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1. This paper is a continuation of our former work [6]. The purpose
of this note is to study the essential ranges of bounded functions in
abstract Hardy spaces in the sense of H. Konig. Let (X, 2, m) be a
probability measure space and H a weak* closed subalgebra of the sup-
norm algebra L= of the bounded m-measurable functions, satisfying 1 e H

and Suvdm = Sudms'vdm for any u, ve H. The main result we want to

show is the following: For every non-constant € H there exists a unique
Carathéodory domain A such that m{x; u(x) € A} = 1 and m{x; |u(@) — b| <
€} >0 for any ¢ >0 and any b e dA. We shall show it in the following form:
The polynomial convex hull K of the value carrier of a non-constant v ¢ H
coincides with the polynomial convex hull of the closure A of a component
A of the interior of K and it holds further m{x; u(x) € A} =1 (Theorem
A in Section 3). “Carathéodory domain” and “value carrier” are defined
in Section 3. In Section 2 we shall give several lemmas. The main
lemma is Lemma 2. The key tools we shall use frequently are some well-
known theorems on polynomial approximation, such as Mergelyan’s theorem
ete. All properties we shall show follow essentially from the multiplica-
tivity of the integration on H.

A prototype of our space H is the classical H*(T): Let T'= {|z]| = 1}
and consider the normalized Lebesgue measure L on T. Let- H*(U) be
the set of all bounded holomorphic functions in the open unit dise U =
{lz] < 1}. As is well-known, every fe H*(U) defines a radial limit funec-
tion f(e¥): f(e’) = lim,_, f(re’) a.e.. We denote the set of all such limit-
ing functions by H>=(T). Then it is well-known that H=(T) is weak*
closed and satisfies all conditions for our space H. The author would like
to acknowledge several helpful conversations with Professor Heinz Konig.

2. We shall start with some definitions:

DEFINITION 1. Let K be a compact set in the complex plane C. The
algebra C(K) consists of the continuous functions on K, endowed with

* This work was in part supported by the Alexander von Humboldt Foundation.
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the supremum norm. The algebra P(K) consists of the functions in C(K)
which can be approximated uniformly on K by polynomials in z. The
algebra R(K) consists of the functions in C(K) which can be approximated
uniformly on K by rational functions with poles off K. For a set AcC
we denote by ||f||, the supremum norm of an fe C(A4).

We shall give a lemma on integrals Sudm of ueH.

LEMMA 1. Let K C be a compact set and K its polynomial convex
hull. Then for any we H with m{z; w(x) e K} = 1 we have SudmeK

If w is in particular mot constant, we have SudmeI@: the interior
of K.

Proor. Since the integration is multiplicative on H, we have
SP(u)dm - P<Sudm> for any polynomial P(z). Hence we get

’P(Sudm)‘ < S[P(u) dm < sup | P(2) | .

Therefore we have \udm e K. Suppose next that u is not constant and
Sudme&K. Set @ = \udm. Since K is polynomially convex, K° is con-
nected. Hence by Gonchar’s criterion for peak points for R(K) every
boundary point of K is a peak point for R(K). Hence thereA exists a
function f(z) € R(K) such that f(a) =1 andA |f(2)| <1 for ze K\{a}. By
Mergelyan’s theorem we have R(K) = P(K). Therefore thereAis a se-
quence of polynomials P,(z) converging to f(z) uniformly on K. Since
P,(u) e H and they converge to f(u) in the sup-topology, we have f(u) e H
and

1= fla) = f(Sudm) = lim P,,(Sudm) — lim SP,,(u)dm - S Fw)dm .

n—roco n—oo

Hence we have f(u) = 1 a.e., that is, u = a a.e., which is a contradiction.
This completes the proof.

As a consequence we have a sufficient condition for a ue H to be
constant.

COROLLARY 1. Let KC C be a compact set such that K has no in-
terior point and K° is connected. Then every u € H with m{x; w(x) € K} =
1 is constant.

Now using Lemma 1 we can show the following fundamental lemma.

LEMMA 2. Let K be a compact set in C with connected complement.
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Let w e H be non-constant and m{z; u(x) € K} = 1. Then there is a unique
component A of the interior K° of K with SudmeA and for this com-

ponent it holds m{x; w(x) e A} = 1. This component is naturally a simply
connected domain.

In order to prove this lemma we need two lemmas.

LEMMA 3. Let w, K be the same as in Lemma 2. Then the number
Sudm belongs to a umique component A of K° and it holds m{wx; u(x) €
0K U A} = 1.

LEMMA 4. Let K be a compact set in C with conmected complement
and A be a component of K°. Then there exist polynomials P,(z) with
| P, |lx <1 such that P,(z) — 0 for all zc 0K\A and P,(z) — 1 for all z€ A.

PrROOF OF LEMMA 3. Since # is not constant, by Lemma 1 the interior
K° of K is not empty and it holds \udm e K°. Hence there exists a
unique component A of K° with SudmeA. Let f(?) =1 on A and =0
on KA, so that f(z) is bounded and holomorphic on K° Since K° is
connected, by a version of Farrell-Rubel-Shields theorem (Gamelin [1], p.
154) there is a sequence of polynomials P,(z) with [|P,|lx < ||fllee =1
such that P,(z) — f(z) for all ze K°. We consider the set {P,(u)};-,. Since
| Po(%) |l <1 and H is weak* closed, there exist a ve€ H with ||v||. =1

and a subsequence {P, ()} of {P,(u)} such that P, (u) —»v in the weak*
topology. Since SPn(u)dm = P,,(Sudm) and Sudm c A, we get SP,,(u)dm —
1 by the choice of P,. Hence we have gvdm =1. Since ||v]l. =1, by

Lemma 1 we have v =1. As ||P,(%)||l. =<1, we have Re(1 — P,(u)) =0
and using Kolmogorov’s inequality we have for any 0 < » < 1

cos pn‘/Z”P,,(u) — iIm (SP,,(u)dm)”’dm < (S Re (1 — P,,(u))dm)p .

Since P, (u)—1 in the weak* topology, we obtain S(l — Pnj(u))dm——>0
and so S Re(1 — P, (u))dm — 0 and Im (S P,,J.(u)dm) —0 as j— . Hence
there exists a subsequence of {P,}, which we write as {Q,}, such that
Q.(w) —1 a.e. on X. Since Q,.(2) —0 for ze K°\4, we get m{x; u(x) €
KA} = 0 and hence m{x; u(x)cdK U A} = 1. This completes the proof
of Lemma 3.

ProoF oF LEMMA 4. Since K° is connected, we have A(K) = P(K) =
R(K) by Mergelyan’s theorem and hence R(K) is dirichlet on K. Hence
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every homomorphism ¢: R(K) — C has a unique representing measure on
oK. For any ac A we denote by m, the unique representing measure
for the evaluation homomorphism at a. As is known, m, and m, are
mutually boundedly absolutely continuous for any a, be A4, i.e., there is
a constant ¢ = ¢(a, b) such that ¢'m, < m, < em,. Now let us fix a point
a,€ A and let E =0K\A. Then E is an F, set, i.e., a union of an in-
creasing sequence of closed sets in C. Further we have m,(E) = 0, since
m,, is supported on 0A. Hence by Forelli’s lemma (Gamelin [1], p. 43)
there are f, € R(K) such that ||f,|[x <1, f.(z) — 0 for all ze £ and f, —

1 m,-a.e. on dA. Since m, is absolutely continuous with respect to m,,
for any a € A, we have f, —1 m,-a.e. on 64 and so f,(a) = andma —1

for all ae A. As R(K) = P(K), it is easily seen that there are polyno-
mials P,(z) with ||P,||[x <1 such that P,(z)—0 for all zedK\A and

P,(z) —1 for all ze A. That completes the proof of Lemma 4.

Proor oF LEMMA 2. Using Lemma 3 and Lemma 4 we apply the
argument in the proof of Lemma 38 and obtain the desired conclusion.

As immediate consequences of Lemma 2 we have the following corol-
laries, whose proofs we omit.

COROLLARY 2. Let A, B be two compact sets in C such that (A U B)°
18 connected and A N B consists of only one point or is empty. Then
Sfor every we H with m{z; w(x)e A U B} = 1 it holds either m{x; u(x) € A} =
1 or m{x; u(x) e B} = 1.

CorROLLARY 3 ([6] Theorem 4). Let A, B be two disjoint compact
sets in C such that (A U B)° is connected. Let J be a Jordan arc joining
a boundary point of A with a boundary point of B such that the set
J N (A U B) consists of the end points of J. Then for every we H with
m{x; wW(x) e AU BUJ}=1 it holds m{x; uw(x)e A} =1 or m{z; w(x)e B} =1
or u is constant.

Now a bounded domain in C is said to be a Jordan domain if its
boundary is a Jordan curve.

COROLLARY 4. Let D,, D, be Jordan domains with D,N D, # @.
For any non-constant w e H with m{z; w(x)c D;} = 1 (5 = 1, 2) there exists
a Jordan domain D cC D, N D, with m{x; u(x) € D} = 1.

Proor. The set K= D, N D, = D, N D, is compact and the interior
of K is D,N D, Further K° is clearly connected. By a theorem of
Kerékjarté every component of D, N D, is also a Jordan domain. Hence
by Lemma 2 we have the desired conclusion.
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3. We shall next define “value carrier” and state our main result
once more and prove it.

DEFINITION 2. The value carrier w(k) of a measurable function 2
on X is defined to be the set of all complex numbers a e C such that
m{x; | M(x) — a| < e} >0 for all ¢ > 0. Thus w(h) is closed and not empty.

DEFINITION 3. Let G be a bounded simply connected domain, and
let G.. be the component of (G)° containing the point at infinity. Then G
is said to be a Carathéodory domain if G and G. have the same boundary.

THEOREM A. Let <€ H be not constant. Then the polynomial convex
hull @ of w(u) coinc@g with the polynomial convex hull of the closure A
of a component A of (w(u))’ containing \udm and it holds m{x; uw(x) € A} =
1. In particular A is a bounded simply comnected domain and it holds
6(17(@7) = 0A, and hence A is a Carathéodory domain.

Proor. Let K = @ Then one can see easily that m{x; w(z) e K} =
1 and (x) for any ¢ > 0 and any a€odK it holds m{x; |u(x) — a| < e} > 0.
K is connected, since K is polynomially convex. Now let A be the com-
ponent of K° with Sudm € A. Then by Lemma 2 we have m{x; u(x) ¢ A} = 1.

Hence the property (x) of K implies 6K A. Since K is polynomially

A

convex, we have K = 6/1\{ cj and so K = A. The last assertion is then
clear. We have thus proved the theorem.

REMARK. For every he L™ the set @ is the unique compact set K
such that (i) K° is connected, (ii) m{x; k(x)e K} =1, and (iii)) m{x;
[h(x) — a| < e} >0 for any ¢ > 0 and any acdK. In fact, let K, K, be
two compact sets in C satisfying (i), (ii) and (iii). Then by (ii) for K,
and (iii) for K, we have 6K, C K,. Hence by (i) for K,, K, we have K, =
t'?/I\{zCKl. Similarly we have K, c K, and hence K, = K,.

Using this remark we see that Theorem A is equivalent to the
following Theorem B.

THEOREM B. For every non-constant u € H there exists a unique com-
pact set K satisfying the following conditions: (i) K° is commected. (ii)
m{x; u(x) e K} = 1. (iii) m{z; |w(®) —a| < e} >0 for any ¢ > 0 and any
acoK. Further there exists a unique component A of the interior of K
containing Sudm. This component is simply connected and we have K =

L

A4, 0K = 0A and m{z; w(zx) e A} = 1. In particular K is connected.

Now using Corollary 4 to Lemma 2 one can represent the set K in
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Theorem B as follows.

COROLLARY 5. Let u, K be the same as in Theorem B. Then we
have
K = n D ’

De@
where Q is the set of all Jordan domains D with m{x; u(x) e D} = 1.

PROOF. @ is clearly not empty. Set L = Mo D. Then by Corollary
4, L is not empty and compact. L° is clearly connected. Since every D
is closed, L satisfies the condition (ii) in Theorem B. It is also easily
seen that L satisfies the condition (iii) in Theorem B. Hence by Theorem
B we have L = K. This completes the proof.

REMARKS. 1. In Corollary 5 one can not replace D by D, which is
shown by the following example: Let us consider the classical H*(T).
Let u(e?) =¢“ and C,={|z+¢*| <2} (0<a<2r). Then we have
L{e?; uw(e?) e C,} = 1 and C, are Jordan domains. Since Nocaczc Ca = U =
{lz] < 1}, we have L{e*; u(e) € Npeo D} = 0.

2. In Theorem B one can not expect in general that K° is a Jordan
domain or a simply connected domain. In fact, let D be the “cornucopia”
(Figure 1), which is a ribbon winding the outside of the circle T =
{lz] = 1} and accumulating on that circle. Let f(z) be a conformal map
from U onto D. Then we have f(¢’)e H*(T) and Li{e"; f(¢¥’) oD} = 1.
K in Theorem B is then D U U and the interior of K is D U U, which is
disconnected. And A in Theorem B is D. This shows that the simply
connected domain A in Theorem B is in general not a Jordan domain.

FIGURE 1. The cornucopia.
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4. As topics related to the preceding section we shall show the
following results.

PROPOSITION 1. Let D be the cornucopia in Remark 2 in Section 3.
If weH and m{x; w(x)e D} =1, then it holds m{x;u(x)e D\T} =1 or
mf{x; w(x)e T} = 1.

Proor. Let w = f(z) be a conformal mapping from D onto |w]| < 1.
Then the boundary element {|z| = 1} corresponds by Carathéodory’s theo-
rem to a point on the unit circle {{w| = 1}. We may assume that this
point is w = 1. One sees in this case that f(z) is continuous on D. Let
9(z) = f(z) for zeD, =1 for 2ze U= {|z]| < 1}. Then g(2) is continuous
on DU U and holomorphic on D U U. Since (D U U)° is clearly connected,
by Mergelyan’s theorem there exists a sequence of polynomials converging
to g¢(z) uniformly on DU U. Hence as before we have g(u)e H and
lg(w)| =<1 a.e.. By our generalization of Lowner’s lemma ([6]) we have
0 = m{z; g(u(x)) = 1} = mfx; |uw(x)| =1} or g(u(x)) =1 a.e.. The latter
implies m{x; w(x) € T} = 1. This completes the proof.

PROPOSITION 2. Let D be the simply conmected domain bounded by
the arcs

0<2=28r, y=sinz"'+ 2

7_:)0=2/37r, —-1=5y<£28r -1
1283t =2 >0, y=sina
=0, -1yl

where z = x + 1y. If we H and m{x; w(x) € D} = 1, then it holds m{x; u(x) €
D\i[—1,1]} = 1 or u 1is constant.

ProoF. In a similar way to the proof of Proposition 1 we see that
m{z; w(x) € D\i[—1, 1]} = 1 or m{xz; u(x) ei[—1, 1]} = 1. In the latter case
u is constant by Corollary 1.

Combining Proposition 2 with Lemma 2 we have the following result.

PROPOSITION 8. Let D be as in Proposition 2 and D' = {z = & + iy;
—x +iyeD}. If weH is not constant and m{x; u(x)e DU D'} =1, then
it holds m{x; uw(x) e D\i[—1, 1]} = 1 or m{z; u(x) e D'\i[—1, 1]} = L.

As an application we have the following: Let D be as in Proposition
2and K = D. Let m be the unique representing measure on 0K for the
homomorphism from P(K) to C:f— f(a), where a is a point in D. Then
we have m{i[—1, 1]} = 0.

5. Final remark: All our results hold for any ue L* such that
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Su”dm = (S udm)n (n=0,1,2 --.). We have only to take the weak*
closure of the set of all finite linear combinations of {u"}r,.
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