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In the present paper, we shall investigate an extension of the Gelfand
representation of commutative C*-algebras to finite von Neumann algebras
from the point of view of continuous reduction theory. Comparing with
the successful treatment of this method in commutative cases, the re-
duction theory of non-commutative von Neumann algebras seems to have
been, somewhat, depending upon measure theoretic arguments. However,
if an another reduction theory can be patterned after Gelfand represen-
tation theorem it may give a considerable contribution to the theory of
operator algebras. There have been many literatures in this direction as
found in the recent comprehensive survey on representations of algebras
by continuous sections by Hofmann [6].

Let 2 be a von Neumann algebra with center 8. A basic idea in those
discussions is to construct a suitable fibre algebra at each point of the
spectrum 2 of 8 without the pathology of measure zero, and to consider
a representation of 9 as an algebra of cross-sections in this fibred space.
For example, if we consider a minimal closed ideal I(w) containing a point
we 2, we get a quotient factorial C*-algebra 2/I(w) and a representation
of 9 as a C*-algebra of continuous cross-sections, or of continuous operator
fields ([4], [14]). A peculier situation in a von Neumann algebra, however,
is that there is a one-to-one correspondence w — M, between the spectrum
2 and the maximal ideal space of . The correspondence can be also
considered for the commutant 2’ on the same space 2, so there would
be a representation theory taking this advantage for von Neumann
algebras. The situation has been exploited extensively by Teleman [12]
in his algebraic reduction theory of a von Neumann algebra by using
sheaf theory

In the following we shall propose a reduction theory of a finite von
Neumann algebra following the idea in the Sakai’s exposition [7] and
Vesterstrom [16]. We set the C*-algebra (w) = A/M, at we 2 as the
fibre and ask further the algebra A(w) to be a von Neumann algebra.
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Since this can not be expected in general as shown in Takemoto [9] and
[10], we naturally assume 2 to be a finite von Neumann algebra. In this
case, the maximal ideal MM, is particularly determined by E-application
and the algebra 9(w) turns out to be a finite factor. On the other hand,
one notable property of a von Neumann algebra among C*-algebras is
that it has the duality 21 = (N,)*, the conjugate space of the predual %,.
We mainly take this duality into our arguments, considering represen-
tations of ¥ and A, as an algebra of bounded weakly continuous fields
over (w)’'s and as Banach spaces of functional fields over (w),s. We
start first with a von Neumann subalgebra .o of 8 and the conditional
expectation € to .%7. By means of this ¢ we define an ideal M, to each
point @ of the spectrum 2 of .o~ to the effect that the quotient algebra
Ww) = A/IN, becomes a finite von Neumann algebra. We shall introduce
a certain Banach space of o-weakly continuous .%-module mappings to
&7 (the module predual of ), which turns out to be the space of all
continuous fields over {(w),; w € 2} (Proposition 2.4). The algebra 9 will
be represented as an algebra of all bounded weakly continuous fields over
{2l(w), Ww),; @ € 2} under the duality between two spaces of cross-sections
(Theorem 3.3). This could be regarded as a Gelfand type representation
of . In §4 we shall treat the reduction of subalgebras of . The result
of Takesaki [11] will be proved from our view point as one of consequences.
The situation will, then, be clarified further in Theorem 4.8 giving a

necessary and sufficient condition that %Ta/)) = B(w) holds for a point
w € 2, where the notations mean the weak closure of B(w) and B in A(w)
and A for a C*-subalgebra B. In the final §6 we give a connection be-
tween o-weakly continuous .&”-module mappings and those elements in
the module predual of U.

1. Preliminaries. In this section we provide some notations and
facts that will be used later. We assume, throughout our discussions,
9 to be a o-finite von Neumann algebra. But the reader will notice that
the assumption is merely used for convenience and the proofs can be
mostly effected without this assumption. We shall be concerned with a
von Neumann subalgebra .o in the center 3 of 9. Let 2 be the spectrum
of .o7. We identify .o~ with C(Q), the space of all complex-valued con-
tinuous functions on 2. Let 7 be a faithful normal trace of 2. We fix this
trace = throughout our discussion. Then, it is known (cf. [15]) that there
exists a unique faithful normal projection ¢ of norm one to .9 invariant
by 7, called the conditional expectation to .%~. The projection e satisfies,
as in the case of g-application to the center, the equality e(z*x) = e(xa*)
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for every xze 9. In fact, for every xe % and ac.%”, we have

{ag(x*x), ) = {e(ax*x), T
= {ax*x, T) = {xax*, T)
= {axx*, 7y = {as(xx*), T) ,

and

{a(e(x*x) — e(xx*)), 7> = 0.
Hence e(z*x) = e(xx*).

Let &2, .&7) be the Banach space of all bounded linear mappings
of A into . with uniform norm. By an .%-module mapping, we mean
a mapping @ in ¥ (N, ) such that &(axd) = a@(x)b for every a, be ..
We define the mapping ¢,(a e ) by €,(x) = ¢(ax) = e(xa), then ¢, is a o-
weakly continuous .-module mapping to .97. Let V, be the closure of
{e,;ae?) in LA, ). This is a closed invariant subspace of (2, &)
in the following sense. For each a e U we consider linear transformations
L, and R, on ¥, .7) defined by L,&(x) = @(ax), R, (x) = O(xa). Then

L,VocVy and R, V,CV, for every ac?.

In particular, for a function fe .o, L,@(x) = R,®(x) = @(fx) = fO(x). Hence
we understand by fo® the product of f and @ and in this sense V, is an
&7-module. Let w be a point of 2. The set of all xe A with e(x*x)(w) =0
forms a closed ideal I, of A. When .&” = B, ¢ coincides the g-application
and 2, becomes a maximal ideal. Let 2(w) be the quotient C*-algebra
of A by M,. The quotient homomorphism will be denoted by x, and the
image of by #(w). Let @ be a bounded .%”-module mapping to .%7 such
that o(M,) c M, N .o~. Then, &(x)(w) only depends on the image x(w)
for each ze and |®@) ()| < ||@||+||x(@)|. Hence @ gives rise to a
bounded functional @(w) on W(w) by {(x(w), P?(w)) = O(x)(®). In particular,
all elements in V, induce bounded functionals on (w) at each point w.
Put Vy(w) = {#(w); e V,}. Vy(w) is an invariant subspace of the conjugate

space M(w)*, that is, for every @ € Vy, Ry0) Ly, @(®) belongs again to Vy(w)
where

(@), Bow Lnw@(@)) = <b@)z(@)a(w), P(@)) .

It will be shown that V,(w) is even closed in A(w)* and (w) becomes
the dual space of Vy(w). We shall realize V, as the space of all con-
tinuous fields over {Vy(w)}. Hence, our first concern is to show the
continuity of the function w — ||®(w)|| for &€ V,. Here our case is a
little different from those cases treated in [7] and [16] but the proof
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proceeds along the same line as in them. We only provide the whole
proof of the key lemma.

LEMMA 1.1. Let @ be a o-weakly continuous 7 -module mapping to
&7 such that @(M,) c M, N 7 for each w € 2. Then there exists a unitary
element u € N such that || O(w)|| = @(u)(®). Hence the function @ — ||D(w) ||
18 continuous on L.

PROOF. Let ¢ be a faithful normal state of . and put + = ¢-0.
Then «+ is a o-weakly continuous linear functional on 9 and, since 2 is
finite, there exists a unitary element w with {u, > = ||4*]||. Therefore,

<L, Byp) = [[¥]] = [[Buvr |l

and R, is a positive functional on . We assert that R,® is a positive
mapping. In fact, let © be a positive element and write real and imagi-
nary parts of @(xu) into their positive and negative parts;

O(xu) = ht — b~ + (k* — k) .
We can find a projection p of .o such that pk* = k+ and pk~ = 0. Then

0 = {D(pau), $) = {PP(wu), 65
= o™ — 1), ¢) + kT, 9
Hence (k*,4) = 0 and k™ = 0. Similarly £~ = 0 and also we get ™ = 0.

Thus @(xu) = 0. Therefore, the functional R,.,®(w) becomes positive.
Since u(w) is a unitary element in A(w), we have;

12(@) || = || Ry @(@) || = <1(®), Ry P(@))
= {u(w), O(®)) = O(u)(w) for each we 2.

This completes the proof.
We notice that ||@] = sup{||@(®)]|; w € 2} for such a mapping. In
fact, we have ||®(w)|| = ||@]|] and for each xe N with ||z| =1,

|0() || = sup {| (x)(w) |; @ € 2}
= sup {|<z(w), P(w)) |; w € 2}
= sup{||®(w)|; we 2} .

2. Continuous functional fields over preduals. Let S be a closed
subset of 2 and put J = {xe; e(@*x)(®w) = 0 for every weS}. J is a
closed ideal of A. Let I = .97 NJ, then I is a closed ideal of .&. By
the definition of V,, @(J) I for every @€ V,. Hence the induced mapping
O(S) from AN/J = A(S) to /I = .7 (S) is defined by @(S)(®(S)) = @(x)(S)
where 2(S) means the image of x in (S). Let Vy(S) = {@(S); D€ V},
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then V,(S) is an invariant subspace of .Z(A(S), %7 (S)). The following
lemma is a slight modification of Proposition 1.3 in [16]. We omit the
proof.

LeMMA 2.1. For each e V,,

(i) @(S) is norm bounded and ||D(S)|| = sup {||P(w)||; we S). More-
over, ||@(S)|| coincides with the quotient morm in Vyu/K where K is the
kernel of the mapping @ — &(S).

(i) Vu(S) formes a closed invariant subspace of & (NU(S), . (S)).

In particular in case where S = {w}, Vy(®) is a closed invariant sub-
space of A(w)*. Another consequence of this lemma is that for any
functional @(w) with ||@(w)|| < 1 there exists an element @,€ V, such that
0(w) = O(w) and ||®,|| < 1. This fact will be often used later.

Now we can also prove the following generalization of the result of
[7] and [16] following the lines of their arguments. We leave the proof
to the reader.

PROPOSITION 2.2. For each we, W(w) is isomorphic Vy(w)* =
W(@)**/ Vy(w)* where Vy(®)* means the polar of Vy(®) in WA(w)**. Thus,
WA(w) s a finite von Neumann algebra with the predual Vy(w) and the
Sfaithful normal trace e(w) = ¢,(w).

From the above fact an element @ in V, can be regarded as a func-
tional field over preduals Vy(w)'s. We denote this field by & and put
Vo= {0; 0 V,}. We shall give the definition of a continuous field defined
by {Va(®), Vi}.

DEFINITION 2.3. A functional field Z over {V,(w)} is said to be con-
tinuous with respect to V, iff, for each ¢ > 0 and w,c 2, there exist an
element & ¢ V, and a neighborhood U(w,) of @, such that ||#(w) — T () || < &
for every we U(w,).

Let C(2, Vu(®), Vy) be the set of all continuous fields. Then, the
function @ — ||¥(w)|| is continuous for each ¥ e C(2, Vy(w), V,) and we
define the norm ||¥|| = max {||¥(w)|; we 2}. It is known (cf. [2], [14])
that with this norm C(2, Vy(®), V,) becomes an .o7-module

The following proposition is rather a standard result in the theory
of continuous fields.

PROPOSITION 2.4. The correspondence ® — & gives an isometry between
V and C(2, Vy(®), Vy).

ProoF. By the remark after Lerrlma 1.1, the correspondence gives
an isometry from V into C(2, Vy(w), Vy). We assert that the isometry
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is onto. Take a continuous field ¥ and a positive number ¢. By the
definition of continuity there exists a family {(U(w), 8.); @ € 2} of pairs
of closed and open neighborhoods and elements of V, such that ||¥(y) —
2, | < e for every ne Uw). Since 2 is compact, there exists a finite
subcovering {U(w;);1=1,2, -+, n} of {U(w); w € 2} and, as each U(w) is
closed and open, we may assume that {U(w;)} are mutually disjoint. Let
2; be the projection in .o corresponding to U(w,). Writing as d =
Z;‘:lzio@,i, we see that e V, and ||¥(w) — ®(w)|| < ¢ for every we Q.
Hence,
|17 — @] = sup {|T(®) — d(@)|; e} <e.
As ¢ is arbitrary, this means ¥ e V,. This completes the proof.

From this proposition we see that each continuous field is realized as
a module mapping in V,.

It should be noticed that contrary to the present case, the space of
all continuous field is usually quite bigger than the original induced family
of fields. For example, C(2) can be considered as C(2, C(w),C') where
C(w) is the fibre of complex numbers and C is the set of all constant
functions.

3. Weakly continuous operator fields over von Neumann algebras
and the Gelfand representation of 2. An element z€ 2 can be considered
as an operator field over finite von Neumann algebras {d(w); w € 2}. We
denote this operator field by £ and ecall this the Gelfand repreg\entation
of z. Let & = {Z; e A}. We shall characterize those fields in A among

operator fields over {(w)}.

DEFINITION 8.1. An operator field a over {(w)} is called a bounded
weakly continuous field if the function @ — [|a(w)]|| is bounded and, for
each @ e Vy, the function w — {a(w), ®(w))> is continuous on £.

Let W(Q, A(w), Vy(w)) be the space of all bounded weakly continuous
fields. We consider in W(2, A(w), Vy(®)) the norm ||a|| = sup{||a(w)|; w € £2}.
Then, it is a straightforward calculation to see that the space is an .&7-
module Banach space. Let [coV,] be the closed subspace of 2, spanned
by {z-®; ®€ V,}. The space is invariant and total, that is, <, ¢y = 0 for
every ¢¢ [toV,] implies x = 0. Hence U, = [toV,]. Let ¢ be the normal
measure in 2 corresponding to the restriction of = to .. The next
lemma can be proved following after the proof of Proposition 1.4 in [16].
We omit the detail.

LEMMA 3.2. For each o-weakly continuous o7 -module mapping @ to
&7 such that (M) M, N &7, we have;
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Ieo ) = | 0@ dp: -
Now take an element xz e, then for each &€ V, we have
(z(w), D(w)) = O(x)(w) and ||z|| = sup {||z(w)|; we 2} .

Hence # is a bounded weakly continuous field whose norm is equal to
that of . As we have named before this may be regarded as a non-
commutative extension of the Gelfand representation of commutative C*-
algebras to the case of finite von Neumann algebras. In fact, we get the
following representation theorem.

THEOREM 3.3. The Tepresergation x— % gives an isometry between A
and W(R2, A(w), Vy(®)), that is, A = W(2, A(w), Vy(w)).

Proor. It suffices to show that the correspondence is onto, so let a
be a bounded weakly continuous field over {W(w), Vy(w)}. For each @ e V,,
we have

[,/ @@), 0@)1d: < flal| JI0@) ldp
= llall-liz-0]] .

The last equality holds by Lemma 3.2. Since the correspondence @ — 0@
is one-to-one, we can consider a bounded linear functional,

co0 — | Cal@), 0@z,

that can be extended to the space [toVy] = .. Therefore, there exists
an element d €A such that

@, 720y = | (a(@), 2@

for every ®c V,. We assert that d(w) = a(w) for every we Q. In fact,
for each fe .7 and @ V,, fo® belongs to V, and hence

| @)@ - a@), 0@ = | @) - aw), f-0@)dp
= | cit@), ro0@)dn - | (o), fo0@)ap

= | feo@@dp — G, o0
= (fo0(), Ty — (foD(E), 7> = 0 .

Therefore,
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() — a(w), (w)) =0 pa.e o.
Since the above function is continuous, this implies
{G(®) — a(w), D(w)) = 0 for every weQ.

Thus, by Proposition 2.2, d(w) = a(w) for every w e 2 and & is the cor-
responding element of A to the field a. Moreover, we have ||&|| = ||a]|.
This completes the proof.

Notice that, in case of % = .o, Vy is nothing but the space C(2)
itself considered as the space of mappings in C(2) by multiplications and
the above representation is reduced to the usual Gelfand representation.
Thus our treatment means that we are not concerned with the whole
measure theoretic duality L=(2, ¢) = L'(2, ¢#£)* but are rather inclined to
know the nuclear relation between their subspaces (C(2), C(2)) by con-
sidering the module duality in our fibred space. Essentially our discussion
is a decomposition theory of the conditional expectation € into numerical
normal traces. In particular, when .o~ = 3, the expectation ¢ is the b-
application and the fibre algebras 2(w)’s become finite factors (unfortu-
nately, mostly acting on non-separable Hilbert spaces). The decomposition
of the trace 7 invokes a measure theoretic reduction theory of finite von
Neumann algebras, whereas the decomposition of the f-application leads
us to the present reduction theory of continuous type.

It is also to be noticed that the above representation is compatible
with multiplication and *-operation in the sense that the element xy goes
to the field composed by pointwise multiplication of Z and 4 and x* goes
to the field defined by {x(w)*}. Therefore, in this case, W(2, A(w), Vi(®))
becomes a C*-algebra by pointwise multiplication and *-operation and the
representation is actually a *-isomorphism. However, even if we give a
functional field, the space of bounded weakly continuous field with respect
to this functional field might not be closed with pointwise multiplication,
that is, this space might not be an algebra.

It is known ([16; Theorem 3.4]) that, in general, one can not expect
the continuity of the function w — ||z(w)|| for €. However, as seen
from Lemma 2.1 the function w — ||z(®)|| can be expressed as the sup-
remum of a family of continuous function, {|<{z(®w), D(@))|; ||P|| <1, D € Vy}.
Therefore, it is lower semicontinuous, and hence continuous except for a
non-dense subset.

Let V be the space of all o-weakly continuous 3-module mapping
from A to 3. Halpern has proved ([5; Theorem 3]) that an arbitrary von
Neumann algebra 9 is expressed as the space of all bounded 3-module
mappings from V to 8, the module dual of V. In the present case where



TOPOLOGICAL REDUCTION OF FINITE VON NEUMANN ALGEBRAS 281

9 is a o-finite von Neumann algebra, an element e gives rise to a
bounded .&-module mapping 6, from V, to & by defining 6.(0) = O(x).
Moreover, we have;
[16.]] = sup {[|0.(D)||; De Vy, [|0]] <1}
= sup {|P(z)(@); we 2, P V,, ||@] < 1}
= sup {|<z(w), (@) |; w € 2, D(w) € Vy(w), || (@) || < 1}
= sup {[|2(w)|; w € @} = [|z]| .

That is, the correspondence x — 6, is an isometry. Therefore, we get the
following more precise formulation of this kind of representation theorem.

THEOREM 3.4. Let ¥ be a o-finite finite von Neumann algebra, then
the above correspondence gives an isometry between U and the space of all
bounded .o&7-module mappings from Vy to &7 .

PrOOF. We must show that the correspondence is onto. Let 6 be a
bounded .o7-module mapping from V, to .o7. Take a point w,e 2 and
fix. We shall show that 6 gives rise to a bounded linear functional 8(w,)
on Vy(w,). Let @ be an element of V,. Then 6(®)(w, depends only on
the functional @(w,). In fact, consider an another element ¥ € V, such
as ¥(w,) = &(w,). Then, for any positive number ¢ there exists a closed
and open neighborhood U of w, such that

[T (w) — d(w)|| < ¢/||@]] for every we U.
Let 2z be a corresponding projection of .o~ to U. We have,
120 — V)| = ||2(@ — F)|| < ¢/||0]] -
Hence,
10(D)(@,) — 0(F) (@) | = [2(w)0(D — T) (@) |
= 0(z(@ — UN(@)| = [|0]]-]]2(@ - V)| = ¢
As ¢ is arbitrary, 6(®)(w,) = 6(¥)(w,). We define the linear functional
f(w,) by {b(w,), P?(®,)> = 6(®)(®w,). By Lemma 2.1, f6(w,) is bounded and
[|6(wy) ]| < |||, hence 6(w) € A(w). Clearly the field w — f(w) is a bounded
weakly continuous field over {¥(w), V,(w)}. Hence, by Theorem 3.3, there
is an element x €% such that z(w) = 6(w) for every we 2. Thus,
0.(2)(w) = (2)(w) = {2(w), D(w))
= {f(w), P(w)) = 6(9)(w)
and 60,(®) = 6(®) for every @€ V,.
Henceforth we call V, the module predual of .
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4. Restricted functional fields to subalgebras. Let B be a C*-
subalgebra of 2. We assume always B contains the unit of €. We
mean by B(w) the quotient image of B in A(w). B(w) is a C*-subalgebra
of A(w). We denote by @|, and @(®)|s, the restrictions of @ and @ (w)
to B and B(w), respectively. In §1, we have noted that the equality
[|@]] = sup {||@(w)||; @ € 2} holds for a bounded .o7-module mapping @ to
7 such as 9(M,) c M, N .o7. However, the calculation also goes through
the same way in this case of restricted mappings and we get

LEMMA 4.1. Let B be a C*-subalgebra of A, then
[|2]s]] = sup {||@(@) s |l; @ € 2} .

The following lemma should be due to Theorem 7 in Dixmier [1;
Chapter I, §6], once one notices that the functional {x(w), e(®)> = &(x)(w)
is a normal trace of A(w). We omit the detail.

LEMMA 4.2. For the conditional expectation € of U to .o, we have
le(ab)| = e(lab|) < [la|le((b])
Jor every a, be A where |a| means the absolute value of an operator a.
As a consequence of this Lemma, we get the following

LEMMA 4.3. Let B be a C*-subalgebra of A. Then, for each a€B,
we have;

(@) ]sw || = e(la)(@) for wef.
Hence,

ll&als | = [le(fal)]] -
Proor. By the above Lemma, we have, for each x €%,
[Ka(®), &.(@)) | = [e(@)(@) | = |e(ax)(@) |
= |e(wa) |(w) = [|z][e(la)(@) .
Hence,

llea(@)]aw || = e(la])(@) .

Let ?%/) be the weak closure of B(w) in A(w), and let a(w) = u|a(w)]
be the polar decomposition of a(w). The element |a(w)| = |a|(®) belongs

to B(w) and uei%?c;). Hence,
é(la)(w) = {|a(@)], &w)) = {u*a(w), e(@))
= u*, By 8(@)) = {u*, &,(@))
= |ea(@) g [| = [1a(@) g 1] «
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Therefore,

é(la)) (@) = [|[e@)lsw || for every wel.

By Lemma 4.1,
lleuls |l = sup {e(|a|)(@); w € 2} = [[e(|a]) ]| .

Now let B be a von Neumann subalgebra of % containing .. Then
B itself is a o-finite finite von Neumann algebra whose center contains
7. Hence one can construct the module predual of B as we have done
for . Let A be the restriction of ¢ to B, then )\ is the conditional ex-
pectation to .o~ with respect to the trace 7|y, the restriction of z to B.
Let V, be the uniform closure of {\,; 2 €®B} in ¥ (B, ). The following
result corresponds to the fact for usual predual spaces, that is, the fact
%*Im = B,.

THEOREM 4.4. Let B be a von Neumann subalgebra containing 7,
then Vy = Vyly = {@ls; @ Vi), Hence Vyly is a closed invariant subspace
of F (B, ).

ProOOF. Let 6 be the conditional expectation to B with respect to 7,
that is, 0 is a unique faithful normal projection to B invariant by z. By
the uniqueness, we have ¢ = Aod. Take an element ¢, in V,. Then, for
reB,

g, (%) = e(ax) = Nod(ax) = NMo(a)x)
= Ny () -
Hence, &,|s = Moy € Vi and Vy|y C V.

Conversely, take an element ¥ € V,. Then the mapping ¥-6 belongs
to LW, &) and ||¥0|| = ||¥|l. Let {a,} be a sequence in B such that
N, — ¥||—0. Put &, =2x,,00 and @ = ¥-6 We have, for z e,

D, (1) = Ny, 00() = Ma,d(x)) = Nod(a,)
=¢, () and @,eV,.
Moreover, ‘
10, — @l = ||(A, — ¥)o0]| = || X, — F|[—0.
Therefore, @ e Vy and ¥ = |y € Vyls.

A consequence of this theorem is the following proof of Takesaki’s
theorem in terms of fields of algebras and their preduals.

THEOREM 4.5 (Takesaki [11]). Let B be a von Neumann subalgebra
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of U containing 7. Then, for each we 2, B(w) is a von Neumann sub-
algebra of W(w).

PrOOF. Let Vg(w) be the fibre induced from V. Then, Vy(w) is
the predual of the von Neumann algebra B/B N M,. Let 6 be the *-
isomorphism between B(w) and B/B N M,, then Theorem 4.4 shows that
‘¢ induces an isometry between Vy(w) and the quotient space V,(w)/B(w)°
v,s'rgire B(w)° means the polar of B(w) in Vy(w). Since (Vy(w)/B(w)°)* =

S~
B(w), the weak closure of B(w), we have 67(B/B N M,) = B(w) = B(w).
Combining this with Theorem 3.3 we have

COROLLARY 4.6. Let B be a von Neumann subalgebra of A containing
7, then B can be considered as the set of all bounded weakly continuous
fields ranging over B(w)'s.

It has been pointed out in [17] that in every quotient image of a von
Neumann algebra the image of the center coincides with the center of
the quotient algebra. Therefore, each 3(w) is the center of 2(w), hence
a von Neumann subalgebra. Let B be the g-application of 2, that is,
the unique faithful normal expectation to 3 such that B(z*x) = B(zx*).

PROPOSITION 4.7. The center B of U can be considered as the set of
all bounded weakly continuous fields ranging over B(w)'s. Furthermore,
the mapping B(w): x(w) — B(x)(w) is the B-application of the finite von
Neumann algebra A(w).

PrOOF. As ¢ is the unique z-invariant conditional expectation, we
have € = ¢og where ¢, is the restriction of ¢ to 3. Suppose z(w) = 0,
then e(z*x)(w) = 0. Hence

eog(x*x)(w) = e(B@)*F(x) (@) =0,
and B(z)(w) = 0. Thus B(w) is well defined and one easily sees that g(w)
is a projection of norm one from A(w) to B(w) such as B(w)(x*(w)z(w)) =
B(w) (x(w)x*(w)). Therefore, B(w) is the k-application of WA(w) (cf. [1;
Chapter III, 8]).

Now Theorem 4.4 and Lemma 1.1 show that the function w —
|| 9(®) |pwy]] is continuous for each @€V, for such a von Neumann
subalgebra B as B> .. And Corollary 4.5 says that in this case the
quotient image of B is weakly closed in 2(w). The next theorem will
clarify this situation. Let B be the weak closure of .

THEOREM 4.8. Let B be a C*-subalgebra of N containing 7. Then

Qg(\ujo) = B(w,) for a point w,eQ if and only if, for each De V,, the
function @ — || () |y, || ts continuous at w,.



TOPOLOGICAL REDUCTION OF FINITE VON NEUMANN ALGEBRAS 285

That is, the continuity of restriction funectional fields covers a weak
point of the discontinuity of the quotient homomorphism =,,.

PROOF OF THE THEOREM. By Corollary 4.5, 2%) c B(w,). Suppose

that i’%} < B(w,), then there exists an element ®(w,) € Vy(®,) such that
O(@y) [s%y = 0 and || @(®,) |5, || = 1. By the assumption, there exists an
open and closed neighborhood U of ®, such that |[|@(®)|sw | < 1/2 for
® e U. Let z be the characteristic function of U. Then ||2:0(®) |3 || £1/2
for all w e 2. Hence, by Lemma 4.1,

1 < sup {[|200(®) [§tup || @ € 2}
= [|ze@ ]| = [|2°D sl
= sup {||200(®) |sw [|: @ € 2} = 1/2,
a contradiction. Notice that, as @ ¢ V, is o-weakly continuous, ||@ 5|l =
|@]s]l. Therefore, Bl = B(w,).

Conversely, assume B(w,) = B(w,). Let & be the conditional expec-
tation to 8 invariant by z. For each ae 2 and we 2,

[1€2(@) o) || = []€(@) |532) [| = || €a(@) 31w I
= || D@ ] = [l € (@) |50 ||
= &(|0(a)[)(w)
by Lemma 4.3. In particular, since B(@y) = B@), [|€u(@s) ooyl =
|| €(@0) [3cwp || = €(|0(a)|)(®,). Therefore, the function w — ||&,(®) s || is

upper semi-continuous at @, On the other hand, since ||&,(®)|ow ||l =
sup {|{z(@), &(@)) |; #(@) € B(w), || 2(@) || = 1} = sup{|<x(®), &(@))|; (@) € B(w),
[|z(w) || < 1} = sup {|{x(w), e.(@)>|; e B, ||z|| < 1} for each we 2 and the
function w — (x(w), ¢,(w)) is continuous, the function w — ||&,(®) 3w || is
lower semi-continuous on 2. Therefore, the function @ — ||&,(®) |sw || i
continuous at w,. As V, is the uniform closure of the set {¢,; a € A}, the
function @ — || 9(®) |3, || is continuous at w, for every @ in V,.

We remark that the above condition is not enough to assure B = B
as we see, for example, in the case of commutative algebras. In order
to get weak closedness of B we need the following condition.

THEOREM 4.9. Let B be a C*-subalgebra of A containing ., then
the following conditions are equivalent;

1) B is a von Neumann subalgebra,

(2) For each €, € Vy, there exists an element v of B with ||v||=1
such that ||, (0) g || = & @) ®) = &lav)(®) for every we 2.
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ProoF. The implication (1) = (2) has been already obtained from
Lemma 1.1 and Theorem 4.4. We must show the converse. Since each
element of B is a linear combination of unitary elements, it suffices to
show that each unitary element u of ¥ belongs to B. From the as-
sumption, there is an element ve®B with ||v| < 1 such that

[[€u(®) laiw || = €u(v)(@) = &(uv)(w)
for every we 2. On the other hand, by Lemma 4.3,
[[6u(®) 3w || = e(|u)(@) = e(V)(w) = 1.
Since B(w) = Sg(\co/) by Theorem 4.8, this implies,

Hsu(w) IB(w) ” = Heu(w) l%?:u) ” = ”8,,,((0) |§(w) “
=1.

Hence, e(uv) = 1.

Let wv = h* — h™ + ik be the decomposition of v into positive and nega-
tive real parts and imaginary part. Then e(uv) = e(h*) — e(h™) + ie(k) = 1,
and &(k) = 0. Thus, 1 = e(uv) < e(h*) <1. Therefore, 1 — h*) = 0 and
h*=1. Hence ¢(h”)=0 and A~ =0. Namely, uv =1+ k. However, the
inequality

12 |lwo|l = [|11+ k|l =[I1+ k"
implies k¥ = 0. Hence uv =1, and u = v*e®B. This completes the proof.

5. Restricted fields to closed subsets. Let S be a closed subset of
Q. Then we can consider the C*-algebra consisting of restrictions of all
bounded weakly continuous fields with the norm

[|Z]|s = sup {/|x(w)||; ® € S} .

Denote this C*-algebra by A |S. Let Vq|8 be the space of all restrictions
of those fields in V, to S with the norm

[2]ls = sup {|| @) |; @ € S} .

Then one may expect that under certain conditions these two spaces of
fields, % |S and V,|S inherit the original duality between % and V, in
this localization. The answer to this question is nothing but recent
Vesterstrom’s result ([16; Theorem 1.2]). In fact, as we have explained
in §2, if we define the ideal J = {z; e(z*2)(w) = 0 for ® e S} = MNues Mo
the quotient C*-algebra 2/J = A(S) is isomorphic to A|S and V,(S) is
isometric to Vi|S. With these things, Vesterstrom’s theorem can be
stated in the following way;
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THEOREM 5.1. The couple (%AI IS, V| S) preserves the guality if S is
itself a countably decomposable hyperstonean space and | S becomes o-
finite finite von Neumann algebra with the module predual Vy|S.

If one could prove an suitable extension theorem for bounded weakly
continuous fields, one could give an another proof of the above theorem.

6. We have remarked before that in case of % = . = C(Q), C(Q)
itself is the module predual space. Now, C(2) is a dense subset of
LY(Q, ) and L'(2, 1) is considered as the space of all o-weakly continuous
linear functional on C(2). In connection with this, we give an adaptation
of Theorem 1.3 in [16] in the following form. From this theorem one
might be able to say that the space of all o-weakly continuous .%7-module
mappings to .o is the completion of V, in some sense.

THEOREM 6.1. Let @ be a g-weakly continuous .7-module mapping
of A to 7, then there exist a sequence of orthogonal projections {z,} in
7 and a sequence of elements {@,} in Vy such that @ = S>>, 2,°0,.

ProoF. Since the functional 7o® is o-weakly continuous there exists
a sequence {¥',} in V, such that zo¥", converges uniformly to zo®. Hence-
forth we can employ the same arguments as in the proof of Theorem 1.3
in [16] and find a sequence {z,} of orthogonal projections in .~ and a
sequence {@,}of elements in V, with 37,2, = 1 such that

@@), > = (3, Pu(w2), 7) -
Hence, for every ae .o,
(ad(x), ) = {P(ax), T)
= <gl D, (axz,), z’> = <a g,l ?,(xz,), T> .
Therefore, @(x) = o, 2,09,(x) for every xeW and @ = 3.7, 2,00,.

So far as we are concerned with the case .o = 8 the expectation ¢
is unique as the B-application. In general case we have

COROLLARY 6.2. Let ¢ and &, be conditional expectations to .&7 and
ML and M2 be the ideals determined by €, and &, for we Q. Let Vi and
Vi be the module predual of N for e, and ,. Then M., = M2 and Viw) =
Viw) except for a non-dense subset of Q.

Proor. By the above theorem, there exists a non-dense subset N in
2 such that ¢,(M2) C M2 N 7 and (ML) < M, N &7 for every we 2 ~ N.
Then, if e, x*xe M2 and ¢ (x*x)(w) = 0. Hence xecM.. Similarly
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e M, implies xe M2. Thus M, = M2 for we 2~ N. It follows from
the unicity of the predual of the von Neumann algebra 2(w) that V'(w) =
Viw) for every w e 2 ~ N.

ADDED IN PROOF: (January 1973). During our revising the present
paper, the article: 8. Stratild and L. Zsido; “An algebraic reduction theory
for W*-algebras, I” has appeared. Following the idea based on Sakai [7]
their arguments are concerned with the case of semi-finite von Neumann
algebras. Thus they naturally lead to the same kind of context as ours,
though our point of view and results presented here are somewhat dif-
ferent from their’s.
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