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Introduction. The (real-)analytic behavior (near the boundary) of
solutions of the so-called d-Neumann problem seems to have been un-
known. In this paper we show that the global analytic-hypoellipticity
(up to the boundary) holds on certain domains in C* with analytic
boundaries.

A systematic study of the 6-Neumann problem was made by Kohn
[3], and the most difficult part of his work was the proof of the C=
hypoellipticity (up to the boundary). Soon after, Kohn and Nirenberg
[5] gave an elegant proof of the C= hypoellipticity by establishing the
so-called subelliptic estimate. Their method is today used for various
problems as the standard technique. However, it seems difficult, even
if possible, to deduce the analytic-hypoellipticity of the 3-Neumann problem
from the subelliptic estimate.

Under these circumstances we introduce in Lemma 2 a certain special
vector field tangential along the boundary, which can be constructed
in the case the Levi form is non-degenerate. It possesses the pro-
perties nice enough to carry out the commutator estimates (Lemmas 4
and 5), and these estimates together with the a priori estimate (Lemma
1) lead us in the usual way (see, e.g., Morrey and Nirenberg [6]) to our
result. Our a priori estimate is suggested by a paper of Kohn [4].

It should be mentioned that the local problem still remains unsolved,
and our method may not be applicable.

1. Statement of the theorem. Let M c C" be a bounded domain
whose boundary bM is regularly embedded in C* with real codimension
one. In all that follows we shall assume that the standard hermitian
metric is given in C* and that bM is analytic.

Let r denote the geodesic distance to bM measured as positive outside
M and negative inside M, and normalized so that |dr|* = 2 near bM,
where || is the length defined by the metric in C*. With a sufficiently
small constant o > 0, we denote by 2, the tubular neighborhood bM X
(—p, p), i.e., {PeC —p < r(P) < p}, and we set 2, = M N 2,, where M
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is the closure M UbM of M. By T, we denote the subbundle of the
complexified tangent bundle CT over 2, consisting of all vectors X such
that (dr, X) = 0, where (-, -) is the duality between covectors and
vectors. Letting T'°c CT be the space of vectors of type (1, 0), we set

Y= TN T, Then the Levi form at P € Q, is defined as the hermitian
form given by

(T X (Ti9): 3 (X, X;) = (30, X, A Ko,

where (T)°), denotes the fibre of the vector bundle T}° over P, and X,
the complex conjugate of the vector X,.

Let .%7”? denote the space of forms of type (p, ¢) on M having C*
extensions to C* across the boundary bM. For @, 4r€.97"? the L*inner
product and norm are defined by

(@, %) = | (@, w)aV and lioll= (@ ),

respectively, where (., -> is the pointwise inner product, and dV the
volume form on M. The completion of .%”? under the norm ||| is
denoted by .&7?? For the Cauchy-Riemann operator 0: "%t — 7Y,
its formal adjoint ¢: .?%— .o7?? ! is defined by the requirement that
@@, ¥) = (p, 9¢) for all 4 e.97”?* with compact supports in M. Now
for a differential operator D, we denote by o(D, dr) its principal symbol
at dr. Then integration by parts gives us

09,9 = (2,39 + | (0, dnp, ¥)ds,

for all pe. " and +e.97"!, where dS denotes the volume form on
bM defined by the induced metric and normalized so as to avoid the
annoying constant. We set

9" ={pe "0, dr)p =0 on bM},
and define the quadratic form Q(-, -) on 2™° by
Q®, ¥) = (0P, 09) + (3P, 9¥) + (P, %), P, veD™.

By &7 we denote the completion of < under the norm Q(e, @)
Consider the following variational problem: Given A eC and e e BYAZ
with ¢ > 0, find ® € & such that

(1) AP, v) + (P, ¥) = (@, ¥) for all e z™".
Now the purpose of this paper is to prove the following theorem.

THEOREM. If the Levi form is mnon-degenerate and does not have
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exactly q megative eigenvalues in Q,, then every solution @ of the equation
(1) @s analytic in 2, whenever a is analytic there.

In all that follows we shall assume that all forms and functions we
consider are of class C~ in 2,, for it has been shown (see, e.g., [1]) that
solutions @ of the equation (1) are of class C~ in 2, under the hypothesis
of the above theorem.

2. Preliminaries. Let %7 denote the subspace of .97"? whose
elements have compact supports in 2,, and let o7 = w210 o™,
Then we see that o e 227 if and only if @e.?? and o(d, dr)p = 0 on
bM. Recall that the principal symbols of the operators d and ¢ at dr
are given by d(d, dr)p = or A @ and o(&, dr)p = —or \/ @, respectively,
where \/ is the contraction operation defined by (7 Vw, 8) =<w,n A ).
Then setting 7% = g(—04, dr), we have by the formula of composition
that

(2) D11 ={pe. w2 g =0 on bM}.

It is easily seen that the operator 7#: .&%?— .97 is an orthogonal pro-
jection with respect to the inner product (-, -).

Let I'(2,, E) denote the space of C~ sections of the vector bundle
E over 2;, and let V,: 72— o2 be the (complex) covariant differen-
tiation along XeI'(2,, CT). We define a connection 7 on .72 by

~

Vey=0alyn + (1 — )V z(1 —7n), Xel'(R2, CT).
From (2) we see that the operator 7y maps 27 into itself whenever
Xer(Q, T,). The following formula of integration by parts holds:
(3)  Fap,v) = (@, —~(Fx + div D) + | <ar, Xo¢o, y)as,

for XeI'(2, CT) and @, 4 € .27 where div X denotes the divergence
of the vector field X. Denoting by [-, -] the commutation operation,
and by B the curvature tensor associated to the connection 7, one has

(4) Vxp Vxd = Vixpxg + B(X, X)), X, X,eI'(2,, CT).
Recall that for 8, @€ >, %",
(5) PrO0OA@)=0ATp+FP0AP, Pr0VP) =0V +7z0V .

We also employ the local expressions. Let R denote the dual vector
field of dr and let T*“° be the space of covectors of type (1, 0). For
PebM and ¢ > 0 we denote by V(P;¢) the e-neighborhood of P in bM.

DEFINITION. An open set U =V(P;¢) X (—p, 0] € 2, with PebM and
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€ > 0 is called a boundary chart (b-chart for short) if an analytic ortho-
normal basis (L,, ---, L,) of I'(U’, T**) with L, = R can be chosen on
U =V(P; 2¢) X (—p, p). A b-frame (L;) on a b-chart U is the restriction
to U of this basis on U’, and a b-coframe (@', ---, ®*) on U is the basis
of I'(U, T**) dual to some b-frame on U.

Since bM is compact and p is sufficiently small, 2, is covered by a
finite number of b-charts.

Letting (L;) be a b-frame on a b-chart U and (w?) be the dual b-
coframe of (L,), one has on U the following local expressions

(6) dp=30'AFn+80p, dp=-3aVF,+ 8,

for ¢ € .97%7, where S; and §i are operators of order zero with analytic
coefficients defined on the open set U’ given in the above definition. Now
if we set for a b-frame (L,) that

(7) )\:17:<357,L1/\I_11>, 1§7::.7§n9
then from the fact {(dr, L,> = 7 one can easily verify that
(8) or, [Li, L;]) = N5, <0r, [Ly, L;]) = 0.

In view of the fact that \; with 1 <4, j < n — 1 represent the matrix
coefficients of the Levi form, we define the trace of the Levi form by
tr (L) = D= Mz, which has an analytic extension to £,.

Letting (L,) be a b-frame, we set for @, i € 5™,

n—1

@9 = |, EFup, FedaV, (@ = | 5 P, Pradav,

M i= =
which are well-defined since the integrands are independent of the choice
of the b-frame. Replacing L; by L, we define (@, ¥); and (@, ¥);:
similarly. Finally we define ||2[l,, [|®llz, l|®ll.. and [[®ll5. by [Pl =
(@, )., and so on. Then in view of (4) and (8), we can verify by (3)
that there exists a constant C > 0 such that for all € 9759,

(9) |l —lielt = | er@ierds| s clioli + 2ol
Similar calculation gives us for @ € .97%? vanishing on bM,
(10) 17221 — I7zpll] < C(l2lls + [l2Dllel .
Now we define a norm N(-) on .9%"? as follows:
Ny = llel: + lleli. + [ell*, Pe.g.

Since the Levi form is non-degenerate on 2, one can verify by (8) that
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for each XeI'(Q,, CT) there exists a constant C; > 0 such that
1) |(7x2, ¥)| < CeN(@)N(¥)  for all @, v €. .
3. A priori estimate and a special vector field. We say that the

basic estimate holds in <=*? if for some constant C > 0,
[, Ipas = cae, #) for all pe.

Recall (see [2]) that the basic estimate holds in <27 if and only if the
Levi form has either at least n — q positive or at least q + 1 megative
eigenvalues at every point of bM. Then it follows from the assumption
that the basic estimate holds in <®? in the present case.

Now one has the following a priori estimate.

LEMMA 1. If the basic estimate holds in <27, then there exists a
constant C > 0 such that

CIN(9) £ Q(9, ) < CN(p)? for all pe 2.

PROOF. Since —or V @ = o(&, dr)p = 0 on bM, it follows from (5)
and (10) that ||or Vv 72|l < CN(®), which implies in view of (6) that
Q(®, ) = CN(®). Now it is well-known (see, e.g., [1]) that if the basic
estimate holds in <*? then for some C > 0,

ol + el + |, lords < cate, #) for all p e .

Therefore, the estimate N(®): < CQ(®, ) follows from (9) and the above
inequality. q.e.d.

Our a priori estimate is weaker than the so-called Garding’s inequality.
To cover it up we construct in the following lemma a certain special
vector field Y, which will play an essential role in our commutator estimates

in the next section.

LEMMA 2. Suppose that the Levi form ts non-degemerate in 2,. If
o s sufficiently small, then there exists an analytic vector field Ye

@, T) with Y = —Y such that

12) (or, [X, YD) =0 in 2, for all Xel'(2,, TP T?Y,
(13) (or, [R, Y] =0 on BM, {or, Yy =1 on bM,

where T denotes the subbundle of T, consisting of vectors of type (0, 1).

ProoF. We first note that the condition (12) can be rewritten in
terms of b-frame as follows: For every b-frame (L,) on each b-chart U,
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(14) or, [Ly, Y1) = (or, [L;, Y]) =0 inU for 1<n—1.
Suppose that Ye I'(2,, T,) is expressed on U as

(15) Y=uwR - R) + S L, — S &L,

i=1 i=1
with unknown functions u, v and w’. Then by (8) we see that the con-
dition (14) is satisfied if and only if

(16) v = SV(L - Mdu, B = ST — A,

where \; are given in (7), and A4 with 4,5 < n — 1 are defined by

" agNY = 0L, Now if v/ and w’ are defined by (16), then the condition
(13) is fulfilled if and only if w satisfies

an Py =0 on bM and #u=1on bM,
where P is a differential operator defined globally on 2, by

n—1

P=R— i — 3 MaMi(L = M)
i,j=1

If u is real-valued, then from (15) and (16) it follows that ¥ = —Y.
Thus it suffices to construct a real-valued analytic function % on £,
satisfying (17). Now denoting by P the complex conjugate of the diffe-
rential operator P, we consider the following initial value problem:

(18) (P+Pwu=0 in 2,, wu=1 on bM.

Since o(P + P, dr) = {dr, R + R) = 2, the initial surface bM is nowhere
characteristic with respect to the operator P + P. It then follows by
virtue of the Cauchy-Kowalewski theorem that there exists a real-valued
solution % of the problem (18) having an analytic extension to £} provided
o is small enough. Meanwhile, from the definition of the operator P we
see that the operator P — P consists of only first order terms and further-
more satisfies (P — P, dr) = {dr, R — R) = 0. In view of the fact that
uw=1 on bM, we obtain (P — P)u =0 on bM, which implies together
with (18) that this solution w satisfies (17). q.e.d.

4. Commutator estimates. We begin with some algebraic formulas.

LeEMMA 3 (Leibniz’ formula). If D, ..., D, and B are linear diffe-
rential operators, then

(19) [Dm et Du B] = kE (ad Da(m) - ad Da(k+1)(B))Da(k) e Da(l) ’

=0 o€ (m,k)
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(20) [B, D, Dal= 3 (=1)"* 5% Dy -+ Douw(ed Dy - - ad Dy B)) ,

where ad D is defined by ad D(B) = [D, Bl, and (m, k) denotes the set of
all Gcn) permutations ¢ of 1, ---, m such that o(1) < --- < o(k) and
ok +1)< --- < a(m).

ProOF. The proof of (19) is contained in [7, pp. 575-576], and (20)
can be proved similarly. q.e.d.

Now let X, - oy X be arbitrary complex vector fields on 2, 6 be a
1-form on 2, and B: .94"? — .94" be a linear differential operator. Then
in view of (5) we get by induction the following two formulas:

(21) (ad?, ---ad 7.0 A B)p

> > k)(ﬁo(k) AN i;ama) A (ad ﬁa(m) -+ ad ﬁatkﬂ)(g))@ ’

k=0 o€ (m,

(22) (adP,---ad7(0 Vv B)p

m

S, 3 o Vo) V (2d Poim - ad Pouen(BYP

k=0 o€ (m,

Il

for all ¢ €. 94" where we use the abbreviated notations v,=V x, and
Ve = Vz,.

We shall need two commutator estimates, the first of which is the
following.

LEMMA 4. There exist constants C,, C, > 0 such that for all € 21
and all integers m =1,

~ ~ ~ o~ ~ m—1 1 ~
@z, 729) — Qp, T1719)| < NFt9) 3, COr o NFLe) |

where V¥ denotes the formal adjoint (—1?,7 —divY) of 7.

Proor. Since {(dr, Y) = 0, the formula (3) gives us

@Frp, W3p) — (B, W3"T3P) = (5, Vile, 19) + (39, 73, 3739) .
From Lemma 1 we first get

(3, Prle, W2e)| < CN(T o) 5, PElo]| -

Now if (L;) is a b-frame on a b-chart U and (®’) is its dual b-coframe,
then in view of the expression in (6) we have from (19) in Lemma 3
and (21) that on U,
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5 Bm 7 m’
[6, 7¥le = z‘m% mg'k!l'

@) A ((ad VY)k(VL,, + S ))VY¢

From (4) we see that the first order term of (adl~7Y)"(ﬁ I + S+)is 7 with
= (adY)*(L,), thus by Lemma 2 we have (dr, X) =0 on bM. Since
all quantities are analytic, we obtain in view of (10),

16, Prlell < S cor m'N(V P).

Similarly, the formula (20) in Lemma 3 gives us

@, P2, 3Prp) = — S (— ) i—L_(Fidp, ((ad FH)-d)7 1) .
i=0 jltm — 9!

Since * = —Vy —divY = 7, + divY, we have

| (ad 73)"=35)77 ll < CCri(m — HINETP)

while from the fact that 76 = [Vy, 0] we get
17idp || < 2 C,C3- ” + NP .
Therefore,

|G, 73", 5139)| = NG9S, Ci2C)™ “”' L N(Ts)

Next we consider the terms for . Similarly to the case for d, the term
[4, 7®l® can be expanded by (22) into the sum of terms of the form

3@ V ((ad Py, + S)ie .
The same argument for @ applies when i < n — 1. In the case i = n,

if we notice that (17 i0r) V P Lo = 0 on bM, we can again use the inequality
(10) to obtain

19, P¥lp, 9F39)| = NPY9) 5, ccm—km'Nw P).

The term (9@, [F%™, 0]17;@)‘ can be estimated similarly. q.e.d.

Now the Gram-Schmidt orthogonalization process gives us analytic
vector fields Z,, ---, Z,, e I'(2,, T+* @ T') which span T}°@ T at every
point of £,. Letting |K| =1 and I7§ =7 PRREE VNZ” for an ordered multi-
index K = (k,, +--, £;) wWith 1 < &, < 2n, we set
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1 maxN(VKV @) for pe.rpe,

N(p; 1, m) = Tt myr X

Then our second commutator estimate can be stated as follows.

LEMMA 5. There exist C, C, > 0 such that for all ® € 2,7, integers
m = 0 and ordered multi-indices K with |K|=1=1,

(I + m)1 2| QUE o, TEV 29) — Q(p, PEV )V E  m9)|

= G, OiNps 4, m) + 3 CHIN(; 4 — 1, m + 1) + Ct-L

22

jsl,ksm
F+kFEl+m

< >, CI 7™ kN(p; g, k) + >, CI7#*"™EN(p; 5 — 1,k + 1)
J§§¥co§m
+ 3 el Pl )
%=0 k!

where (l~7’z‘l7’;})* denotes the formal adjoint of VNQ‘E;‘.

ProOF. Similarly to the proof of Lemma 4, we get from (19) in
Lemma 3,

(@ + m)1 |6, F5PElp, 75 2|
S CN@; L, m)( S Cloe*N(p; 4, k) + 3, cw*%nﬁmn

Jjslk=m

J+EkFEl+m
+ i E Cl—j+m—k (l - .7)! E H'ﬁ ’ﬁ . V V ¢>||>
SN (L + k)l o&Tpy T 0@ Fott)

where we abbreviate 7 z; to 7. Taking the commutator between 7y and
V,,(,, .- Vm,, we get from (20) in Lemma 3,

=) 55
[

< C(N@i i =1k + 1) + 3,07 Npi 7, ) + Cl-—|[Pr o]l

: V‘u(l)V;c’g) ||

Meanwhile, if we notice that (175173)* =7 ;5’”17 AR 17;"1, then similar calcula-
tion gives us

@ + m)1 72| @, (757 2)%, 5739

. m—k 1 CEEA
= N(»; I, m)kgﬁcocl m)"—HVzVYa¢“
1
' _— VVKV
+ (N3 1, m) + TP roll)
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. S l—j+m—k (l .7)' .. ~ k3
3 Soorn LoD 5 7, - P il

< N@i L, w3, COrH(Nws L k) + 1757, dle 1))

(¢ + k)!
+ (N(sv; Lm)+ N@;l—1, m+1)+ —1——]|[Vy, PP @H)
(I + m)!
m  l—1
-3 300 N 4, B)
k=0 7=0
¢ - (=) 7 ..U Pk 3 )
Ty Ve Vel 5 04211 -
These commutators have been estimated, and we obtain the estimate for
0. Similar argument also applies for . q.e.d.

5. Proof of Theorem. With the lemmas established in the previous
sections, we shall prove our theorem stated in Section 1.

We first refer to the fact (see, e.g., [1]) that the solution @ of the
variational equation (1) satisfies, along with the so-called -Neumann
conditions

(23) pe ém,q , 590 c ér,wx ,
the second order differential equation
(24) Op+Q+Np=«a,

where [] denotes the complex Laplacian 09 + ©#9. Since the operator
[ is of elliptic type and has analytic coefficients, the analyticity of @
in 2, — bM follows from that of a. Recalling that the boundary bM is
nowhere characteristic with respect to the operator [], the analyticity
of @ in a neighborhood of bM will be obtained by virtue of the Holmgren’s
theorem from that of the Cauchy data of ¢ on bM.

Now let { = {(r) be a real-valued C> function of r satisfying {(r) =1
for » > — p/3 and {(r) = 0 for » < — 20/3. Recalling that

el + I llz + vl < CNGy) + [Py l))
for all e .47,

we see by the routine calculation that the analyticity of the Cauchy
data of @ follows from the estimates of the rearranged form

(25) N(Ep; 1, m) < CCICy for all [, m=0.

Now we shall prove (25) by induction. We first show (25) in the
case [ = 0, then for [ > 0. In the following, the letters B, and B, will
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be used to denote known positive constants, depending only on the given
data, which may change from instance to instance, and the letters C,, C,
and C, constants which should be determined in the induction process.

PRrROOF OF (25) FOR [ = 0. From Lemma 1 we have
BiN(F3toy < QU F3lp)
= {Qo, T3"73LP) + (o, T3 T3Co)} — (Wplo, T3l9)
+{QUTCe, T3lp) — QCo, V3mTiio) .
Recalling the fact 27N %! = 2" (see, e.g., [1]), we see by (2) that
{p satisfies the 9-Neumann conditions (28), or more precisely, satisfies
{pe 2,7 and ((p) e 2P, from which we have
QUo, F37pte) + (Lo, P3m7pe) = (O + 1 + Mo, P3m7pte)
= (30 + 1+ N, 75Co) .
Since @ is analytic in 2, — bM and so is « in 2,, we have from the
equation (24) that
m! 7| (P3O + 1 + MCo, Ftp)| < BBIN(C®; 0, m) .
Meanwhile, from the inequality (11) we get
m! | (3P, F3CP)| < B.N(Ce; 0, m)N(EP; 0, m — 1) .

Therefore, in view of Lemma 4 we obtain finally
N(; 0, m) < B,Br + 3, BBI*N(; 0, b) ,

which imply (25) for [ = 0.
PROOF OF (25) FOR [ > 0. We proceed by induction on the pair
(!, m). To show (25) for (I, m), we assume (25) for the pairs (j, k) with
J+Ek<l+m, and with 7 +k =1+ m and j <l. Now letting K be an
arbitrary ordered multi-index with | K| = [, we have
BN(F573to)
< |50 + 1 + N2, T eto)| + |57, PEie)|
+ | QU 3le, TEVLP) — Qe, TET 2y 75 3lo)| .
The sum of the first and the second terms on the right is dominated by
( + m)1*B(B"*™ + N({p; 1 — 1, m))N(Cp; | — 1, m) .

Then using Lemma 5, taking the maximum for |K| =1 and shifting
N(E®; 1, m) to the left, we obtain finally
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NGp; 1, m) < BB + 3 BB L |Prgl|

RIS

<
FrkAi+m

+ 2 B,BI"*" " *N(C®; g, k) + 2 BB " *N(p; 5 — 1, k+1).
ik

If we notice that

k17 |PE o] < Bk + 1)N(Co; 0, k + 1) < BB,
then the induction hypothesis gives us

(GCICT)'N(EP; 1, m) = (B/C)(B,/C)(B,/C)"
+ 3 BUB/CY(BC)* + 2, BAC/CYB/CY(B/C)

which indicates that (25) holds for the pair (I, m). This completes the
proof.
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