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NON LINEAR FUNCTIONAL EQUATIONS

K. SRINIVASACHARYULU

(Received December 25, 1974)

The aim of this note is to study some problems in the theory of
nonlinear functional equations; this subject has been studied by M.
Krasnoselskii, F. Browder, J. L. Lions and others. We prove here some
results on solvability of functional equations; these results generalize
some known results.

1. We recall some definitions: let B be a real Banach space, J5* its
dual and <•>: i?* x B—>R the duality pairing of B* and B. A nonlinear
mapping /: B—* B* defined everywhere is said to be monotone if (fx — fy,
x — y) Ξ> 0; we say that a mapping f: B—>B* is said to be hemicon-
tinuous if it is continuous from line segments of B to the weak topology
of i?*. f:B-+B* is called demicontinuous if it is continuous from the
strong topology of B to the weak topology of B*, i.e. xn~>x implies
lim (fxn, y) — (fx, y) for all y e B. We remark that these definitions
were introduced by F. E. Browder (cf. [1]). We prove the following
result:

PROPOSITION 1. Let B be a reflexive Banach space and let f: B—+ JB*

be a monotone and hemicontinuous mapping', then f is demicontinuous.

PROOF. Let xn—>xQ; we first prove that \\fxn\\^M. Since / is
monotone, we have (fxn — fx, xn — x} ^ 0 for all x; putting
Vn= faJWfanW, w e h a v e (yn - fx/\\fxn \\, x n - x ) ^ 0. S ince \\yn\\ = l
and B is reflexive, yn converges weakly to yo; thus (y0 — 0, x0 — x) ^ 0
for all x and hence y0 = 0, a contradiction to | | j / 0 | | = l . Hence the
sequence (fxn) has a weakly convergent subsequence fxn. -* w. Since
(fa — fanV % — %ni) ^ 0, we have (fx — w, x — x0) ^ 0. L e t x = xQ +

tu, t ^ 0; then (f(x0 + tu) — w, tv) ^ 0 and since / is hemicontinuous,
we have (fx0 — w, u) ^ 0 for all u. Consequently fx0 — w and / is
demicontinuous.

As a consequence, we have the following result:

COROLLARY 1. Let B be a Banach space and, f:B-+B* be a map-
ping as in Proposition 1; if B is finite dimensional, then f is con-
tinuous.
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We now prove a result (cf., Theorem [3]) which is useful in the
sequal (cf., [2], p. 314) and which is well-known to specialists:

PROPOSITION 2. Let B be a finite dimensional Banach space and
let f: B —• B (we identify B with its dual), be a monotone and hemi-
continuous mapping; if (fx, x) > 0 for all xeB verifying \\x\\ = R,
then there exists a \\xQ\\eB such that ||a?0|| < -β and fχo — 0

PROOF. By Corollary 1, / is continuous; let D — {x e B | || x \\ < R}
be the open ball. To prove fx0 = 0, it is sufficient to prove that the
continuous mapping g = I — f has a fixed point x0 e B. But

<gχ, x ) = (x - f x , Xs) = (x, x ) - (fx, x ) < \ \ χ ||2

for x e 3D. Then the mapping g: B —»B defined by

(gx if \\gx\\<R

U
is continuous and maps the closed ball D into itself; hence g has a fixed
point xQeD by Brower's "fixed point" theorem: clearly ||a?0|| < R\ for if
\\xo\\=R, we have ?(a?o) = «o = (i2»»o)/ll^oll Hence (x0, xo) = R(xo, gxo)/\\gxo\\<
R\\Bo\\z/\\9χo\\ i e ll^o II < R f a contradiction to ||flra?0|| = •#•

2. We say that a mapping f: B-+B* is weakly coercive if | | /a ||* —• °°
as ||a;||—>oo (here || Ĥ  denotes the norm in B*). We prove the follow-
ing result:

THEOREM 1. Let B be a reflexive and separable Banach space and
let f: B —• JB* be a monotone mapping which is i) weakly coercive and ii)
hemicontinuous; then f is onto.

PROOF. Let (xt) be a dense subset, i.e. a complete system and let
Wk denote the subspace spanned by {xlf •••,%}; we have Wk(zB and
Ufĉ o Wk is dense in B. We first prove the existence of approximate
solutions uk e Wk of the equation fx — y satisfying (fukf x) = (h, x) for
every x e Wk. We prove the following lemma:

LEMMA. Let B be as in the Theorem 1; if f: B —+ i?* is monotone,
hemicontinuous and satisfies (i) (weakly coercive), then (fu, x) = (h, x)
has at least one solution uk in Wk.

PROOF. Let (x'k) be a dual base of (xk), i.e. (x'jy xt) = δί3-; the equa-
tion (fuk, x) — (u, Xs) is equivalent to fuk — he Wk where Wk cJ5* is
the annihilation of Wk. Let pk: B* —* Wk be the projection pkw = Xf a^,
at e R; we have pkw = Σ? < pkw, xt > x[. The equation (fukf x} — (h, x)
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can then be written as pkfuk = pkh; clearly the mapping φk = pkf:B-+
Wk is a finite dimensional and we have (φkuk, uk) = (pkfuk, uk) = (fuk, uk).
Let Ht = tl + (1 — t){pkf — pkh), 0 <; t ^ 1, be a homotopy between the
identity mapping I and pkf — pkh; we have

(Htuk, uk) = <£%* + (1 - t)(pkfuk - pkh), uk)

> 0

on a sphere of sufficiently large radius by i). Thus the equation
(fuk, x) — (h, x) is solvable by Proposition 2 (cf., Krasnoselskii [2], p.314).

PROOF OF THEOREM. Clearly we have \\uk\\ ̂  M; for \(fuk, uk)\ =
I (h, uk) I ̂  || A || * \\uk II implies the existence of Λf by i). Since B is
reflexive, the sequence (uk) is weakly relatively compact and hence con-
verges weakly to a limit uo; since (fuk — /#, ^ — x) ^ 0, we have (h —
fx, uk — x) ^ 0. As Λ —> oo, we obtain <Λ — /x, ^0 — x) >̂ 0 for any xeB.

Let % 6 J5 be a sequence such that xk —> #; since / is demicontinuous
(cf., Proposition 1 and Remark), we have fxk-*fx weakly and hence

</&*, &*> = </»*, ^> + </«*, % ~ ^>
tends to </a?, a;> since | (fxk9 xk — x)\<L \\fxk \\ * || xk - x \\ —>0. Put a; =
ô — te where ί > 0; then (h — fu0, z) ^ 0 as ί —>0. Hence /%0 = h.

In many applications, it is desirable to calculate explicitly a solution
of the equation f(x) — 0; in Theorem 1, the Galerkin approximation
method shows that a solution can be obtained as a weak limit. In fact
we prove the following:

THEOREM 2. Let B be a separable and reflexive Banach space and
let f: B —* JS* be a weakly coercive and hemicontinuous mapping; if,
moreover, f is strongly monotone, i.e. f satisfies

(fv -fχ,y-χ)^ μ(\\ y - x II) II x - y II

where μ(t) ^ 0 for t ^ 0 and is a continuous increasing function such
that μ{ϋ) = 0 and l i m ^ μ(t) = oo then the subsequence (uk.) in Theorem
1 converges strongly to u0.

PROOF. Since (fuk — fx, uk — x) ^ μ(\\ uk — x ||) || uk — x \\ we have,
</MΌ - fx, uo-x)^ Umjc^oo μ(\ I uk. - x 11) 11 uk. - x \ \ as kt -* oo since uk.-^u0

weakly and the norm is weakly lower semicontinuous, we have || u0 — x | | ^
| uk. — x ||. Therefore

i Mil - a? ||) || %fc< - x || ^ ^( | | w0 - a? ||) || u0 - x \\

since μ is continuous increasing. Since uk. -* ^0 weakly and
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(fuki - fu>o, uk. - u0) ^ μ(\\uk. - uQ ||) || uk. - u0 \\ ,

we see that lim^^, μ(\|uk. — u0\|) 11uk. — uQ \\ = 0. Consequently linifc^ 11 uk. —
uo\\ = 0 since μ(£) > 0 for ί > 0 and μ is continuous increasing.
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