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1. Introduction and results. We mean by differentiable manifolds
C°° manifolds and by differentiable maps C°° maps. Let S1 = {z \ \ z | = 1}
be the unit circle. For a differentiable S'-manifold X, we denote by Xs1

the set of points which are left fixed by all elements of S\ Let Y and
Y' be compact connected oriented S1 manifolds of dimension 2n — 1, such
that Ysl = Y'sl = 0 . Some multiples of F, Yf bound compact oriented
S'-manifolds X, X' respectively (see E. Ossa [5]) and α-invariants of Y,
Yf are defined by M. F. Atiyah and I. M. Singer [2] and D. Zagier [9]. Let
W be a compact oriented manifold W of dimension 2m. In the subgroup
Hm(W) = Im{j*:ίίm(TF, dW; R)-+Hm(W; R)}, we have a bilinear form
defined by B(j*(a), g*(b)) = α δ[ W]9 where [ W] is the fundamental homology
class of (W, dW), and we denote the signature of B by Sign (W). We say
that Y and Y' are {/-equivalent with respect to the S^actions if there
exists a compact oriented S^-manifold W such that dW = 7 u ( - Yr), the
S '-action on Y\j(-Y') is the restriction of the S '-action of W to the
boundary and Sign (W) = 0. If Y and Yr are σ-equivalent with respect
to S'-actions, then they have same α-invariants: a(z, Y) = a(z, Yf) [2,
pp. 589-590].

Let M2p be a compact connected oriented 2p dimensional manifold
and ξ = (E, π, M2p) be differentiable n dimensional complex vector bundles
over M2p, where p ^ 1 and n ^ 1. We denote by Xξ the differentiable
manifold of the 2^-disk bundle associated to ξ and by Yξ the differenti-
able manifold of the (2n — l)-sphere bundle associated to f. Xξ and Yξ are
compact connected oriented manifolds of dimensions 2{n-\-p) and 2(n+p) —
1 respectively. Yξ is the boundary manifold of Xξ; dXξ = Yξ. We denote
the total space of ξ by E(ξ). Let

(1) F: S1 x E(ξ) — E(ξ)

be a differentiable S'-action such that F(z, ): E(ξ) —> E(ξ) is a differenti-
able vector space bundle map for each ze S1, and for a local product
structure U x Cn on a neighborhood U of each point of M, F(z, ) induces
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a unitary transformation from Cn onto itself with characteristic roots
zmi (1 5g i <^ s) where m{ are all different positive integers. Let k€ be the
dimension of the characteristic space for zmi. We note that s ^ n and
2l=i h = n. F defines compatible S^actions on the manifolds Xξ and
Yξ. The set of positive integers T — {ml9 •• ,ms;k1, •••,&*} is called a
type of the S^action defined by F. We denote Y? with the S faction of
type T by Γ^ϊ 7 ). By F, ξ decomposes into the Whitney sum ξ = ©?=!&
of differentiate complex krvector bundle ξ{ (see Section 2, Lemma (2.1)).
We denote fc-th Chern classes of ξ and & by eA(£) and <?*(&). Let δίy(£)
be the kronecker index for i, j , if the Euler class with real coefficients,
e(ξ) is not zero and let δi3-(ξ) = 0 if e(ί) = 0.

THEOREM (1.1). Let ξ be a differentίable complex n-vector bundle
(n ^ 1) over a compact connected oriented differentiable 2 dimensional
manifold M2. Suppose Yξ has an S^action of the type T = {mu •• ,m s ;
ku •••,&«} and the Whitney sum decomposition of ξ by the Sι-action is
ί = Θl=iίi Then we have the a-invariant of Yξ(T),

a(z, Yt(T)) = 4J

where ze S1 and [M2] is the fundamental homology class of M2, and
zeS1 are not mrth roots of unity.

THEOREM (1.2). Let ξ be a differentiable complex n-vector bundle
(n ^ 1) over the complex protective plane CP2. Suppose Yξ has an Sι-
action of the type T= {mlt •• 9m8;kι, •••,&„} and the Whitney sum de-
composition of ξ by the Sι-action is ξ = φLif i Then we have the a-
invariant of Yξ{T).

where zeS1 are not wv-th roots of unity.

As applications of these theorems, we obtain, from σ-equivalences,
criteria on bundle isomorphisms of Yξ associated to some differentiable
complex vector bundle ξ over compact connected oriented differentiable
2-dimensional manifold M2 and over CP2. These results are analogies of
bundle isomorphism theorems obtained from the spin-invariants p (cf. [6]
and [7]). Let ξt be a differentiable complex (n + l)-vector bundle over
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M2 and ξ2 a differentiable complex n-vector bundle over CP2. Let Γ(ί)

be types of Sections on ξt for i = 1, 2. By Theorem (1.1) and (1.2), we
show that the S'-manifolds Y$1(T{1)) and Yζ2(T{2)) can not be ^-equivalent,
for n > 2.

Let Yζ(m) be the differentiable manifold of differentiable S '-bundle
associated to a differentiable complex line bundle ζ over the complex p
dimensional protective space CPV, having the natural S'-action defined
by complex scalar multiplication of zm in fibres, i.e., the S'-action of the
type {m; 1}. Let the first Chern class of ζ be cx(ζ) = axeH2(CPP; Z),
where x is the canonical generator of H2(CP2; Z).

THEOREM (1.3). Let m be a positive integers and ze S1. The a-
invariant a{z, Yς{m)) with respect to the Sι-action of Yζ(m) is given by
the following formulas: If the integer a is zero, then we have

If a is not zero, then we have

= - ( - s g n α ) ' ( + l) Σ (•-i)^H- +, i, l(^i + "> + //lα, - 1 ) !
a M μi ••• μla\l

where ω are the formal α-th roots of zm, (μ) is the set of a-tuples of
integers, {(μl9 , μla]) | μt ^ 0, μ1 + 2μ2 + + | a \ μla] = p + 1}, (*) means
1 or (zm + 1)/(1 — zm) according to that a is even or odd and ze S1 are not
m-th roots of unity.

By Theorem (1.3), we see that under a condition the S ^manifold
Yζ(m) can not be σ-equivalent to the S ̂ manifolds of the type T{^ki — p)
in Theorem (1.1) and to the S '-manifolds of the type Γ(Σ fa = p — 1)
in Theorem (1.2).

In Section 2, we prove Theorem (1.1) and (1.2). In Section 3, we
show isomorphism theorems of the manifolds Yξ for the differentiable
complex n-vector bundle ξ over the compact connected oriented differenti-
able 2 dimensional manifold M2 and over CP2. We consider also σ-non-
equivalences between S ̂ manifolds constructed from complex vector bundles
over M2 and those constructed from complex vector bundles over CP2.
In the last section, we prove Theorem (1.3) by using the residue theorem.
We then obtain, as applications of Theorems (1.1), (1.2), and (1.3), results
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on (j-non-equivalences of the S^manifolds Yζ(m) of S^bundles associated
to differentiable complex line bundles ζ over the p dimensional complex
protective space CPP.

2. The invariant a{z, Yξ). First of all, we consider the differenti-
able complex n dimensional vector bundle over a compact connected
oriented 2p dimensional manifold M2p, ξ = (E, π, M2p), with the differenti-
able S^action F defined by (1) and obtain the following lemma on
splitting of ξ:

L E M M A (2.1). Let ml9 •• , m 8 be all different positive integers. If

the S^action F on ξ — (E, π9 M2p) is of the type {ml9 •••, ms; ku •••, k8}

then ξ splits into a Whitney sum,

of differentiable complex krvector bundle £* and the restrictions of the

actions of zeS1 on ξi are the multiplications by zmi.

PROOF. The actions of zeS1 are commutative with the coordinate
transformations gaβ(%) of ξ for x e Ua Π Uβ, where Ua, Uβ are coordinate
neighborhoods of ξ and hence, for the characteristic vectors vt of charac-
teristic values zmi, we have

zo(gaβ(χ)Vi) = gaβ{x)(zoVi) = gaβ(x)(zm%) = zmi{gaβ{x)Vi),

that is, gaβ(
χ)Vi are also characteristic vectors for zmi. Since ml9 , ms

are all different positive integers, the set of all characteristic vectors for
zmi in each fibre of ξ makes a complex &rvector subbundle ξ{ and gives
a decomposition of ξ into the Whitney sum of ξt: ξ = φ?=i ί< The actions
of zeS1 on ξt are clearly the multiplications by zmi and we complete the
proof of the lemma.

Let Xξ be the manifold with the 2?ι-disk bundle structure over M2p

associated to the differentiable complex ^-vector bundle which has the
S^action F of the type T = {mu •••, ms; ku •••, k8), stated in Section 1.
Let Yξ(T) be the boundary manifold of Xξ with the S^-action of the type
T, which has the (2n — l)-sphere bundle structure. By [2] or [9], we
have the α-invariant,

(2) a(z, Yξ(T)) = - \ϊp Π (Π ZZel] Z + 1)°^W}[M1 + Sign (Xξ) ,

where, as usual, the elementary symmetric functions of the Xjfe) are
the Chern classes of ξi9 and «Sf is the multiplicative sequence with the
characteristic series (a?/2)/(tanh a?/2). <2f is determined by =5ί? = Σ ^fr(p) =
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Π (%i(M)/2)/(tanh Xi(M)/2) and ^fr(p) are homogeneous polynomials of
degree r in Pontrjagin classes. Sign (Xζ) is the signature of the bilinear
form B on ίϊp+n(Xξ) - Im{i*: Hp+n(Xζ, Yξ; R)-+Hp+n(Xξ; R)} defined by

which is non-degenerate because of the Poincare duality between
Hp+n(Xζ; R) and Hp+*(Xς, Yξ; R), where R denotes the real number field.
The homomorphism j*: Hp+n(Xξ, Yζ; R) -* Hp+n(Xζ; R) can be identified
with the homomorphism Hp~n(M; R) —> Hp+n(M; R) given by multiplica-
tion of the Euler class e(ξ) e H2n(M; R). Sign (Xξ) is just the signature
of the degenerate form on Hp~n(M; R) given by

(3) (u,v)-+e(ξ) u-v[M] .

PROOF OF THEOREM (1.1). Since dim M = 2, we have £f(M) = 1 and
by direct calculations we obtain

+ ^ ( W + ̂ mi + ̂ ( W 1 ) +

By the bilinear form (3), we have easily that

(1 if n = 1 and e(ξ) Φ 0 ,
( 5 ,

Hence it follows from Lemma (2.1) and from (2), (4), and (5) that

a(z,

and we complete the proof of Theorem (1.1).

PROOF OF THEOREM (1.2). Let x e H2(CP2; Z) be the canonical genera-
tor. By definition of ^ we have

(6) ^f(CP2) = l + —x2.
4

By the formula (4) and direct calculations we have
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π π (g

m*%g!) * 1 )

- 5

(g, „*" ,J-

By the bilinear form (3), we obtain easily that

(1 if n = 2 and e(ξ) Φ 0 ,
(8)

Hence it follows from Lemma (2 1) and from (2), (6), (7), and (8) that

and we complete the proof of theorem (1.2).

3. ^-equivalence of Yζ. Let ζ and f be differentiate complex
n-vector bundles over a compact connected oriented 2 dimensional manifold
M2 or over the complex projective plane CP2, which have differentiate
S^actions F and Ff defined by (1). Let Xζ and Xf

ζ be associated 2w-disk
bundles which are compact connected oriented manifolds with boundaries,
and let Yξ and Y'ζ be their respective boundary manifolds. Suppose
that F and Ff have the type T. Then the α-invariants a{z, Yζ(T)) and
a(z, Yξ(T)) are computed by Theorems (1.1) and (1.2), and we obtain at
first following results on the structures of ξ and £'.

PROPOSITION (3.1). Let ξ and ξ' be differentiable complex n-vector
bundles over a compact connected oriented 2 dimensional differentiable
manifold M2. Suppose that they have differentiable S'^actions of the type
T = {mu m2; klf k2}. If we have
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a(z, Yt(T)) = a(z, YV(T))

for any z e Sι(zmi Φ 1, i = 1, 2) then there is a differentiate isomorphism
of complex vector bundles between ξ and ξf, including S^-actions.

PROOF. Let ξ = ξλ 0 ξ2 and ξ' = ξ[ 0 ξ2 be the decompositions of ξ
and £' into the Whitney sums of complex krvector bundles (i = 1, 2)
given by Lemma (1.2). Let % e H2(M; Z) ~ Z be the standard generator.
For dίfi) and cx(f J)» there are unique integers di and d\ such that c^ίi) =
dtu and ^(fί) = d{%. By Theorem (1.1) and the equality a(z, Yξ(T)) =

«, Yv(T))> we have

for any # e S1. Since we have mι Φ m2, it follows that

di = d'i, i = 1, 2 .

By the definition of ^ and dί, the above equalities yield

Ci(£i) - ^(ίί) , i = 1, 2 .

Since Λf2 is a 2 dimensional manifold, we have cfa) — cά(ξ•) = 0 for j > 1.
Since M has no 2-torsion, complex &rvector bundles ξi9 ί are stably
isomorphic by [1, 2.5 Corollary (i)]. Since we have kt ^ 1, by the argu-
ment of [9, pp. 893-894] we obtain isomorphisms of complex fcrvector
bundles,

f4 ~ f J , i = 1, 2 .

Moreover, by differentiate approximations [3] of homotopies of classifying
maps and by the method of parallelisms for connections in principal fibre
bundles [4], one obtains differentiate isomorphisms between £4 and £{.
Since we have ξ = ξ10 f8 and ί' = fί 0 ££, it follows that there is a
differentiable isomorphism of complex vector bundles between ξ and £',
including S^actions. Thus we complete the proof of the Proposition
(3.1).

COROLLARY (3.2). Let ξ and ξ' be differentiable complex n-vector
bundles over a compact connected oriented 2 dimensional differentiable
manifold M\ Suppose that they have differentiable S^actions of the type
T — {mlf m2; ku k2}. There is a differentiable bundle isomorphism between
Yξ and Yξ, including S^actions if and only if they are o'-equivalent with
respect to the S^actions.

PROOF. If Yξ and Yξ, are σ-equivalent with respect to S^-actions T9

we have
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φ, Γe(Γ)) = a(z,

by [1> PP 589-590]. The differentiable isomorphism between Yξ and Yξ,
including Sections follows from Proposition (3.1). The converse is obvious
and one completes the proof of the corollary.

PROPOSITION (3.3). Let ξ and ξ' differentiable complex n-vector bundle
over the complex protective plane CP2. Suppose that they have differenti-
able S^actions of the type T = {mu m2; kl9 k2}, and suppose that mι Φ ra2,
m1 Φ 2m2 and 2mι Φ m2. If we have

a(z, Yξ(T)) = a(z, Yξ,(T))

for any zeS1 (zmi Φ 1, ί = 1, 2), then there is a complex or complex
conjugate isomorphism of complex vector bundles between ξ and ξ' includ-
ing Sι-actions given by their complex structures.

PROOF. AS in the proof of Proposition (3.1), let ξ = ξί φ £2 and f =
ξ[ Θ fί be the decompositions of ξ and f' into the Whitney sums of com-
plex fcrvector bundles given by Lemma (2.1). Let x e H2(CP2; Z) be the
standard generators. For c ^ ) , ^(ίί), c2(fi), and c2{ξ•), there are unique
integers di9 d\, eif and e\ such that cfa) = d{x, cx(ί ) = d\x, c2(ί4) = e^2,
and c2(f{) =. eία;2. One can assume without loss of generality that mι > m2.
By Theorem (1.2) and the equality a(z, Yξ(T)) = a{z, Yξ,(T)), we have

d\ - 2e2 = d[2 - 2e[ , d\ - 2eι = d[2 - 2e[ , d\ = d'ϊ ,

d\ + d\ = d[2 + d[2 and d,d2 = d[d[

for the case m1 Φ 2m2 and mγ Φ 3m2, and also we have

d\ - 2e2 = df

2 - 2e[ , d\ = d2

d\ - 2eγ + d\- 2e2 - d[2 - 2e[ + d2 - 2e[

d,d2 = d[dr

2 and d\ - 2dxd2 = d[2 - 2 d ^ 2

for t h e case mι — 3m2. Therefore, if mx > m2 and mt Φ 2m2, one obtains

d{ = d'i o r cẐ  — — d\ ,

^ = e\ , i = 1, 2 .

By the definition of dif d\y eif and e , the above relations yield

*!(&) - ^(f;) or Cl(ft) - - β l ( fJ) ,

c2fe) = c2(f5) i = 1, 2 .

We have obviously cyfft) = Cyίίί) = 0 for j > 2. Since CP2 has no
2-torsion, one can apply [1, 2.5 Corollary (i)] to stable isomorphisms of
complex vector bundles. Since we have kt ^ 2, by the argument of
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[4, pp. 893-894], we conclude that in the case c ^ ) = c f̂j), there are
isomorphisms of complex &rvector bundles between ξ{ and £J and in the
case Ciiξi) = — Ci(ί5), there are conjugate isomorphism of complex A -vector
bundles between £4 and £J. Moreover, again as in the proof of Proposi-
tion (3.1), by differentiate approximations [3] of homotopies of classify-
ing maps and by connection arguments in principal fibre bundles [4],
one obtains differentiable complex or complex conjugate isomorphisms
between £4 and ?< according to c ^ ) = c^ίj) or dfe) = — c^ί ), for £ =
1, 2. Since we have ξ = & 0 ζ% and £' = ξ[ 0 £ it follows that there is
a difϊerentiable complex or complex conjugate isomorphism between £
and £', including S'-actions given by the actions F in their complex
structures, and we complete the proof of Proposition (3.3).

COROLLARY (3.4). Let ξ and ξ' be differentiable complex n dimen-
sional vector bundles over the complex protective plane CP2. Suppose
that they have differentiable S^actions of the type T = {ml9 m2; kl9 k2} and
suppose that mx Φ m2, m^ Φ 2m2 and 2mx Φ m2. There is a differentiable
bundle isomorphism between Yξ and Yξ, including Sections, modulo
conjugation, if and only if Yξ and Yξ, are σ-equivalent with respect to
the S ̂ actions, modulo conjugation.

The proof of the corollary is similar to that of Corollary (3.2) and
is made by using Proposition (3.3) instead of Proposition (3.1).

Let ίi be a differentiable complex (n + l)-vector bundle over M2 and
ζ2 a differentiable complex w-vector bundle over CP2. Let Γ(ί) = {m[i], ,
™$>; Ki]y '••> k%) b e types o f S'-actions on f4 for i = 1, 2.

PROPOSITION (3.5). If we have n > 2, then the S^manifolds Yh(T{1))
and Yh(T{2)) are not σ-equivalent.

PROOF, α-invariants are rational functions of zeS1 and invariant
under σ-equivalences. From Theorems (1.1) and (1.2), and from the assump-
tion n>2, it follows that a(z, Γfl(Γ(1))) L=o = 0 and a(z, Yh(T^))\2==0 =
(-l)w + 1 . T h u g o n e s e e s t h a t φ^ Yh(Tw)) and a(z, Yξ2(T{2))) are different
functions of zeS1 and the proof of the proposition is completed.

4. S^-bundles over complex projective spaces. In this section, we
prove Theorem (1.3) and consider σ-non-equivalences of the natural
S ̂ actions for manifolds of differentiable S^bundles over the complex p
dimensional projective space CPP.

Let Yζ be the manifold of differentiable S ̂ bundle associated to a
differentiable complex line bundle ζ over CPP with the first Chern class
ax e H2(CPP; Z), where x is the canonical generator H2(CPP; Z). We
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denote the manifold Yζ with the Sfaction of the type {m; 1} by Yζ(m)
for the positive integer m.

PROOF OF THEOREM (1.3). Let τ(CPp) be the tangent bundle of CPP

and we denote the trivial line bundle by 1. By the definition of the
multiplicative sequence £f, one obtains

(9) ( ψ ) .
\ tann x/2 /

Let Xζ be the disk bundle associated to ζ. By the formula (2), we
have

a(z, Yζ{m)) = -\v[zfi + * W(CP»)}[CP'I + Sign(X )̂

S i g n ( X f )tanhα>/2/

We calculate the first term by residues of complex functions. We denote
the residue of a complex function f(x) at x0 by

2πι J x —X — Xo

and we obtain

( xp

zmeax -lΛe* -

— r e s v = o r e s v = O o res vα= = z—m

We see that resr=0 = (—l)p/2> resv=co = —1/2 for a Φ 0 and

0 for α = 0 ,

1 ^ / l + ωV+ι

a ω*=z™ N 1 —

μj.

f or α ^ 0 ,
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where (μ) is the set {(μlf , μ]al) \ μi ^ 0, μ1 + 2μ2 + . + | a \ μlal =
p + 1}. On the other hand, we can easily see by (3) that Sign (Xζ) —
(-l)* + 72 + 1/2. Thus we complete the proof of Theorem (1.3).

Let ξ be (i) a differentiate complex p-vector bundle over a compact
connected oriented 2 dimensional manifold M2 for p > 0 or (ii) a differenti-
able complex (p — l)-vector bundle over the complex projective plane CP2

for p > 1. Let Yξ(T) be the differentiate manifold of the sphere bundle
associated to ξ, having the S^action of the type T = {ml9 •••, mβ;
h, •••, fcβ} (Σ?=i^i — J>) i n t ^ e c a s e (i) o r °ί the type T = {mlf , m8;
^i, •••, fcs}> (ΣiLih = p — 1) in the case (ii). By comparing α-invariants
of the S^actions, we obtain the following proposition.

PROPOSITION (4.1). Let m, p be positive integers and p > 2. Let
Yξ(T) and Yζ{m) be the Sι-manifolds stated in the above. Suppose that
a>0 and in the case (ii) p is odd. Then Yξ(T) can not be o'-equivalent
to Yζ{m).

PROOF. From Theorems (1.1) and (1.2), and from assumption on p,
it follows that a(z, Yξ(T))\z=0 = 0 or — 1. On the other hand, we have
a(z, Yζ{m)) |z==0 = 1 by Theorem (1.3) and the assumption a > 0. Thus
one sees that a(z, Yξ(T)) Φ a(z, Yζ(m)). Since α-invariants are rational
functions of z, they are different on S1 = {z \ \z\ = 1}. α-invariants are
invariant under cr-equivalences and hence we completes the proof of the
proposition.

REMARK. In the case of Proposition (4.1), Yξ(T) is not σ-equivalent
to Yζ(m), even modulo conjugate isomorphism.
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