from the definition of Jlίi and Lemma 5.3. Corollary 2
follows from Corollary 1.

Now, let (£, s) e (iϊo(| |) n B.,) x fl,,. We put (φ, s) - Φ(ξ, s). Then

0 = δξ = δ(φ + EaBΛK(φ, s) - Eoδφ) = BΛK(φ, s) = BΛKΦ(ζ, s) .

Hence

KΦ(ξ, s) = HΛKΦ{ζ, s) + BΛKΦ{ζ, s) + EδKΦ(ζ, s)

= HΛKΦ(ξ, s) + EδKΦ{ξ, s) ,

where H and E are continuous linear maps defined in §4.

PROPOSITION 5.2. Let ε' be sufficiently small. Then

T = {(£, s) e (tf°(| I) ίl B..) x Sε,\HΛKΦ(ξ, s) = 0} .

COROLLARY. // H\V, F) = 0, then

T = (H°(\ I) n B,.) x S.. .

PROOF OP PROPOSITION 5.2. The proof is almost similar to that of
Lemma 3.6, [4], Only what we have to note are the following two points.
A). By 2) of Lemma 3.7, if (φ, s)eBε x Ωt, then

ζ; - 9AΦk{Zk), zu, s) e W2 Π C7>'2 for zk = gkiφ, zt, o)e U{ ΠU; C\Uk .

B). We put, for (φ, s)eBex Ωe,

R\K{φ, s), φ, s) = {B\K(φ, s), φ, s)ijk} e C\\ I) ,

R\K{φ, s), φ, s)ijk{Zi) = MΦ&i), C;, s) - /„(/„(&(«»), zk, s), ζh s)

+ Fu(Zi)K(φ, 8)ih{z,) .

Then

R\K{φ, s), φ, 8)iit(zd = faiΦAQ, Cy, s) - MΦu(zk), zk, s) + Fi}(Zi)K(φ, s)jk(Zj)

for s e S£. The rest goes pararell to the proof of Lemma 3.6, [4]. q.e.d.
Now, for each t — (ξ, s) e T, we put

Φ(t) = (Φ(t),f(t)) .

Then

Φ .T^CW i)
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and

/:T— S

are analytic maps / is actually the projection map

t=(ξ,8)~>8.

If we write

Φ(t) = {Φi(Zi, t)} ,

then it is easy to see that

φt: Ui x T->Cr

is a holomorphic map. For each te T, we denote Vt the compact com-
plex submanifold of π~\f{t)) defined in X* by the equation

w< = Φi(zi91) for z{e Ui .

Note that

^(0.., = V .

We put

Y= {{x,t)eXx T\xeVt}

and

μ = the restriction to Y of the projection map

Ix Γ^T.

LEMMA 5.4. (F, μ, Γ, /) is a family of compact complex submanifolds
of fibers of (X, π, S).

PROOF. Since Vt c π~\f{t)), we have F c f l . Next, we note that

Y n (X, x T) = {(^ι(w4> ^ , s), t) | W i = ^fe, t), s = /(*)}.

Hence Y is a subvariety of /*X. Since the projection

(Φ1(φi(*i,t),zi,f{t)),t)-+(zi9t)

gives a local isomorphism, (F, i«, Γ) is a family of complex manifolds.
q.e.d.

We identify each fiber μ~\t) = Vtx t,teT, with Vt.

LEMMA 5.5. (Y, μ9 T, f) is a maximal family.

PROOF. Let t0 be a point of T. Let (Z, λ, R, g) be a family of com-
pact complex submanifolds of fibers of (X, π, S) with a point r0 e R such
that λ" 1^) = Vto. Vto is covered by {X<}ίe/. We introduce a new coordi-
nate system (w'i9 zif s) in I f { χ β where
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W'i = Wi - φi(zi9 t0) .

Then Vto is given in X{ by the equations

and

8 = /(tβ) - g(r0) .

By Proposition 2.1, there are an open neighborhood R' of r0, an ambient
space G' of Rr and a vector valued holomorphic function ψt on C/̂  x G'
such that, for each fixed reR',

ir) n Xd = {(wί, «4, β) G TF, x S| w{ - φfa, r), s = g(r)} .

We put

Φi(zi9 r) = f̂ ,̂ r) + ^(«i, t0)

for r e i2' and

^(r) = {Φi(Zi,r)}ieI.

Then

(^(r),ff(r))eC°(| I) x S.

Note that

(^'(n), g(r0)) = Φ(t0) .

It is easy to see that φ' is an analytic map of R' into the Banach space
C°(| I), provided that Rf is sufficiently small. We may assume that

{φ\r\ g(r)) eU= Φ(Bε, x Ωε) for reR' .

Since the equations

w* = #fa, r)

and

define a compact complex submanifold of ^({/(r)),

(Φ'(r), g(τ)) eUΠM f o r r e R ' .

Hence

IrWr), flf(r)) e Γ for r e 12'.

We put

h(r) = L(^(r)f flr(r)) .
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Then h is a holomorphic map of R' into T. We have

Φ(h(r)) = (φ'{r), g(r))

so that

Vh(r) = λ-'ίr) for reR' . q e.d.

Lemma 5.5 completes the proof of the theorem.

REMARK. Among maximal families, our maximal family (Y, μ, Ty f)
is a special one. It is so called effectively parametrized. In other words,
the map h with the property:

μ~\h{τ)) = \-\r) for reR'

is uniquely determined.

6. A stability of compact complex submanifolds of complex mani-
folds.

DEFINITION 6.1 ([2]). Let V be a compact complex submanifold of a
complex manifold W. V is called a stable submanifold of W if and only
if, for any family (X, π, S) of complex manifolds with a point oe S such
that π~\o) = W, there are a neighborhood U of o in S and a closed sub-
variety N of π-1( U) such that

1) (N, π', U) is a family of compact complex manifolds where π' =
π IN and

2) π

r~\o) = V.
The following theorem is due to Kodaira (Theorem 1, [2]). Here we

give another proof.

THEOREM (Kodaira). Let V be a compact complex submanifold of a
complex manifold W. Let F be the normal bundle of V in W. If
Hι{V, F) = 0, then V is a stable submanifold of W.

PROOF. Let (X, π, S) be a family of complex manifolds with a point
oeS such that π"1^) = W. Let (Γ, μ, T, f) be the maximal family of
compact complex submanifolds of fibers of (X, π, S) constructed in § 5 with
respect to V. If Hι(V, F) = 0, then, by the corollary of Proposition 5.2,

T - (#°(| I) n B..) x S.. .

We define a map

j: S., - T

by

3(8) = (0, 8) .
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Then j is a holomorphic injection. Let N be the closed subvariety of
π^iSg,) defined in X{ by the equation:

Wi = Φi(Zi, j(s)) for zi e U{.

Then it is easy to see that (N,π'9 S,,),π' = π\N, satisfies 1) and 2) of
Definition 6.1. q.e.d.

REMARK. In the above proof, we can take j any holomorphic map

r s§, -> T

such that

3(o) = (0, o)

and

fj = the identity map on Sε, .

7. Proofs of lemmas in §3 and §5. In order to prove lemmas in
§3 and §5, we need the following lemma.

LEMMA 7.1. Let A be a compact subset of a Hausdorff space X. Let
A(v), v — 1, 2, , be compact subsets of X such that

1) A(l) 3 A(2) 3 . . . 3 A and

2) n*A(ι>) = A.
Let U be an open neighborhood of A. Then there exists an integer v
such that U Z) A{v).

PROOF OF LEMMA 3.1. Let {Uϊ}u=lti,.m. be a sequence of Stein open sets
in V such that

1) U{ Ώ> Ui Ώ> U-Ώ> Ώ> Ui9 where Ut 3 U} means that ΊΓl is compact
and is contained in ϋif and so on, and

2) α ^ = ui
In a similar way, let {Uk}»=u*,... be a sequence of Stein open sets in

V such that
3) ϋh ΏJJI Ώ>JJk 3 3 [ / , a n d
4) ΠM= Uk.
Then we have
5) U{ Π_ϋj ^_Ul n Uί ^ _ ^ ^ U{ ΓΊ Uk and

6) ΠΛU nm)= Utnuk.
By Lemma 7.1, there is v such that

U. uλ 3 ϋϊ n ΊπzDUϊtλ m => Tξ n 14 .

Thus U = U Π ί7fc satisfies the requirement. q.e.d.

PROOF OF LEMMA 3.2. Let {βj^^,... be a sequence of polydiscs in Ωo
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with the center o such that
1) Ωo Ώ> Ωt Ώ> Ω2 Ώ> - a n d
2) ΠuΩl = o.
We put Su = Ωv Π S, v = 1, 2, . In a similar way, let {A,K=i,2,... be

a sequence of poly discs in Do with the center 0 such that
3) Do 3 A Ώ> D2 Ώ> and

4) αs:=o.
Then we get

_ _ _ _ _ _

6) α (Vt(Xi n x.) n (A x c/fc x sv)) = %([/, n uk).
Thus, by Lemma 7.1, there is v such that

Hence

%(x, n xk) n (£>„ x uk x sy) c ττβ x s0.
Thus we have

vk(Xi n x.) n (Du x ukχ sv) c (TF0 X sβ) n (A x uk x sy)

= A x U x S, . q.e.d.

P R O O F OF L E M M A 3.3. I t is clear t h a t if \wk\ < ε0, \s\ < ε0 and 2;fc€
t// Π Σ74, t h e n

(Wit, z k , s ) e W o x Ω o .

Hence gik(wk, zk, s) is defined.

For any fixed zk e rjjjΐi Γ)Ί7k), we have

\gik(0,zk,o)\^l-e.

Hence there is an open neighborhood

D(zk) x U(zk) x Ω(zk)

of zk in Wo x Ωo such that
1) D(zk) and Ω(zk) are poly discs with the centers 0 and o respectively

and
2) \gik(wk9 z'k±s)I <1 for (wk, zk, s)eD(zk) x U(zk) x Ω{zk). _
We cover ηh(Ui Π Uk) by such open sets in Wo x Ωo. Since Ui Π Uk

is compact, there is a finite subcovering

{Dλ xUλx Ωx}λ=ί,...,m

of ηJjJi nIΓfc). We take ε, 0 < ε < e0, so that

Ωε c Γl Ωi
x
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and

Now if \wk\ < ε and |s | < ε, then

\9ik(Wk, ZJC, β) I < 1 for all zk e U{Π Uk . q.e.d.

The proof of Lemma 3.4 is almost similar to that of Lemma 3.3
above, so we omit it.

PROOF OF LEMMA 3.5. Since

woχ so<z %(x4 n x k ) ,
we have

vΛwic, zk, s) e Xi n xk n Xjc = Xi n xk

for zke Ui Π Uk, \wk\ < ε0 and se Sεo. We take ε satisfying Lemmas 3.3
and 3.4 for δ = 1. Then

and

for 2fc e Z7/ Π Ϊ7fc, | wk \ < ε and s e Sβ. This implies that

^ ( w t , ^ , s) e Xi

for 2;fc e Ui f)Uk9\wk\ < e and s e Sε. q.e.d.

PROOF OF LEMMA 3.6. For each integer v > l/ε0, we put

A(v) = {PeXf n U l \wk\£ 1/v a n d \s\^l/v}9

where y]k{P) = (wft, sfc, s). Then each A(v) is compact. It is easy to see
that {A(v)} is a decreasing sequence of compact sets and

By Lemma 7.1, there is v such that

A{v)czψk

ιφkx (Uinΰk)x S).

Thus, if P = ̂ (w*, «t, s) e Xf Π X*, then

Pe A(v) c ^ ^ φ , x ^ n ^ J x S ) ,

provided that | wk \ < 1/v and s e S1/ι;. This implies that zk e Ui Π Uk. Of
course PeXk implies that zke Uk. Hence zke Ui Π Uk. q.e.d.

PROOF OF LEMMA 3.7. We first prove 1). Let v0 be an integer greater
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than l/ε0. For any integer v greater than or equal to y0, we put

Ωlh = { β e 0 . | | 8 | < l M

and

Dφ = {wkeDk\\wk\ < 1/v} .

Then

wk x Ω0 =>ΊϊZ, x (ft n77ϊ nT/*) x ~Ω^O Z> £>„„,+„ x (If, n Ί ξ n

261

x Ω
uι,t+i,

and

By Lemma 7.1, there is v such that

Thus ε = 1/v satisfies the requirement.
Next we prove 2). We have

x

t» n

for all zkel7f f)Ί7]Γ)ΊTk. For any point zkeT7{ (ΫϋjΓiΊh, there are a
neighborhood U(zk) of 2Jfc in i7fc and a positive number ε(2fc), 0 < ε(zk) <
e0, such that if \wk\ < ε(zfc), | s | < e(2fc) and ^ e U(zk), then gjk(wk, z'k, s) is
defined and is a point of U?12 ΓΊ C///2. We cover Ίfi n~U] Γ\ΊTk by a finite
number of such U(zk), •••, Ϊ7(«ί). We put

e = mm{6(zι

k), •• ,ε(^)} .

Then ε satisfies the requirement. q.e.d.

PROOF OF LEMMA 5.1. Let

be the projection map defined by

K i V i ' i W i , Zi, S) = Z i .

For each positive integer v, we set

M v ) = {^(wt, z i 9 s ) e X i \ \ w i \ ^ 1/v, \z<\ £ 1 a n d \s\ ^

a n d

A{v) = U
i l

c X .U
iel

Since A^v) is compact for each iel, A(v) is also compact. It is clear
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that

V c A{v) .

We show that

Π A(v) = V .
v

L e t bef)v A(v). T h e n t h e r e a r e a n i n d e x iel a n d a s u b s e q u e n c e

'vx<v2<

such that &e Λ (̂ «), α = 1, 2, . Then

\w,{b)\^ l/va,

| * « ( δ ) | ^ l

a n d

for α = 1, 2, , where ^(δ)_= (^(δ), ^(6), s(b)). Thus ^(6) = 0, \z4(b) \ ^
1 and s(b) = o. Hence be U{c:V. By Lemma 7.1, there is v such that

Then ε = 1/v satisfies the requirement. q.e.d.
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