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LIMIT SETS OF SOME KLEINIAN GROUPS
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1. It is well known that the limit set of the so-called Schottky group,
whose fundamental domain is bounded by finitely many mutually disjoint
circles, has always 2-dimensional measure zero. Recently Abikoff [1]
proved that there exists an infinitely generated Kleinian group whose
fundamental domain is bounded by infinitely many mutually disjoint
circles and whose limit set is of positive 2-dimensional measure. In this
note we shall give a sufficient condition in order that the limit sets of
such groups have 2-dimensional measure zero.

2. Let {Ci9 Cί}<Li (N^+oo) be an at most countable number of
mutually disjoint circles in the complex plane C and assume, in the case
N = + oo, that these circles cluster to a totally disconnected compact set
E in C and that these circles together with the set E bound an unbounded
domain F. Let T* be a hyperbolic or loxodromic linear transformation of
C onto itself which maps the outside of Ct onto the inside of C<, where
C = C\J {<*>} is the Aleksandrov compactification of C. Then G* = {27Jf=1

generates a free discontinuous group G whose fundamental domain is F.
In what follows, we call such a group G an S-group. If N < +^o, then
an S-group is finitely generated and is a Schottky group. The set Λ(G)
of all accumulation points of a set { ζ e C | ζ = F(oo) for some VeG} is
the limit set of G. Unless N = 1, the set Λ(G) for an S-group contains
more than two points and G is (non-elementary) Kleinian by definition
(Ford [2]). In the following we shall deal with an infinitely generated
S-group, that is, the case N= +°o.

For two elements V and W in G, we denote by VW the composite
transformation VW(z) = V( W(z)) belonging to G. Since G is free, any
VeG is uniquely represented in the form V = S^S^^ Sh, where
StJ e G* U G*-1 (G*-1 - {Tr1}^) and Sςι

+ι Φ S,. (l^j^n- 1). Here we
call the number n the grade of V. An element of grade n in G is often
denoted by S{n). The element S(o) e G is the identity I of G.

For an S-group G generated by G* = {Tt}ϊ=lf let us denote by Gp the
Schottky subgroup of G generated by G* = {ΓJJU. The grade of V{p) e GP

can be defined in the same way as in the case of G. The unbounded
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domain Fp(aC) surrounded by {Cif Cί}f=ί is a fundamental domain of GP.
Consider the image S$(FP) of Fp by Sffi (6 GP) with grade n. It is easily
seen that S\ξ](FP) (n Φ 0) is bounded by an outer boundary circle and
(2p — 1) inner boundary circles which are images of Ct or C[ (1 ^ i ^ p).
We shall call a closed disc bounded by an inner boundary circle of S$(FP)
a closed disc of grade n with respect to the group Gp. The disc of grade
0 with respect to Gp is a closed disc [CJ or [Cl] bounded by C* or C\,
(1 ^ ΐ <; p). It is obvious that the number of all closed discs of grade
n with respect to Gp is equal to q(p, n) = 2p(2p — l)n and every one of
them can be represented by Sl£([Ct]) or S$([Cl]) for some S$ e GP and
for some C* or G[ (1 ^ i ^ p).

3. Let G be an S-group and let VeG be of the form

V: z i- α y g + 6 F , αFdF - 6FcF = 1 .
CF2J + dγ

Since no F e G (VΦ I) fixes the point oo eC, we see cF ^ 0. Further,
1 cv I"1 equals the radius of the isometric circle | cvz + dv \ — 1 of V in the
sense of Ford [2]. Hence the following lemma holds (cf. Ford [2]).

LEMMA 1. Let G be an S-group. Then the series

Σ 1

IΦVeG I Cγ \μ

converges for any real number μ ^ 4.

Next we shall prove another lemma.

LEMMA 2. Let D be a closed disc with radius r in F. Suppose that,
for a linear transformation VeG, cv is not equal to zero and the pole
y-^oo) = — dvCγι of V lies outside D. If p is the distance of D from
V"\oo)9 then 2-dimensional measure m\V{D)) of the image V(D) of D by
V satisfies

PROOF. Let us denote by C: \ z — z0 \ = r the boundary circle of D.
Obviously V{D) is also bounded by the image circle V(C) of C by V.
Letting L be the length of V(C) and putting θ = aτg{(z - zQ)l{V~\^) - zQ)},
we have

= _L-(
I <V I 2 J

o I crz + dr I2

rdθ 2π

o (p + r)2 - 2(ρ + r)r cos θ + r2 | cv |2 (p + rf - r2
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Evidently m\V(D)) is the area of V(D) and is equal to L2/4ττ. There-
fore we have our lemma.

4. Let G be an infinitely generated S-group whose fundamental
domain F is an unbounded domain bounded by mutually disjoint circles
{Cίt C;}£=i in C which cluster to only one point z = 0, the origin of C.
Denote by r(C) the radius of a circle C in C. Then we can prove the
following

THEOREM. Suppose that there exists a numerical constant K satisfy-
ing

; Ce{Ct,C!\7-] =

where l(C) = inf | z — ζ | and the infimum is taken for all zeC and for

all ζ € {Cif C }Γ=i — C. Then the limit set Λ(G) of the group G has 2-

dimensional measure zero.

PROOF. Describe a closed disc DVl: \ z | 5j rjx in C and pick up all pairs
(Cif C ) such that at least one of [CJ and [Cί] contains a point lying
outside DVί. We may assume that all pairs picked up as above are
{(Cif C'i)}ϊ±u where p^ depends on ηx. Put (?£ = {ΓJfti and denote by GPl

the group generated by GJX. Clearly GPl is a Schottky subgroup of G.
We call GPι the Schottky subgroup of G associated with ^ . Let us
denote by \δ{^n)}]^n\ q(pl9 n) = 2pί(2p1 - ΐ)n, the set of discs of grade
n with respect to GPι.

Now we put k0 = (AK2 + Ϊ)/(2K + I)2 and take a constant k satisfying
k0 < k < 1. Here K is the numerical constant appeared in the assumption
of Theorem. For a given number ε as such as 0 < e < k/k0 — 1, we de-
termine a positive integer nt = n{ηu e) such that

(1) Σ m2(^'"i>) = m2ί U δ<Λ "
3=1 \ i=l

In fact, every δ^ ^ has the form S^JdCJ) or S,ϊ;|([CίI) for some
SlP4 e GPl and for a suitable Cs or Q and ^ i i 1 = S&ltfCJ), for instance,
implies S^J^^oo) $ [CJ. Hence we can apply Lemma 2 to estimate m\δ\Pί nί))
and Lemma 1 yields (1).

Put DVl = UΓ=P1+I ([Ci] U [C ])U {0}, which is a closure of the set
UΓ^+i {[Ct] U iα]} Obviously

(2) ^(G) c f' i Γ ^ ' n i ) ) U ( U U S{S' (SI)) .
\ J*l / \Λ = 0 (P l) /

Here U(p̂ ) πieans the union taken over all S[lf e GPχ and this abreviation
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is used throughout the paper. We choose a number M satisfying

(3) max (m{ \J (J Sι$ (BΓ)\ l) < M.
\ \n=0 (ί>,) / /

The existence of such an M follows from the fact that the set S{ζ)\Dηi)

coincides with DVl and S[ζ](DVl) (n Φ 0) lies inside some Ct or C[, 1 ^ i ^ pιm

Now choose a positive number η2 ( < ^ ) so small that
i) there is a circle Ct {px < i) outside the open disc \z\ <η2,

ii) (d%/r([CPl+1])l2

Piy ^ 1/(2K + I)2 for the diameter d of the set
UΓ=i {[Ci] U [C ]̂} and the distance l9ί of \Jϊu {[C,] U [CJ]} from UΓ-Pl+i {[C,] U

Let us determine the number p2 in the following way: {(Ci9 C0}fti is
the set of all pairs (Ct, Cί) such that at least one of [CJ and [Cl] contains
a point lying outside the closed disc \z\ ^ η2.

Let n2 = n(τ]2, kε) be such a number that

U ^ P2'n2)) < Λε , q(p2, n2) = 2p2(2p2 - 1) « ,

where δ^P2'%2) is a disc of grade n2 with respect to Gp2 and k satisfies ε <
k/k0 — 1 as stated already. By the same reasoning as in the case for
Gpl9 we have the inclusion relation

u «Hu uus^
i = l / \«=0 (p2)

similar to (2).
For the sake of brevity we put

for λ = 1, 2.
It is not so difficult to certify that

B,., = U U SS, ι )(%C4.UB,,
0 ( )

4 2 Π ft = 0 (λ = 1, 2) and Aί>2 Π Si,2 = 0 . Further we can see that A2 (J
B2 c il l t β U Blt2.

We shall show that

m\B2) ^ k0m\B1)2) .
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For the purpose we consider all the sets {iS[|*'(i?,ί)}f=ί1>1 contained in

a set S&'CD^Xc Blιt), where an element Sfίj' 6 Gfl (0 ^ n ^ %2) is fixed and

..* = JV..JS&') is a number of sets 'SfiJJcB^) contained in ζ
d d b k f 'S^JNecessarily, n^k}<* n2, and a grade number ks of some 'S^J may coin-

cide to each other.
If n< ks, then every 'SφίtfCJ) and 'SjίJjtfCfl) (p, < ί) are contained

in ascertain S$([Ct>]) or S$([%.]) (p, <%' ^ ί>2) which is a subset of
S%?(DVl). H e n c e f o r a concentric disc Λ | z - zt | ^ r(C4)(l + 1/2EΓ) of
[CJ or Π ; I ^ - ««I ^ r(Cί)(l + 1/2X") of [CίJ, we easily see

and

= ιs[η\{rt.) n 'siξ^n) = 0 , P2<i.

Further the pole of SS^] is outside of UΓ=ί2+i {Γt U Γ-} U {0}. Hence from
Lemma 2, we have

= Γ
L (P + r(C()Y - r(C{γ r(C<)(l + 1/21Γ)

= (2UΓ + I)2 '

For [C4 ] (ΐ > p^, we obtain the quite similar estimate

j = (2JΓ+1)2 *

Next we consider the case n — kj. In this case, it is seen that

'S(«fjί(zζ) = jSl:?&2). Since the pole of S&' lies inside Ufti ([CJ U [Cfl)
and from the properties (i), (ii) of τ)u we have

m\'S[lf(%)) Σ m W

I)2
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Therefore, for a set SfflφqJ which appears in Blt2 we get

?" ~ < 2 J Γ + 1 > '- Σ Σ» '('Sίf;:(r,urί))

Since the set B2 can be obtained as a union (Jn2=o U w Uί=ίPl jS$f)(DV2),
it follows that

where Σ ' means the sum for all S[p

n? 6 GPl and Nn>Pι = Nn>Pl(S[p

n?). Thus
we can see

m2(J52) ^ k0m
2(Blf2) .

Therefore, it holds from (1), (3) and e < k/kQ — 1 that

m\B2) ^ fcom'ίAx U BJ = h(m\A^ + m\B,))

< ko(ε + M)<k-ko + k0M = kM + (fc - fco)(l - M) ^ kM,

which together with (4) implies

m\A2 U B2) = m\A2) + m\B2) < k(ε + M) .

Repeat the same procedure. Then we get the sequence {%}Γ=i of positive
numbers such that ηλ < ηλ-.l9 lim^TO ηλ = 0 and such that for the Schottky
subgroup GPχ of G associated with ηλ1 the estimate

m\Aλ U £;) < kχ-\ε + ilf)

holds, where Aλ is the union Uj-¥>Wλ> ^Pλ>nχ\ Q(Pχ, nλ) = 2p^(2^; - 1)%
of discs with grade nx = nx(ηh k^e) with respect to GPχ and Bx =

LKio U(p,) S(i)i} ( % . Clearly 4(G) c A . U ΰ ; so that

m2(/ί(G)) < fc^ίe + M) .

Since 0 < k < 1 and λ is arbitrary, we have our Theorem.
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