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APPROXIMATION OPERATORS ON BANACH SPACES
OF DISTRIBUTIONS

R. GθPALANf
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Abstract. An approximation process {Γn}neP on a Banach subspace X
of J^7 [Zemanian A. H. [36]], satisfying either a Jackson type inequality or
a Bernstein type inequality of order p(n) on X with respect to Y of X, is
being related to a class of Banach subspaces {X^zej of J^7, on each of
which, {Γn}neP defines a sequence of multiplier type operators, satisfying
the same inequality with same order. Sufficient conditions for -X^cJ^7,
Λ G / a r e given. Results are illustrated by examples.

1. Introduction. For a Banach space X, a sequence {Γn}neP of bounded
linear operators Γn: X—*X, with P = {1,2,3, •} is called an approximation
process on X, if Γnf —> / in X V/e X. For suitable subspaces F, A of
X (A being fixed, dim(Λ) < oo) and function p(ri) ^> 0, /o(w)\0 on P, an
approximation process {Γn} on X is said to,
(I) satisfy a Jackson-type inequality of order ρ(n) on X with respect to Y,

if V/e F, ||r,/-/||z^C|θ(w)||/||Γ;
(II) satisfy a Bernstein type inequality of order p(n) on X with respect to Y,

if (J Γn(X)c:Y and V/e JΓ, ||Γn/||F ^ CiGofa))-1)!/!!*. (C, CΊ constants
neP

independent of ri);
(III) be saturated with order p(n) on X with saturation class F,

if for /eX, IIΓ%/-/||;r = J0^^"^ ' e

For such {/\} as in (III) above, the inverse problem is the characterization of
elements of the sets

{f£X\\\Γnf-f\\x = 0(η(n))} with some η(n)^9 ^)\0, £ί̂ -*0 as n-*oo.

Given a Banach subspace JΓ of a certain space j&" of generalized
functions, each / 6 J&" having Fourier expansion with respect to an
orthonormal system [ψn}n£N (N— 0,1,2,3, •••) and given an approximation
process {Γn}neP related to {ψn}nejv on X, satisfying (J) Jackson-type inequali-
ty or (B) Bernstein-type inequality or for X, having (S) saturation and
inverse theorems, the aim of this paper is to determine a family of related
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Banach subspaces of j&', on each of which {Γn}neP satisfy the above (i.e
(J) or (B) or (S)).

Let / be an open interval of R. Let ̂  be a self -adjoint differential
operator of the form ^ = ΘJ)^ΘJ)^ J9Λ»0V = θ»(-D)n» θ^-Dytf,
θi e C°°(I), nt e P, 1 ̂  ί ^ v, with discrete spectrum, with [ψn}neN a sequence
of orthonormal C°°-functions on /, as eigenfunctions, corresponding to
eigenvalues {λn}«=o Let | λn | | °° as n — > oo . Let J^ be the space of test
functions, jy" = dual of J^ be as constructed by Zemanian [[36], [37],

Chap. IX]. V/eJ^', / has Fourier expansion / ~ Σ </, ̂ >f * such
% fc=0

that Σ </, Ψk)ψk— * f in J^" as ?&— » o o . There exists only finite num-
fc=0

ber of ik e N9 0 ̂  k ̂  I such that λ<Jfe = 0, 0 ̂  A; ^ ί. Let Λ = span of
fVr.JO ^k<^l}. Let us call Λ the trivial class. Let [{ψn}] = span of {ψn}neN.

The main results are presented as follows: Given a Banach subspace
X of j '̂, with JΓ* denoting the dual of Z", a family of related Banach
subspaces {Xλ}teJ, /being a parameter set, is constructed so that (i) every
multiplier type operator related to {ψn} on X, defines a similar operator on
each Xλ, λ e J; (ii) every approximation process on X satisfying Jackson-type
inequality or Bernstein type inequality with certain order on X with respect
to a subspace Y of X, also satisfies the same inequalities with the same order
on each Xλ, with respect to suitable subspace Yλ of Xλ, λ e /. Sufficient con-
ditions for each Xλ to be subspace of j}/', λe J are given in terms of esti-

( d \k

— ) Ψ**, n>k e -Λf in the norm of XΓi X*. Using these results
dx/

and those of Butzer-Scherer [17, 18], Trebels [30] both saturation and inverse
problems are studied for various approximation processes related to ff n}Λ e J V

on each X2, λeJ". Finally, these results are illustrated by means of
classical orthonormal systems, like Hermite, Laguerre or Jacobi functions.

As an illustration we cite the following example. Let I = (— °°, °°).

Let ^ = -β ^Λe-'jDe 1/', D = , *«(*) = > where H^ are

Hermite polynomials. Let X=Lr(—°otoo) for some pe(l, oo). Here,
λn = 2», λ0 = 0, A = {cfcr*2/2 1 d e Λ}. J^ = & J*" = &" [37]. Let Vn e P,
{v«,J»βp be real sequence with Ύn,k = O(k*») for some qn e P. For / e &"(R),

let ΓJf = ±fn.t<ftψk>ψt (neP). Then Γ./ e ̂ ' for all w e P. For
fc=0

/S> 0:
(1) JΠΓ,},βpC[L'], iAew{r.}nei.c[Z].

(2) // {Γ,}.,,, c [L»] αwd V/ e Lf = {/ e L" gr ~ Σ &'</, ψ-*>^» e L'|,
I fe=0 J

1 1 ΓJ - f I |iP = 0(w-0, ίAe» V/ e Zt = / 6 Z \ g ~ Σ #</, ,̂>f » e
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(3) If{Γn}d[Lp]f[JpΓn(Lp)cιLp

βand \\Γnf\\L^c

\JΓn(Z)aZβ and \\Γ*f\\Zβ ^ C^\\f\\z VfeZ, where Z denotes any one

of Pthe following spaces: Hg>m(R), Hq'~m(R), (Hq'~m(R)f Hq>m(R))θ,qι, 0 < θ < 1,
l^(/ ίg°o, p ^ q 5g p', me P. For definition of these spaces, the reader
is referred to [31, Chapter 31] [13, p. 167]. The intermediate spaces con-
structed by the ίΓ-method of J. Peetre [13, p. 167] are defined as follows:
Let X, Y be Banach subspaces of ^'(/)-the space of Schwartz distributions
on 7. Let X + Y= {/, +/, |/,e X,f2e Y} with norm ||/||z+F = inf{||/1 | |JΓ +
||/2||F |/l6 -T,/te Y, / = Λ + /J (feX+Y). For /e X + Y, 0 < ΐ < -,
let #(£,/, X, Γ) - infdl/, !U + ί l l / . l l r I / =/ι +/», /ι6-3Γ, /ae Γ},

t
if 1 ̂  g < oo, o< 0 < 1 ,

[feX+Y\ 11/11,... = [Buvt-'K(t, f, X,Y)] < 00}

if 0 = oo, 0 ̂  0 ̂  1 .

The spaces of Bessel potentials Hp'm, and its dual Hp'~m(R) are special
cases of the following spaces defined as follows. For m e P, and for a
Banach subspace X of '̂(/), let

V. α=0

with

|| / IU-.(z> - infJΣ H Λ H z I / = Σ £"/«, /βe X, 0 £ α £ ml (/e
lα=0 α J

Here Daf denotes the distributional derivative of / of order a, ae P. Let

Wm(X) = {feX\DafeX, O^a^m}. For fe Wm(X),\\f\\wm(z} = ΣII^/IU
α=0

TΓW'°(X) = closure of &(I) in ίFm(X), where &(I) = {/ 6 C°°(/) | supp / is
compact}. [ JF^L'CR11)) ̂  Hp>m(Rn) ^ Wm(Lp(Rn)); W~m(Lp'(Rn)) ^ Hpf>~m ~
dual of Hp'm(Rn)].

In a series of papers by Favard [[19], [20]], Sunouchi and Watari [28],
Aljancic [[1], [2], [3]], and Buchwalter [10], saturation behaviour of various
approximation processes related to Trigonometric polynomials on C(—π,π),
Lp(—π, π) 1 <; p < oo had been studied. Buchwalter [9] studied the same
problem on a normed linear space for various approximation processes
related to a biorthogonal system. Bavinck [6] studied both saturation and
inverse problems of various approximation processes on Lp(μ) 1 ̂  p < oo,
C(-l, 1), where dμ(x) = (1 - x)a(l + x)βdx, xe (-1, 1), a > -1, β > -1,
related to Jacobi polynomials using the convolution structre for Jacobi
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series, introduced by Askey and Waigner [5]. Recently in a series of
papers by P. L. Butzer and his colleagues [[16], [21]], both saturation and
inverse problems related to classical orthogonal polynomials were in-
vestigated on Lp(μ) 1 ̂  p < oo where dμ(x) = w(x)dx, w(x) ^ 0, x e (α, 6),
— oo ^α<6^° ° .

2. Definitions and Notations. In order to present the main results
of this paper, we need to define certain spaces as follows. For Banach
subspaces X, Y of J '̂, let [X, Y] = the space of bounded linear operators
from X to Y. For XdY, let Cl(X, Y) denote the closure of X in the
topology of Y. Let M(X, Y) denote the space of all real sequences {7k}

such that for some Γe [X, Y], Γf ~ Σ ?*</, ?K>^ k, (/£%} with a norm

UM(X, Y) = )keI\,τeΩ

Ω a parameter set and \

Vr e fl, {7τ,k}keN e M(X, Y) definingl .

Γτe[X,Y] with sup || Γr ||< oo
re£? /

For / e jy ', V<5 > 0, an element ^δf of j&" can be defined as follows:
<^Ύ, TK> = λβ

fc</, α/rfc> (keN). %Sδf is well defined by completeness of
{fn} on j*" and by Theorems 9.5.2, 9.6.1 of [[37], p. 260-261]. For a
Banach subspace X of jy" and for d>Q, Xδ = { f e X\^δf e X} with norm

For /e-XL,, || /llfr,.= inf{||/o||^ + | |Λ IU I / =Λ + '̂/ιί /o, Λ e X}. For

ί > 0 let vkt, = JQ f c δ ^ ̂  ΐ o' fee Λ}' For each /e ^^^ an element G^/
of j*" can be defined as <G,/, ^t> - vtf ,</, ψ t> (*? e JV). V^ e J^ Vδ > 0,
^δφeJ^f GδφeJ^f [Ref. Lemma 9.3.3, Theorem 9.6.1, [37]].

3. Main Results. First, we need to choose suitably, Banach subspace
X of J '̂, from which, we like to extend Jackson or Bernstein type ine-
qualities satisfied by approximation processes, to various other related
Banach subspaces of J '̂. For this we need the notion of families ^""(w),
^~(m, δ) of Banach spaces. Let m e P, m be fixed throughout the rest
of the paper.

DEFINITION 3.1. A Banach space Zz ^~(m) if (l)-Cl(^'(/),Z) = Zcj^r/,
(2) J^ c Wm>°(Z) n £*, (3) W~m(Z + Z*) c J '̂, (4) V£ > 0 {v t f l} fcβ ^ 6 M(Z)
defining G8e[Z].

DEFINITION 3.2. For δ > 0, a space Ze^(mt d) if (1) Ze^~(m),
(2) C1(̂ (I), Z*) = Z*, V/e Zf , + Z_3, D fc/e J '̂ 0 ̂  k ̂  m.

The families of related Banach subspaces of j&' can be given as
follows:
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DEFINITION 3.3. Let <5 > 0, Xe ^~(m, δ) be reflexive. Then Γ(ra, δ,X)
be the family consisting of the following spaces:

Y = (any one of X, X*, (X, X*)$l.9l 0 < θ, < 1, 1< ffl < oo), Y_δ ,

W~m(Y), Wm>°(Y), (W~m(Y), Wm '(Y))ff,q 0 < θ < 1

DEFINITION 3.4. A space JCe Q(m), if Xe ^~(m) and there exists
X'eJT(m) with Xc(X')*, *'cX*, on X \\ \\z = \\ \\(z.}. , on X' \\ ||z, = || ||z,.
For δ > 0, Xe Q(m), let Q(ra, δ, X) be the family consisting of the
following spaces: Et(= any one of X, X', (X, X')θ,q, 0 < θ < 1, 1 ̂  g < oo),
FT— (SO, (TΓ-*^), #!>,„, 0 < 0 < 1, l ^ g ^ o o ; #,( = any one of X\ (X')*δ,
(X*δ,(X')*δ)θ,q, 0<0<1, l^q^oo); E,(= anyone of X*,(X')*, (X*,(X')*),.q,
0 < θ < 1, 1̂  g ^ oo); js;(= any one of (X, -XΓ*), i f f f 0 < θ < 1, 1 ̂  ? ̂  oo).

THEOREM 3.1. (1) Let β > 0 cwd Jfe "̂(m, /9) δe reflexive. Then
M(X) c Af(Z), ?7M(JΓ) c UM(Z),VZe Y(m, β, X).

(2) Lei /3>0, JSΓeQ(m). ΓAew AΓ(JSΓ) c AΓ(Z), ί7M(JΓ) c UM(Z),
VZeQ(m,β,X).

Assertion (1) implies that every multiplier type operator on X defines
a multiplier type operator on members of Y(m, β, X) or Q(m, β, X).
Assertion (2) and Banach Steinhaus Theorem imply that every approxi-
mation process related to {ψn}neN on X, defines an approximation process
related to {ψn} on every Ze Y(m,β,X) or Q(m,β,X) with Cl(j^9Z) = Z.

Given a Banach subspace Z of jy", d > 0, we need the notion of
the space Zδ = relative completion of Zδ in Z, for describing the satura-
tion classes in the theorem given below. For origin of definition of
such spaces and for their properties see [14, p. 373], [16], [8]].
Zδ = { f e Z \ There exists {fn}dZt, sup ||/J|Za ^ p, fn-+f in Z}.

For feZδ, \\f\\~Zδ = i*f{p> 0 | {/.} c^Γsup \\fn\\Zδ ^ p, fn-»f in Z}.
neP

REMARK. ZδaZδ, on Zδ \\ \\Zδ Ξ> || \\zδ and Zs = Zδ if Z is reflexive.

THEOREM 3.2. Suppose p(τ)\Q, τ-+τ0 and δ > 0, β > 0. Suppose
Xe ^~(m, β) be reflexive (resp. Xe Q(m)) and Vr, {7T,k}kz*eM(X) defining
Γτe [X]. Then we have the following:

(a) // V/e-Xi, | |Λ/-/|U^Cχr)||/|Uβ, then VZe Y(m,β,X)(resp.
VZe Q(m, β, X)) we have: VfeZδ, \\ΓTf - f\\z£ C,p(τ)\\f\\^.

(b) If V / 6 X, ΓτfeXδ and ||Γr/||X| ^ C2(^(τ)Π|/|U tλβw
VZe Γ(m, /3, -3Γ) (resp. Q(m, β, X)), we have: VfeZ, ΓTfeZδ, and

(c) //, sup || Σ (1 - k/(n + !))</, ^*>t* IU < - V/ e X; V/ e JSΓlf



290 R. GOPALAN

\\Γrf - fllx^dptu) \\f\\Z8 and for some c Φ 0, l _ - > c λ £ as τ-»τ0,

V fixed keN, then VZe Γ(m, β, X) (resp. Q(ra, β, -3Γ)), we have, for f e Z,

In the following theorem, some sufficient conditions for members of
Y(m, δ, X), Q(m, S, ̂ Γ) to be subspaces of j&", are given.

THEOREM 3.3. Lei X, IT be Banach subspaces of Lebesgue measura-
ble, real or complex valued functions on I such that Xa. Y*9

), X) = X, Cl(^(7), Γ) - Γ. Let 7) = A.

(a) Suppose \\^kDψn\\L2(I) = 0(|λw|β+fc) (n,keN,seP independent of
n, k). Then D: J '̂ — > jy" is continuous linear operator of j&" into J^f

and hence the spaces under consideration are subspaces of j&".
(b) Suppose VkeN, Q^k^m, | |7>V»llznz* = 0(|λn|

β*) (skeP, depending
only on k). Then VkeN, 0 ̂  k ̂  m, Dfc: ^Γ + X* — > J#" is continuous^

(c) Suppose ||^»||znF = 0(|Xw|e) (se P, independent ofneN) and Vne N,
there exists n± e P, {wj J^o in N, a finite sequence {C*} Ji0 ^/ constants with

Σ I Q I ̂  CΊ I λ» |% sup I λw I ̂  C2 1 λw h (ffi, g2 e P,
^

d > 0, C2 > 0; gly ?2, CL, C2 αM independent of ne N}. Then we have (i)
j^cXΠ-X"*; -2Γ, X*, Wr"m(-X' + -X'*), T7~m(^ + ̂ ) /3>0, are all subspaces
of j#". (ii) Cl({f J, TFm'°(J*Γ)) - Wm'°(^) and hence Cl(j^, ίΓm'0(JΓ)) - Wm>\X).

(d) Lei fc0 e P (ft0 fixed). Suppose Vfc e P, 0 ̂  fc ̂  m ||^°#VvlUnx* =
0(|λnl'*'*o) (s fc)fcoeP, depending only on k, k0). Then V fceP, 0 ̂  fc ̂  m,
£)*^/*o: X + X* -̂  jy" is continuous. Hence W~m(X-ko + X\) c j '̂.

4. In this section, we state and prove certain lemmas needed in the
proof of main results of §3.

LEMMA 4.1. Let X be a Banach subspace of 3t\I) ana Cl(&(I),X) = X.
Then (a) (Wm'\X))* = W~m(X*) with equivalent norms, (b) 7/Xis reflexive
then Wm'°(X) is reflexive.

PROOF, (a) Proof of (a) is analogous to that of Prop. 31.3, p. 325
Treves [31];
(b) Let X be reflexive. Wm>ΰ(X) is reflexive since Wm'\X) can be embedded
as a closed linear subspace of the reflexive space E —X x X x X under

the norm | |/ |U = Σ l l / i l l z with / = (/0, /,, - • • , /»)€#.
i=0

LEMMA 4.2. Let X, Y be Banach subspaces of &'(!). Then there
exists an extension of Te[X,Y], T, T e [W~m(X), W~m(Y)] such that
\\T\\ ^ ||T|| and when Cl(^(7), X) = X; T is uniquely determined.
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PROOF. On /e W~m(X), define T by Tf = T\ Σ ®jfi = Σ D*Tfj.
\ j = 0 / j = 0

This definition is independent of the representation of /, since / =

= Σ D*fft implies 0 = f 0 = f (Σ Dj(f> - ft-)) - Σ OTΛ
5 = 0 \5 = 0 / j=0 5 = 0

Also, for / = Σ Vfi, fi e X, 0 £j£m, \\Tf\\w-n £ Σ II Tf,\\r £ \\T\\

Hence || f || ^ || Γ||. Uniqueness of T follows from Cl(&(I), X)'= X.

LEMMA 4.3. Lei Ze ^~(m) αra£ δ>0 then (a) ClGj^Z^ZjcZ, Z, is
Banach space, (b) (Z,)* - (Z*)_s Z* <^(Z*)_S. (c) Cl(j^fZ*) = Z* implies
Cl(j^,(Z*)_s) = (Z*)_s. (d) JPorO<α<δ,'M;e have Zsc.Za, ZϊadZ*s. (e) //^
is reflexive, so is Zs. (f) M(Z)^M(W~m(Z)). (g) W-m(Z^(W~m(Z}\. (h)
^* 6 J^(m) αwί ^ reflexive imply ( W~m(Zt))* = ( WmΛ(Z*))_s (i) (Z*s)s = Z*;
(Zs)^δ = Z. Here Z*s denotes (Z*]_s.

I

PROOF. For ̂  e Z, let φ^ = Σ <X 'f ί*)^*- Tnen ̂  e Λ and || Φ^\\z^

C\\ά\\z, with C = ΣJ|f J|2,||^Ju. (a) Clearly j3^cZ,c^. For/e^3,

^δ/ e Z and since Cl(jy , Z) = ̂ , f or ,0 > 0 there exists ?5 e J5^ for which

|| / - (φf + Gsφ)\\Zs ^ (\\G.\\ + 1 + C)ρ, Gsφej^. Hence Cl(j^, Z.) = Zs.
Since ^s is closed on Zs and Z is complete, Za is Banach.

(b) The map Γ: Z, -» Z x Z, given by Γ/ = (/, ̂  '/), / 6 Z, is an
isometry. T*: Z* x Z* —> (Zs)* is onto by Hahn-Banach Theorem. For
feZ*δ with / = /β + ̂ 5Λ, 4 Λ e Z*f define / on ŝ given by f(φ) =
</o, Φ> + </ι, ^V>. (^eZ,). /_is well defined and /e(Z,)*. The map
I: Zΐa — * (Z4)* given by /(/) =/, f&Z*s, is one to one. We prove that
I is onto: Let /e(Z,)*. Since T* is onto, there exists ^0, -^eZ* such
that Γ*(^o, ^i) = /. Define v e Z*, as v = ̂ 0 + ̂ "̂ . Then Jv = /. Hence
Z*, = (Z,)*. It is easy to prove (c) and the fact Z* cZ_*s c jy".

(d) Let 0 < α < δ. For / e Z,, ^α/ = Gs_a^
sf e Z. Hence Z&

J3^ c Zs c Zα and Cl( ĵ , Zα) = Zα imply Cl(Zβ, Z«) = Zα. Hence Zfα c Zί,
(e) If Z is reflexive, so is Zs, as Zs can be embedded as a strongly

closed subspace of Z x Z.

(f) (W~m(Z))*-*—-—*(W~n(Z))** T**f=Tf
T T \ VfeW~m(Z)

* V

W~m(Z)——*W~m(Z).

ί
t x

I ^(w--<— Γ*

FIGURE 1.
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In this diagram, -» (resp. — ») denotes the direction to which proof
proceeds, taking transpose (resp. extension) of the operator under con-
sideration:
Cl(j^,W-m(Z)) = W-m(Z)cJ^'. Ή.encej^^(W-™(Z)Γ^^'L Let {Ύ»} e Λf(Z)
denning ΓeJZ]. By Lemma 4.2 there exists Te [W~m(Z)]. T* e [(W-m(Z))*}
such that <?*/, *»> = </, 2V *> = Jj<f, f *>, (ft 6 tf, / 6 ( TF-(Z))*). Hence
{7k}keNeM((W-™(Z))**) denning Γ** e [(W~_m(Z))**]. Since T**f=Tf
V/e TΓ—ίZ), {Ύ*}*.weΛf(TF-"(Z)) defining Γe[TF- (Z)l.

(g) Let / e W~m(Zs). f = φf + Σ J^G,?, with φ e Λ, gs e Z, 0 ̂  j £ m.

By (f ) of this lemma, /= ψf + G4f~Σ Ify/l. This implies ̂ sf = Σ J^flTy 6 PF

thus TΓ-m(^)c(TF-m(Z))5. Conversely, let /e(TΓ-"(Z))lΓ
>Then ̂

Σ &0i e W~m(Z); gj eZ, O^j^m. This implies f = Φf + G, Σ
3=0 \3=0

<*/ + Σ ̂ Grf, e PF-m(Zs), with ^ e /ί. Hence ( W~m(Z))3 c W~m(Z,).

(hi)" Since ^* e ̂ "(m) and ̂  reflexive Wm °(Z*) is reflexive. The rest
follows by steps similar to those of (b) of this lemma.

(i) VfeZ*, /, WfsZϊ,. Hence fe(Z$), and \ \ f \ \ ( z L s } s £ 2 \\f\\z,.
This gives Z*c(Zί,)4. V/e(^)s, ^

5/e Z_*3. Hence ^-δ/ = /β + ̂ "/lf

/„, ΛeZ* or / = 0/+/1 + Gsfa + /„ #/+Λ e Λ. Hence / e Z*, || / |U ̂
Ql + II^IDH/ll,^,,. This gives (Z*,),cZ*. Hence (Z*,), = Z*. The
identity (Za)_j = Z is easy to prove.

LEMMA 4.4. Suppose X, Y be Banach subspaces of *S&" each containing
<Sχf as a dense subspace and for δ > 0, {vk 5 } k e f l Q M(X)ftM(Y). Then for

Q < 0 < i ' 0 Ξ oo J

PROOF. For / e ((X, Γ),.,)Λ taking %Slf=fί + /2, with /t e X, /, 6 Y, we
can prove for 0 <ί < oo, ίΓ(ί, /, X,, Y,) ^ (1 + 1| G, ||IΛ + 1| <?5 ||[r])tf(ί, ̂ s/, X, Γ).
This implies ((X, Γ),,f), c (Z,, Γ,)».. Conversely for / e (Σ,, Ys)β,q with
/ = ft + A, /i e Xs, /,e Γ,, we can prove, for 0 < ί < oo, K(t, f, X, Y) ̂
K(t, f, Xs, Y,); K(t, ^Ύ, X, Y) ^ K(t, f, X,, Y,). This gives (X,, Γ,)«..c
((̂ , Y)β,,), Hence the first identity.

((X*, r*),..)_, - (((x?,),f (Γf, ),),.,)_, = (((JΓΛ, rj?.),.f),)_, = (JΓ*,, Yi,),., .
LEMMA 4.5. Let X, Y be Banach subspaces of J&" such that J*f is

dense in both X and Y*, J^cY, W~m(Y*)c J*". Then
(a) M(X, Y)<=.M(W-m(Y*\ W~m(X*))c:M((W-m(X*))*, (W~m(Y*))*)
(b) UM(X, Y)dUM(W~m( Y*), W~m(X*)) cUM((W~m(X*))* ,(W~m( Γ*))*).

PROOF. Cl(ĵ , W~m(Y*)) - ΐ^-ro(Γ*) and
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(TF— ox*))* — £L-,(TF'—(r *))*-
<ΛΛ

/"•*/! = J2Γ, /i, J2 are identity maps.
FIGURE 2.

Hence jaf c(TF— (F*))* c j*". It is enough to prove (a). M(X,Y)c
M(Y*,X*). Let {δ,}kePeM(Y*,X*) defining Γ 6 [Γ*,Z*]. By Lemma
4.2, there exists Γe [W~m(Y*), W~n(X*)]._ It is easy to check that
{8t}t.P 6 Λf(( TF— (JP))*,( ϊΓ-»( Γ*))*) defining Γ* e_[( TΓ-W(J:*))*,( TΓ-"( Γ*))*].
Γ** e [(TΓ"(r *))**, (Ϊ7-W(X*))**] and Γ**/_= ^/ V / e TΓ— (Γ*). Hence
{dk}teNeM(W-m(Y*), W~™(X*)) defining Γ6[ΐ^-m(F*), TΓ-"(JΓ*)] and
||f |i ̂  II/ΊI. (Refer Lemma 4.3.f for symbols -», (—•)).

COROLLARY 4.1. Lei Ze^"(m) αwd Cl(jzf, X*) = X*. Then /or

(i)
(ii) Z7M(Z) c UM( Wm \X)) n ϋΆf ( TΓ-"(JSΓ)) c C7M (( PΓ

PROOF. Apply Lemma 4.5 and Theorem 3.2.23, [13, p. 180].

LEMMA 4.6. (a) Suppose Ze ^~(m, δ), for some d > 0. Then
(1) {vk,s} 6 M(Z, Z,) c Jlf (Z_*lf Z*) c

(2) (T7— (Z*,)), = W~m(Z*)
(3) W-^Z*,) = (W—(Z*))-,

(b) If, iw addition Z is reflexive then

(2) {v4.,} e Jί̂ , ̂ ,) V^e Γ(m, 5, Z)
(3) TF β(Z*,
(4) ϋ3f(Z) c

where E = any one of Z*, TF— (Z*), Wn\Z*\ (W~m(Z*), TΓ» β(Z*)),.t

0«?<1, l ^ g ^ o o .

PROOF, (a) (1) Follows from Lemma 4.5 and by similar steps as in
the proof of Lemma 4.3 (f).

(2) W-n(Z*)(zWm(Z*s). For /e TF— (Z*) with /= Σ^/Λ ΛeZ*,

0 ^ j ^ m, let Λ(/) = Σ -D '̂/ί e TF— (Z*,); / = ί* + G,(Λ(/)) with ί* e A>
3=0
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%Slf=gs(f) 6 W— (Z_*4). Thus, W~m(Z*) c( TΓ— (Z*,))ι For / 6 ( ΪF— (Zf,)),,
^"/ e W~m(Z*e). By (1), f = φ, + G^f) e W~™(Z*) with 0, e 4. Thus

(3)
(b) (1) If £ is reflexive, so are TΓ» °(Z) and (W- °(Z)),. Hence

(2) Follows from Lemma 4.5 by letting X = Z, Y = Z,, and JΓ == Z*,,
Y = Z*, and by Theorem 3.2.23, in [13] and by Lemma 4.4.

(3) TΓ-°(Z*,) = ( W—(Z,))* = (( W~m(Z))s)* = ( W~m(Z))*, = ( Wm \Z*))_s.
(4) Let {dt}t.He M(Z*) defining Γe[Z*]. Por/6Z*,with/=/β + ̂ '/lf

/β,/ιeZ*L Define Γf = Γft + '&iΓf1. It is easy to check that {«»}». weAf(Z*,)
defining Γ e [Zf J, Af(Z) c Jf(Z?{), Ktf(Z) c UM(Z*δ). The rest follows from
Lemma 4.5, Lemma 4.4 and from [13, Theorem 3.3.23].

Using the definition of M(X, Y) we like to give a simple characteri-
zation of elements of M(XS, X) for a Banach subspace X of όtf" and δ > 0.

Indeed, for {jk} e M(Xβ, X) defining Γe [X,, X]. We have, for every
feX, GsfeXs and hence Γ(Gsf)eX. Thus {Ύ^t.,}k,neM(X) defining
ΓG,e[X] with ||ΓG,|b, ̂  ||Γ||u,fI](C + ||G,||[Λ) (C an independent con-
stant). This gives 7k = δk\

s

k (keN, k Φ ί0, •• ,i l) for some (δk}eM(X)
with IK^lljrw^CJIWII^,.,,. Conversely, for {%} e Λf(Z), {^λί} 6
with IK^jλiJIUix,^, ^ ||{57»}||jr(τ).

Thus we have proved the following:

LEMMA 4.7. Let X be a Banach subspace of jy" and d > 0.
} e !f(.Xa, -X") */ and only if there exists {ηk} e M(X,, X) satisfying

In this case

5. In this section we present the proofs of our main results, utilizing
the techniques developed and results obtained in §4.

PROOF OF THEOREM 3.1. (1) Let δ > 0, Xe ^~(m, S) be reflexive.
Then Y (= any one of X, X*, (X, X*)t.v 0 < θ < 1, 1 < q < «>), and
YLj e ^~(m) and are reflexive. Hence (1) follows from Corollary 4.1 and
Lemma 4.6(b).

(2) For Ze ^~(m), UM(Z) c UM(Zt) since, for a multiplier type Γ e [Z]
and/6Z,r(^/) = ̂ (Γ/)in j*". Hence, ||Γ/||z^||Γ||||/|Uδ, (feZ,). For
ZeQ(m) UM(X)aUM(X*). Since C\([{ψn}],X') = X'cX*,UM(X*)c:UM(X').
If ^= either X or JΓ, we have UM(X)cUM(E)cUM(E*) and
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UM(E) c UM(E9) c UM(E*δ). The rest of the theorem follows from Lemma
4.3 (f) and by [13, Theorem 3.2.23].

PROOF OF THEOREM 3.2. Let p(τ) \0 as r—> r0. Let β > 0, δ > 0, X,
{%,/J, ΓT be as given in Theorem 3.2.

(a) The inequality | | Γ r f - f\\x ^ C,p(τ)\\f\\Xδ for every feXδ im-

plies 1̂ 4̂ } e Z7M(Xδ, X), with

sup
p(τ) U(X),X)

^ sup , <

By Lemma 4.7, for each r, there exists {ητΛ} e Λf(JSΓ) satisfying

with

sup 1

By Theorem 3.1 we have, {ητ,k} e UM(Z). By Lemma 4.7 we have,

for Ze Y(m, β, X) (resp. Q(m, β, X)), {^^}e UM(ZS, Z), i.e. v/e Zs

\\Γτf - f\\z ^ Cu/o(τ) II/IU,. For ̂ e Y(m, β, X), Z is reflexive and hence
Zδ = Z,. We have proved (a) for Ze Y(m, β, X). In order to prove that
{ΓT} satisfies Jackson-type inequality of order p(τ) on Z with respect to

Z3 for ZeQ(m,β,X), we have to prove that,

VZeQ(m,β,X). Let ZeQ(m,β,X). Vr,

p(τ)
UM(Zδ, Z)

Hence, by

Theorem 3.1 j7^"1} 6 M(Z), defining |Γf ~ Ji e [Z], Vr. For / e Z,, there
I ^(r) J I |θ(r) J

exists a sequence {/J in Zs such that sup||/n |U ^2||/||2. and /,—»•/ in

This implies Vr, - Λ ~ / jn and

lim sup - /.
|0(T)

(b) Let Ze Y(m, β, X) (resp. Q(m, β, X)). By hypothesis (b), we
have: V/e X, ΓTfeXδ and ||ΓT/|U, ̂  CXi^Γ'H/ILί i.e. \((*d@S*Γtf\\z ^
^ϋ/VU^rgC^I/IU; i.e. {rtr)λί7Γit} e Z7Λf(X). By Theorem 3.1,
{p(τ)\iΊτ,k} e Z7M(Z) i.e. jO(r)||^3rr/|U^C2||/||2 for every /e Z. By Theo-
rem 3.1, {vkιS} e M(Z) defining G, e [Z]. V/ e Z, |θ(τ)Γr/ = G,[/o(r)a"Γr/] +
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p(τ)Γτφf, φf = Σ </, ̂ >ιh* 6 Λ. Hence tfr) || Γr/ \\z, ^(A + \\Gβ\\) \\ f\\z,

f e Z , A=A(irt'ψtl)>Q. Hence v/e Z,Γr/e Z,, |
(c) Let Ze Y(m,β,X) (resp. Q(m,β,X)). By (a), we have \\Γtf- f\\z^

C1(o(r) \\f\\zs, VfeZ,.
Case 1 : Suppose Cl( [ {ψ n} \,Z} — Z. — c^ β is a closed operator with dense

domain ̂  and range in Z. We will show that (i) V/ e
p(τ)

in ,̂ (ii) there exists {Jn}nePa[Z], UΛ(Z)cZ,; J./— •/ in Z
w e P

and /„ and /\ commute V^G P, Vr. Then (c) follows by Theorem 13.4.1,
Butzer-Nessel [14, p. 502] [Ref. Berens [8]]. For feZ» let Trf =
p f _ f
—^ - ̂ - + c^5/. By uniform boundedness principle sup || rr||[Z5 z] < oo.

Vk e P, Tτψk - ^" + cλ^f k-+Q as τ^τ0. Since Cl([{^ n}],Z) = Z, Banach
L p(τ) Δ

p f _ f
Steinhaus theorem implies that V / e Z,, — ̂  - ̂ -— > —c^δf in E'as r— >τ0.

Rnf-*f in X, V/e X (see Corollary 3.6, [16, I]). Theorem 3.1 implies
that {RH}e [Z], Rn and Γτ commute, ||-Bn||[z] ^ d19 RJ-*f in Z, VfeZ.

Case 2: Suppose Z is the dual of a Banach space jP with F =

],̂ ), we only have to prove, for /e Z,

For feZlet \\Γτf - f\\z = O^τ)). Since bounded sets in Z are weakly*
compact there exists fQeZ and {τJUP such that τ z — >τ 0 as Z — > oo,
jΓ f — f

* - as ί — oo, in the weak* topology of .̂

Hence

-— /° e Z; i.e. / 6 ZδdZδ. If big 0 is replaced by small o, then ^5/ = 0,
c

i.e. / e Λ .
oo

PROOF OF THEOREM 3.3. Let sQe P such that Σ |x fc|~
2s° < MQ < oo,

fc=0
*k^°

(a) Suppose, V&, ̂  e JV, || ̂ kD^n\\L2(I) ^M,(\\n |8+fc), (s 6 P, independet of

n,keN). LetφeJ^. Dφ = Σ
Jk=0

Σ K^n>l H^'-DV .IU»£Λfi Σ KΛV
^o°. Hence ^kDφeL\I),nykeN. Since !>?), -f » e o m a i n of ^" in L2(7),
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Vn, k e N, we have (^SkDφ, ^> = <Z> ,̂ ̂  V„>, (ft, neN). Hence Z)0 e
by definition of J^ [see [37], p. 252]. Let {<f>n}neN be a sequence in

00 00

such that φn-+φ in J .̂ Let 0Λ = ΣΛW,Λ^Λ, 0 = Σ^lAv Since φn—*φ in

V Z e Λ Γ , Σ I αΛ f J f c - αfc | 2 1 λ* |21--> 0 as ^-*oo. v Z e - Z V , \\^l(Dφn - Dφ)\\L* ^
oo f oo ^ 1/2

ΣK,* ~ α*l l \^lD^k\\L2(I) ^AfiJIfoJΣ !»»,* - a*N^|2(e+l+'0>| ->0 as ^->oo.

Hence jD^TO —» D^ in J^ as n —*> °°. This proves that the mappings
D: j^ —> ĵ , D: j '̂ —> j '̂ are continuous.

(b) Let VkeN, 0 ^ & <£ m, | | -DVnllznjr* ^ -MΊ I^»I*S fee P depending
oo

only on ft; Λf l f M2 constants >0). For φς j&, | | J9Vl lχnz* ̂  Σ K& ^)l x

||^^Λ|Unτ ^Jtfι-Moll^ * + f o #IU«< °°, O ^ f t ^ m . Thus (-l)*Dfc: j^->Jff

( —1)*D*: J^—»JC* are continuous. Hence (b) follows.
(d) By steps similar to those in the proof of (b), we can show,

( — l)k^kQDk: j^ —* X* are continuous. Hence Dk^k°: X + JΓ* —> ĵ ',
0 5^ k ^ m is continuous.

(c) (i) yφeJ^f | | ^ l l ^ n x * ^ Const | | ^\\ Σ f } γ ^ Const ||^s+So^IU2(i) < °°
This gives J^cXn Y. Since C1(^(/),X) = X, C1(̂ (I), F) = Γ, we get

ZJλJ', 5^0. Then H^J^^^Σ IQIIIf. lUnx^^dC/|λn | f f l + f f 2% ^V» =

Σ C Dψnq. This gives |]D2f«IUnx* = O(|λM|fl+3l52+'is) By similar arguments

. = 0(1 λ. I'*), sAeP, depending only on λ eJV. ^ Hence TF-'(JT +

X*) c J "̂ Vί 6 P by (b). Vfc, neN,we can write D*f« = Σ C*n

fίf „,*,„ where
•̂ fc g=0

ΛΓfc e P, depending only on k, C£>q constants, with Σ |C£J = 0(|λjd*), sup |λff| =
g=0

); ώ^, βA e P depending only on ft. This implies, for β > 0, ft e P,

Hence by (d), W~m(X*β + X-β) c J&".
(ii) The map T: W+m(X) -* X x X x x X = E given by Tf =

(f, Of, D*f, •••, Dmf) e E for / e W "(^x'ls'anTsometry. T*:X*xX*x
(m+l)

x X* = E*-+(Wm(X))* is o%ίo by Hahn Banach theorem. Suppose, for

some «, e JV, f KO ί Wm'\X). Since J^ c PF"(X), there exists ^ ' 6 ( PF"ί(X))*
with < '̂, ^no>^0, < '̂, ?5> - 0, Vf5e PΓm °(X). Since T* is onto, ^' =

, 4.) with 4 e X*, 0 ̂  i ^ m. Define v = Σ (-IX-D'X . Now
3=0

m(χ*\ <fl, ψy = Σ ( - 1)3'-̂ '̂ . 5* = § <
= 0 V{5 e -̂(1), i = 0 in W~m(X*)'cJ*". Hence <», -ψ-ky = QkeN.
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But <v. oκ > =

<V', ψ^0> ^0. This leads to contradiction. Hence f n e TΓm'°(JΓ) VneN.

since, for ^ e J^, #n = Σ <Λ Ψ*>ιh e T7m'°(X), ̂  -» 0 as w ->

in Wm(X)-norm and T7m'°(Jf) is norm closed subset of Wm(X). Since
c J^ c T7m'°(X), C1(J ,̂ PPW'°(JQ) - T7m'°(J*Q. This implies Cl([{f n}],

Wm'°(X)) = Wm'°(X).

6. Applications. In this section we illustrate our main results of
this paper by means of classical summability methods and classical or-
thonormal functions.

6.1. First of all we give examples of spaces Xe ^~(m, δ) or Q(m)
meP, δ > 0. Suppose V / e U(I) + I/°°(I), £>fe/e J*", 0 ̂  ft ̂  m, and
J^cZ/1(/)n£~(/). Then C1([{^Λ}], JΓ) = JΓ where X = any one of I/p(/),
1 ^ p < oo or C0(I). For δ > 0, m e P, let Pm>δ denote the set {p \ 1< p < oo,
{*>*;«}* e* e M(LP), V/ e (LLδ + I/*',), Z>fc/ e j*",' 0 ̂  fc ̂  m}. Then Vp e Pm>δ

Lp e ^"(m, δ) and Lp is reflexive. L\I), CQ(I) e Q(m) and Q(m, δ, I/1) ID
U Γ(m, δ, Lp); Γ(m, δ, Lp)=) (LQ(I) \ p ̂  q ̂  p'} (p e Pw,5). Here C0(/) - C(/)

if I is finite interval.
For a Banach subspace X of S^'(R) let JΓ^ = the set of / e <£", such

that, / = distributional Fourier transform of some gf e X. X~ is a Banach
space under the norm | |/ |UA = | |flr/|L; (X~)* = (X*)~if Gl(&7(R),X) = X. For
/ = R, m e P, δ > 0, l<p< oo, LP'Λ e F(m, δ) and LP > Λ is reflexive. (I/X/Z))^,
(C0(R))~e Q(m) Vm e P. For more details about LP'A spaces see Katznelson
[22]. Lp'?(β) G (̂m, δ) m e P, δ > 0, 1 < p < oo, 1 < q < oo.

6.2. Examples of Multiplier Operators. Here we like to give ex-
amples of multiplier type approximation processes satisfying Jackson and
Bernstein tpye inequalities on a Banach subspace of J '̂. Let gδ(v) = any
one of the functions rd>μ(v) μ ^ 1, wδ(v), CΛ(v), δ > 0, v ̂  0, where rδ>μ(v) =

. — vδ)μ i f O ^ v ^ l δ 1 1 — πδ(v)
, wδ(v) = e~v, C§(v) = -. Then gδ(v), vδgδ(v), p-^

are quasi convex C0(0, oo) functions, [see [14]]. Let Ze^(m, δ) be re-

flexive space (resp. ZeQ(m)) me P. Let Σ i -
, C independent of w). Let λfc = (ft + δ)s, s > 0, 6^0.

= (̂  + 1 + δ)~δs. Let 7n,ί,fc = 0/-^- Then by a result of

Trebels [30, Theorem 3.9, p. 30] [also ref . [16,1]] we obtain {7*.,,*},

{ps(ri)\i;δΎn,δ,k}keN,nep e UM(Z). This implies that if Γnf - Σ 7,fί,4</,
fceP

( f e Z ) then (Γn}nQP(Σ[Z] satisfies both Jackson and Bernstein-type in-
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equalities on Z with respect to Zδ of order pδ(ri). Further 7ffl>3>fe —> c\δ

k

(n—+oo) v fixed kzN (c a constant Φ 0). Hence, using the results of
[17, 18] and those of this paper, one can obtain saturation and inverse
results for various {Γn} as given above.

6.3. Finally, let us give examples of orthonormal functions {ψn}, cor-
responding spaces J^9 Jzf', in terms of classical orthonormal functions.

n

Let ffn(f) = 2j (1 — k/(n + 1)X/*, ψ^ψ^ (/*€ J* '̂, %G JP).
fc=0

I. Hermite functions: J — ( — o o , oo), JΓ^any one of Lp(— oo, oo),

dx dx
e-x2l2Tf (χ)

—2^-f, ne N, with ί4(α;) = Hermite polynomial of order τι. λn = 2n,
[2nnl ττ1/2]1/2

tt e N. λ0 = 0. Hence Λ = {ce"3'2/21 c e R}, J^ = ̂  J#" = <9" [36, 37]. (i)

V/ G X, sup I I σn(f) |U < co [see [25]], (ii) -^fr) - - i - i +
«βp cίx r 2

= 0(nn (iv) ||^*I>tJU* = O(λ*+1), ^eP, (v) Vδ > 0,

II. Laguerre functions (a — 0 case): 1= [0, «=), X = a n y one of

L'[0, oo ), 1 ̂ p < co, or C0[0, oo). ^ == _β+ /«Aβ-— e /^ -a;ί>2 + Z» + ̂ -
αx αx 4

Y, ψn(x) = e~*ι* ± I n )-̂ -, λM = n, n e N. (i) λ0 = 0, A = {ce '̂2 \ceR},
* m=o\m/ ml

(ii) VfeX, sup||σκ(/)||x<oo (see [25]), (iii) Aψ.(ίc) = -if . - ΣV,0»0,
w e P ^ 2

 fe=°

i o — f)(*tk+ι\ v^ ̂  c\ fv \ c M(y\U2(o,oo) — U(n ), 70 ^> U, {Uk^lkeN € iKi^AJ.

III. Laguerre functions (a Φ 0 case): I— [0, oo), χ= any one of
Lp[0, oo), C0[0, oo), l ^ p < oo. Let me P. Let a > 2m - 1, a, m fixed.

< /̂α = __x-^eχi2_d__e-χχa+ι^d__eχi2χ-ai2 = ΪXD* + j) _ JL + ^L + α + 1Ί;
cZα; cZα; L 4 4# 2 J'

[ Γ'/'/M _L Ή Ί1/2

— v/(^ ^ *'— x«l2e~xl*L(*(x) with {LίϊajJ^e^ are generalized
Γ(n + a + 1)J V ' V

Laguerre polynomials, λn = n. (i) λ0 = 0, A = {cxa!2e~xl2\ceR}, (ii) V / 6 X,

sup ||0 Λ(/) ||z < °° [see [25]], (iii) | |^»| |znz* = O(̂ ), (iv) —-^α) =

^yyΓ_
2*=oέlr(
(v) H^JW Ϊ MU^.-) = 0(wt+2), 0 ̂  & ^ m; Vδ > 0, {υt.,}4.w

IV. Legendre functions: /=(—!,!), ^Γ = any one of !/"(— 1, 1),
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1 <g P< - or C(-l, 1). & = -(x2 - ,do; 4 2

( 1 \2

^ + JL j , yl — {0}. (i)
£Λ '

[ ( Λ + D / 2 J
V/e*, |K(/)]U<oo[see[4]]. (ii) ̂ (»)=

(iii) || ̂ *Z?t. HΛ-I.I) = 0(λn, * e P. (iv) V/9>0, * + 6 M(X), keN.
[ \ & / J

V. Jacobί functions: I— ( — 1,1), we P. Let/c>0. Let/c0=/s:if /re P,/c0—
[/c] = 1 otherwise. Let a > 2(m + A:O) + 1, /5 > 2(m + /r0) 4- 1, m, /c, α, /3

all fixed. Ψβi, = (l-aOβ(l + a0^β ' =
VWa>βdx dxvWa>β

4 fc=0\ m j\n—m

als[30]. ̂ 'l J V »

1)J Let ^ = any one of

or C(— 1, 1). Then, by direct computation, it can be shown that (i)

II W ΊUn.τ. = 0(1 v.., I'*), ll^°W'ΊI*n*. = CKλiv,), o ̂  k ̂  m. sk,
lkeP depending only on k. (ii) A = {0}, (iii) If Pa,a,β = {p| 1 < ?)< oo,

V / 6 L'(-l, 1), sup ||σ.(/)||LP < ~} then (i , 4)cPβ...ί [see [31]] and Vδ>0,

VI. Trigonometric functions (first form): X — any one of Lp( — π, π),
d einx

1 < p < oo or C(—π,π). ^ = i~1/2—i1/2 = — iD, ψn(X) = ,. , λw = n,
dx V2π

(neZ). Λ = {0}, \\^kD^n\\L2(I} = 0(nk+ί), keP. V/S > 0, {vktβ}kQNe M(X).

Second form: I — (0, π), ̂  — — D2, ψn(x) — y — cos nx, λn = ^2, λ0 = 0,
r 7Γ

Λ = constants. ||^V»(*)IU2ίo,jr) = 0(^2A:+1), fee P. ^ > 0, {v*^}*ejv€ M(JΓ).
/ o

'7TZj/ι*/v»/7 //ι/y /)i7 * 7" — ^0 TT^ * /̂ — 7*^^ Λ/Λ ^<Ύ*^ — ι/ cin 'wy* Λ — o?^ ^'w c AΓ^J. ϊbbI Us J\>I III/ JL — \"> '*'/> ^̂  — U 9 r n\^/ — V Dill fv Λsf /\>n — Iv \ίv C J.T )•

' π
The results of this paper hold true if, instead of taking δ > 0 in the

Definitions 3.1-3.4 and β > 0 in the Theorems 3.1, 3.2, we take δ > <50 > 0,
β > <50 > 0 there, for some fixed constant <50 > 0 depending only on {ψn}.
In this case we can cite orthonormal functions constructed through Bessel
functions as examples.

VII. Bessel functions (First form)
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1= (0, 1), & = -Sμ= -x-^Dx^Dx-f-v2, μ^-l

+M = VfJfy>?) n = l,2,3 f-
Jμ + l(yμ.»)

where Jμ(x) is the μ-ih order Bessel function of first kind and the yμ,n

denote all the positive roots of Jμ(y) = 0 with

0 < yμιl < yμ,2 < yμ>* λn = y*μ,n n = 1, 2, 3, .

Using the inequality Jμ+1(yμ>n) > B2(yμ>n)~\ (B2 > 0 a constant) [see Wing

[33, Relation 6.2]] we can prove (fceP,

independent of neP).
Wing [33] has shown that fψv} forms a Schauder basis in LP(Q, 1)

1 < p < co for μ ^ —1/2 and Benedek and Panzone [7] have extended

this result to -1 < μ < -1/2 provided - =— < p < - - . Further
μ + 3/2 ( — μ — 1/2)

Σ -̂ - < °° (SeP) [see Watson [32, p. 502]]. By these results we have,

for δ ̂  1 {\τ }eM(X) X= Z/(0, 1) with 1< p< oo if μ ^ -1/2 and

FTs/i^F^W"-1^-1'2'
Bessel functions (Second form)
I = (0, 1). Let μ ̂  -1/2. Let a be a real number a > \μ\.

^ = Sμ = -x^-^Dx^^Dx-^1'2 + a2- μ2

/ o^
f n(x) - J^Ljp(zpιUχ) n = 1, 2, 3,

ft*

where the «,,,„ denote all the positive roots of

zJ<"(z) + aJμ(z) = 0

with 0<z,(1 <*„,,<«„.,• . Here J^Cz) = 4-(JXz)) Also ̂  =

Γl - -^\lJμ(zμ,n)] . We have ||(-f
9 \\\ Γί Ύ

•— ^j« %—' ' ' W^ */

= 0(Kk) (keP, skeP inde-

pendent of n). Σ - - - ^ - - - < °° [see Lamb [23, p. 273]].
»=!*£.» + α2 - μ2 2(a + μ)

Further {ψΛ} forms a Schauder basis in Lp(0, 1), 1 < p < oo. See Wing [33],
These results imply that {\~δ} e M(LP), l < p < o o , δ^l .
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