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Introduction. In a previous paper [4] the present author proved the
following

THEOREM A. Let M be an n-dimensional compact, connected hyper-
surface with constant mean curvature immersed in an (n + 1)-dimensional
Riemannian manifold of mon-negative constant curvature. If the second
fundamental tensor H satisfies

1

0.1) trace H? <
n—1

(trace H)?,

then M 1is a totally umbilical hypersurface and consequently a sphere.

Then in [5] we generalized Theorem A to a submanifold of any codi-
mension and proved.

THEOREM B. Let M be a compact, connected submanifold of dimension
n immersed in an (n + p)-dimensional Riemannian wmanifold of mnon-
negative constant curvature and suppose that the connection of the normal
bundle is flat. If the mean curvature vector field is parallel with respect
to the connection of the mormal bundle and the inequality

(0.2) 3 trace H: < — = 3" (trace H,)

i=1 n—1 i1=1
1s satisfied, then M is a totally umbilical submanifold, where H,’s are the
second fundamental tensors with respect to unit normals N,.

The purpose of the present paper is to prove the following

THEOREM. Let M be a complete, connected submanifold of dimension
n (= 3) immersed in an (n + p)-dimensional Riemannian manifold of
positive constant curvature whose mean curvature vector field is parallel
with respect to the conmection of the normal dbundle. If the second fun-
damental tensors H, satisfy (0.2), then M is umbilical with respect to the
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mean curvature normal direction. Furthermore, if the ambient manifold
18 an (n + p)-dimensional sphere (n = 3), M is a minimal submanifold of
a small sphere.

1. Preliminaries. Let M be an n-dimensional submanifold of an
(n + p)-dimensional Riemannian manifold i/ of constant curvature c. The
Riemannian connections of M and M are denoted by / and 7 respectively,
whereas the connection in the normal bundle of M in M is denoted by D.
Let N, +++, N, be mutually orthogonal unit normal vectors at a point
p € M and extend them to local vector fields in a neighborhood of p. We
define —H,X(A =1,2, -+, p) to be the tangential components of 7N,
for Xe T,(M) and call H, the second fundamental tensor with respect to
N,. We know that the H,’s are symmetric linear transformations on
T,M). Then we have the following equations of Gauss and Weingarten:

1.1) 7Y =r.Y+ z 9(H,X, Y)N,,
(1.2) ﬁXNA': _HAX"I' DXNA’

where g is the Riemannian metric of M. Since D,;N, is normal to M, it
is expressed as a linear combination of N,, that is,

(1.3) DN, = 3 5,5(X)N;.

The ambient manifold being of constant curvature ¢, the curvature
tensor R(X, Y)Z, scalar curvature K, and the normal curvature R" are
respectively given by

L9  RX DZ=d¥, )X - g(X,2)¥)
+ S (HY, DHX — g(HX, HH,Y),

(1.5) K =mnn— 1) + Zp', (trace H,)* — Zp‘, trace H; ,
A=1 A=1
(1.6) R¥X, Y)N, = Bz 9((H., Hs] X, Y)N,

= S {8 Y — (7+S.5) X

B=1

+ 3 Suo(V)8a(X) — Se(X)Sea( V)N »

C=1
where we put
[Hy, Hi]X = H H,X — H,H,X .
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The mean curvature vector N is defined by
1.7) N =3 (trace H)N, ,
4=1

and it is well known that N is independent of the choice of unit normal
vector to M.

For some H,, if there exists a function p, such that

(1.8) H,X =p0,X,

at each point of M, we call M is umbilical with respect to normal N, at p.
2. Lemmas. First we state the following

LEmMMA 1. [5]. Let a,ay «++,a, and k be n + 1 (n = 2) real numbers
satisfying the inequality

1
n—1

@.1) Sat k< S a),

then for amy pair of distinct © and j = 1,2, <+, n, we have
2.2) k< 20,a; .

PROOF. Since (31, @) = D, 0 + 2>, a;a;, we have from (2.1),

n — 2)§j,a3— 2iaiaj +n-1k<0,
i=1 i<j
that is,

2.3) (n — 2)a? — 2an('§ ai> +(n—2) g; @—2 S aa;+m—Dk<O0.

i<jsn—1

We regard that (2.3) is a quadratic inequality with respect to a,. Then,
a, being a real number, the discriminant of (2.3) must be positive. Thus
we get

(% a,.>2 > (n— 2){(n — 1)(5; ai+k) - (5: a,.)z} ,

=1

from which
n—1 1 n—1 2
2 ) A
2.9) Sa+k< n_z(g:lat)

Continuing the same process (n — 2)-times, we have (2.2).
Next we prove the

LEMMA 2. Let M be an n-dimensional submanifold of a Riemannian
manifold M of constant curvature c. If the second fundamental temsors
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H, satisfy (0.2) at a point pe M, then the sectional curvature R(i, j) for
the plane section spanned by E; and E; is greater than ¢ at p.

ProOF. From (0.2) it follows that M has no minimal point. So we
can choose the first unit normal vector N, to M in the direction of the
mean curvature vector N. Then by the definition of the mean curvature

vector we can easily see that
(2.5) trace H, =0, A=23 +0,p.

Let E, E,, -+, E, be orthonormal eigenvectors of the second funda-
mental tensor H, and a,, a,, - -+, a, corresponding eigenvalues to E, E,, «--,
E,. Then denoting components of H,(A =2, -+, p) by A4 we have,
from (0.2) and (2.5),

n_1<2a) >§a§+ Zp:

=1 A=2 1,

(2.6)

Zl ( zkkfk) .
k=1
Applying Lemma 1 to (2.6), we have

P

2a; > 3 3% (M) Z 3 {0 + 2000 + 0 2 2 3 (Mgl + 07 «

A4=21 1

Thus we have
@) aa; > 3 MM+ ()

On the other hand, by (1.4), the sectional curvature R(7,j) for the plane
section spanned by E; and E; is given by

(2.8) R(i,j) = g(R(E;, E))E;, E)) = ¢ + a,a; + i {ang; — (M)
Combining (2.7) and (2.8) we have
R(@i,5) > ¢ + Z (ML + Aind) = e .

This completes the proof.

LEMMA 3. Let M be a complete, connected submanifold of dimension
n > 2 immersed in an (n + p)-dimensional Riemannian manifold of posi-
tive constant curvature c¢. If the second fundamental temsors H, satisfy
(0.2) on M, then M is compact.

ProOF. Let X be a unit vector and E; be a unit eigenvector of H,

which corresponds to the eigenvalue ;. Then, putting X = >, 2/E;, the
sectional curvature for the plane section spanned by X and E; is
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g(R(X’ Ei)Ei’ X) = C{zn: (w")z — (w‘)2}+ a; zn: aj(wi)z — (aixi)z
j=1 i=1

+ Z{M;

A=2

n 2
N ik — (2 N;‘ix") } .
=1

n
drk=1

Thus Ricci tensor Ric (X, X) becomes
Ric (X, X) = 3, o(R(X, E)E,, X)

= (’)’I/ — 1)0 + Ei:' {aial(ml)z + oo + a?(;i)z +oeee + aia’n(x”)z}

n

- 3 3 (M),

a=2i=1 G

-

because of 3.2, A& = 0, where the roof “A” denotes a term which will be
omitted.
Substituting

20,0, > Ep',

n
A=2 j,k=1

NN
into the last equation and making use of >, (¢") = 1, we have

Ric (X, X) > (n — e + g‘z { n ; LS — )y (Z N?m-)z}

Jrk=1 =1

171,
2:';4

vd n n
= -1+ 3 {2 MM — 3 ) 33 @)

1

2 jyk=1

= (n—1 N =8 3 yivd > (n— e > 0
(n )e + 5 Z, MG = (n e >0,

where we have used Cauchy-Schwarz inequality. Thus, from Myers’

theorem [3], M is compact.

3. Proof of Theorem. Let f be the square of the length of the sec-
ond fundamental tensor with respect to N,, that is,

3.1) f = trace H? .
The Laplacian for f is given by

(3.2) %Af — trace (L H)H, + g H, F'H,)

where

n

(A,Hl)X = ; {VE,-(VEiHl) - VVEiE‘Hl} ’

=1

and we extend the metric g to the tensor space in the standard fashion.
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Using recent results of J. A. Erbacher [2], we have

(3.3) 4'H, = neH, — c(trace H)I + z”; (trace H,)H.H,

(trace H,H)H, + Z [H,, HH,] + E H,H, H,]

M'e

LS
)

1

z P S)EVH, + 23 3 Su(B)V 5. H,

;2> Su(E)Sus(E)Hy -

™=

+

.
]
-

uMs

By the assumption of Theorem, N, is parallel with respect to the con-
nection of the normal bundle and so we have

DiN, = 3, Su(X)N, =0,

from which S,, = 0. Consequently we get [H,, H,] = 0.
Substituting these into (3.3) and making use of (3.2), we have

3.4) %A trace H: = ne trace H? — c(trace H,)* + (trace H,)(trace H})

+ 3 trace (H,H)* — (trace Hi)' — S (trace H2H?)

(trace H,H)> + gVH,VH) .

i Mv I Mv

Thus at a point peM, we have
1 2 G e _ .
(3.5) EA trace H? = nc(Z a: <2 ai) )

=1

+ 2. (wa; + Z (NN — (i) as — ay)* + g(7 H,, 7V H,)

i<j

z ne(3iat - 2 (Fa)) + (RG.5) - 0@ — a) + g H, TH),

because of (2.7), (2.8) and the fact that >;.;aiir{; = 0 for 4 = 2.
From Lemma 3, M is compact and so by Hopf’s theorem and Lemma
2, we see that /H, = 0 and

(3-6) Ay = Ay = ¢ :anio_

This shows that M is umbilical with respect to the mean curvature
vector H, and H, is parallel. Furthermore, if the ambient manifold M is
an (n + p)-dimensional sphere in Euclidean n + p + 1 space E"*?*!, then,
using DyH, = 0, we have, for example by [1] or [7], that M is a minimal
submanifold of a sphere S**?~!, This completes the proof.
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REMARK. From (1.5), the condition (0.2) can be written as

3.7 K>nn—1c+ (n—2) i‘, trace H: .
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