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Introduction. Let I/ be a real 2m-dimensional Kaehler manifold
with almost complex structure J. An n-dimensional Riemannian manifold
M isometrically immersed in M is called a totally real submanifold
of M if T,(M)LJT, (M) for each xcM, where T.(M) denotes the
tangent space to M at x. Here we have identified T,(M) with its image
under the differential of the immersion because our computation is local.
If X is a tangent vector of M at z, then JX is a normal vector to M.
Thus we see that # < m. When n = m, totally real submanifolds have
many interesting properties studied by different authors (see [1], [2], [4],
[5], [6] and [8]).

The purpose of the present paper is to study an n-dimensional totally
real submanifold M of a real 2n-dimensional complex space form M
satisfying certain conditions on the second fundamental form of M. In
§1 we state some fundamental formulas for totally real submanifolds
of a Kaehler manifold. In §2 we prepare some lemmas which we need
in the sequel. In §3 we prove the basic properties of an n-dimensional
totally real submanifold M of a real 2n-dimensional Kaehler manifold M
with constant holomorphic sectional curvature under the condition that
M has the parallel mean curvature vector. In the last section we prove
our main theorems which give a characterization of a compact n-dimen-
sional flat totally real submanifold S'(r,) x S'(r,) X -+ x Sr,) in the flat
Kaehler manifold C* of real dimension 2n.

1. Preliminaries. Let # be a Kaehler manifold of real dimension
2n (complex dimension n) and M be an n-dimensional totally real sub-
manifold of M. We choose a local field of orthonormal frames e, « -, €,,
in M in such a way that, restricted to M, the vectors e, ---, e, are
tangent to M, and hence remaining vectors e,,, ---, ¢, are normal to
M. TUnless stated otherwise, we use the following conventions that the

ranges of indices are respectively:
1§A7B,C"°'§2nr lé’i,j,k,"'én
n+1=Zabc -+ =2n,
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and that when a letter appears twice in any term as a subscript and a
superseript, it is understood that this letter is summed over its range.
Let w!, ---, w* be the field of dual frames with respect to the above
frame field of M. Then the structure equations of I are given by

1.1) : dw* = —wi A w?, wi+wE=0,

(1.2) dws = —wh A wG + 04, Of = %Kgmwc A w? .
Restricting these forms to M, we have

(1.8) w*=0,

1.4) dw'* = —wi Aw, wi+w =0,

( J J

(L.5) dw' = —wi A wh+ Q, 2= —21—R§-,,lw’° Aw
Since 0 = dw®* = —w? A w?, by Cartan’s lemma, we can write
(1.6) w? — h?jw’. 9 h?j = h_‘;z y

and the Gauss-equation is given by

1.7 i = K + ‘S—“ (hihi — hh3)
Moreover we have the following equations:

(1.8) dwt = —w® A wi + 28, Q= %R:,,Lw" A w,
(1.9) Ry = Kjiy + iE (h‘ilk b — hih) .

The forms (w]) define the Riemannian connection of M and the forms
(wf) define a connection in the normal bundle T(M)*. We call hiw'wie,
the second fundamental form of M and sometimes the second fundamental
form is denoted by its components hf;. If the second fundamental form
is identically zero, then M is said to be totally geodesic. If the second
fundamental form is of the form 0,;(3; hire.)/m, then M is said to
be totally wmbilical, where 0,; denotes the Kronecker delta. We call
i hive)/n the mean curvature vector of M and M is said to be minimal
if its mean curvature vector vanishes identically. We say that M has
the parallel mean curvature wvector if the mean curvature vector is
parallel with respect to the connection in the normal bundle. We define
the covariant derivative h{;, of hY by setting

(1.10) h‘:jkwk = dh?j - h?fw;- - h?jW% + h?ng .
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If k%, =0 for all a,4,j and k, the second fundamental form of M is
said to be parallel. The Laplacian Ah{; of hf; is defined as

(1.11) Ah?j = zk: h?jkk 9

where we have put

(1.12) hiaw' = dhiy — hipw: — hiww; — hiwi + hiws .

Since M is a totally real submanifold of M, we may choose a local field
of orthonormal frames e, ---, ¢e,, Je, +--, Je, in M such that, restricted
to M, the vectors e, ---, e, are tangent to M and the normal vectors
are given by e.=¢,,, =Je, -+, €, = €, = Je,. Then its dual frame

field wt, ---, w", w", -+, w™ satisfy

(1.13) w; = wi, w;=w,

where here and in the sequel we use the convention that +* = n + 1, j* =
n + j, etc. From (1.6) and (1.13) we obtain

(1.14) 5 = hii = hY; .

If we assume that a Kaehler manifold M is of constant holomorphic
sectional curvature ¢, then we have

(L15)  Kbop = %c(cnoﬁw — undne + TaoTsp — TaoTre + 2T nTon) -

We call such a space a complex space form. If a Riemannian manifold
M is of constant curvature %k, then we have

(1.16) Ry = k(0,40 — 0.1051) +
We call such a space a real space form.

2. Lemmas. In this section we prepare some lemmas on totally
real submanifold M of dimension » immersed in a real 2n-dimensional
Kaehler manifold M. In the following, we put H, = (h%), H, being a
symmetric (n, n)-matrix. If HH, = HH, for all a,b (=n + 1, -+, 2n),
then the second fundamental form of M is said to be commutative, which
is equivalent to that >}; Ak}, = 3 h4h for all @, b, ¢ and k. We say
that the normal connection of M is flat if Rf, = 0 for all a, b, & and I.

LeEMMA 1 [6]. Let M be an m-dimensional totally real submamnifold
of a real 2n-dimensional Kaehler manifold M. Then M is flat if and
only if the normal connection of M is flat.

Proor. From (1.5), (1.8) and (1.13) we have
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%= dwh + wis A wh = dw? + wi A wt = 2%,
which shows that R, = R}, proving our assertion.

LEMMA 2. Let M be an n-dimenstonal totally real submamnifold of
a real 2n-dimensional Kaehler manifold M. Then the second fundamental
form of M is commutative if and only if we can choose an orthonormal
frame for which hi, = 0 unless © = j =k, t.e., H, = (ki) is of the form

°.

~

N T, 1=1 -, n.
0

H,

L 0)J

PrOOF. Assume that the second fundamental form of M is commu-
tative, that is, H,H, = HH,, a,b=n + 1, ---, 2n. Then we can choose
an orthonormal frame ¢, ---, ¢, for T,(M) in such a way that all H,’s
are simultaneously diagonal, i.e., hY; = 0 when 7 = j, that is, k% =0
when 7 # j. From (1.14) we see that ¥} = O unless ¢ = j = k. Itis easy
to see that the converse is also true.

COROLLARY 1. Let M be an n-dimensional totally real minimal
submanifold of a real 2n-dimensional Kaehler manifold M. If the
second fundamental form of M is commutative, then M 1is totally geodesic.

Proor. Since M is minimal, we have Tr H, = 0 and hence \;, =0
for all 7, by Lemma 2. This shows that M is totally geodesic.

COROLLARY 2 [6]. Let M be an n-dimensional totally real and totally
umbilical submanifold of a real 2n-dimensional Kaehler manifold M.
If n > 1, then M 1is totally geodesic.

Proor. From the assumption we have hY; = 0,,(Tr H,)/n. Thus we
see that >; hihY, = > hinhY;, that is, H H, = HH,. Therefore Lemma
2 implies that A} = 0 unless © =j =k. On the other hand, we have
h¥ = \0;5/m. Setting 7 = j = k, we have A, = 0 when » > 1 and hence
M is totally geodesic.

In the sequel we denote by M"(¢c) a complex space form of real
dimension 2% (complex dimension n) with constant holomorphic sectional
curvature ¢. Let M be an n-dimensional totally real submanifold of
M*(c). Then the Gauss-equation (1.7) and (1.15) imply that
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2.1) fu = —ro(Oudn — 0uds) + X (Wi — hihS)

If M is totally geodesic, then M is of constant curvature (1/4)c. Therefore
Corollary 1 and Corollary 2 give the following results proved by Ludden-
Okumura-Yano [6].

COROLLARY 3. Let M be an mn-dimensional totally real minimal
submanifold of a complex space form M™(c). If the second fundamental
form of M 1is commutative, then M 1is a real space form of constant
curvature (1/4)c.

COROLLARY 4. Let M be an n-dimensional totally real, totally
umbilical submanifold of a complex space form M™c). If m > 1, then
M is a real space form of constant curvature (1/4)c.

LEMMA 8 [6]. Let M be an n-dimensional totally real submanifold
of a complex space form M™(c). Then M is a real space form of constant
curvature (1/4)c if and only if M has the commutative second fundamental
form.

ProoF. From (1.7), (1.14) and (1.15) we have
= Kju + ;( whit — hih,

= Te(uds — dudss) + X (W% — hih),

which proves our assertion.
LEMMA 4 [5]. Let M be an n-dimensional totally real submanifold
of a complex space form Mm(c). Then we have the following equation:

(22) S HGARG = 3 Bkt + 3 E(n + 1)e Tr H? — %G(Tr H,)z]
t, i, 7Y

4,3,

+ 2 {Tr (H.H, — HH) — [Tr (H,H)I" + Tr H, Tr (H.H,H,)} .
t,8

ProoF. This can be proved by a straightforward computation which

tx o ___ t*

uses the Ricci formula and the Codazzi equation %, = h%;.

LEMMA 5 [2]. Let M be an n-dimensional totally real submanifold
of a real 2n-dimensional Kaehler manifold M. Then we have

(2.3) S\ Tr HH: = 3, (Tx HH) .

t,8

PrOOF. Since A}, = hi, we have
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S TrHH = 3 bbb
)8

t,8,k,l,m,h

= 3 nbhEhEhG = 3 (Tr HH,) .

t,8,k,l,m,

LemMMA 6. If M _is an n-dimensional totally real submanifold of a
complex space form M™(c) and is of constant curvature k, then we have

(2.4) &c - k) 3.[Tr H — (Tr HY] = X [Tr HH} — Tr (HH)] .

PrROOF. From the assumption and (1.7) we have
(2.5) (e = 16)0udn — 0uds) = 3 (ki — s
Multiplying by >, k{ih5: the both sides of this equation and summing
up with respect to 7, j, k and I, we have (2.4) by using (2.3).

LEMMA 7. If M 3}3 an n-dimensional totally real submanifold of a
complex space form M™(c) and is of constant curvature k, then we have

2.6) (n— 1)<-i—c - k> > Tr Ht = 5 (Tr H:H? — Tr H, Tr (HHH)] .

ProoF. From (2.5) we obtain
2.7 (n = (e — ko = 3 ikl — i) .
Multiplying the both sides of (2.7) by >}, Ah%hi; and summing up with
respect to 7, k and !, we have (2.6).

LEMMA 8. Let M be an m-dimensional totally real submanifold of
a complex space form Mn™(c) with parallel mean curvature vector. If
the scalar curvature of M 1is constant, then the square of the length of
the second fundamental form is constant, i.e., >, Tr H = constant.

ProOF. From the Gauss-equation (1.7) we have
(2.8) R = %n(n — e + 3, (Tr H) — Zt]Tr H?,
t

from which we have our assertion since R and >, (Tr H,* are constant
by the assumptions.

3. Totally real submanifolds of constant curvature.

PrOPOSITION 1. Let M be an n-dimensional totally real submanifold
of a complex space form M™(c) with parallel mean curvature vector. If
M s of constant curvature k, then we have
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3.1) t Z‘,k(hﬁ}k)2 = —k> [(» + 1) Tr H — 2(Tr H,)?] .
260 t
Proor. By Lemma 8, 3, Tr H? is constant. Thus we have
SUREARG = LASTrH - 3, () = — 3 ()
61,9 2 7 t,%,9,k t,3,3,k

Consequently (2.2) becomes
(3.2 3 (i) = =5 | o+ DeTr H — Lo(Tr HY |
3,0,k t L4 2
- > {Tr (#.,H, — HH,) — [Tr (HH)I" + Tr H, Tr (H,H,H,)} .
Substituting (2.4) and (2.6) into (3.2) and using (2.3), we have our equation
(3.1).

PROPOSITION 2. Let M be an n-dimensional totally real submanifold
of a complex space form Mm™(c) (n > 1) with parallel mean curvature
vector and of constant curvature k. If (1/4)c =k, then either kK < 0 or
M is totally geodesic ((1/4)c = k).

ProOF. From (2.8) we obtain
<%c - k)n(n —1)= > [Tr H: — (Tr H)] .

By the assumption we see that
(3.3) STrH:= S, (Tr H,).
t t

If £> 0, (3.1) implies that
0= ; [(m + 1) Tr H} — 2(Tr H,)*]

=3 {(n — 1) Tr H? + 2[Tr H — (Tr H)]} ,

which shows that >}, Tr H? = 0 and hence M is totally geodesic. Except
for this possibility, we have k£ < 0.

PROPOSITION 3. Let M be an n-dimensional totally real submanifold
of a complex space form M"(c) (n>1) with parallel second fundamental
form and of constant curvature k. If (1/4)c = k, then either M 1is totally
geodesic ((1/4)c = k) or flat (k = 0).

REMARK. If M is minimal in M"(c) and of constant curvature F,
then (1/4)c = k. Thus Proposition 2 and Proposition 3 are generalizations
of theorems of Chen-Ogiue [2] for totally real minimal submanifolds.
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There is an example that has parallel second fundamental form but is
not minimal (see Theorem 1 and Theorem 2 in §4).

PROPOSITION 4. Let M be an n-dimensional totally real submanifold
of a complex space form M="(c) with parallel mean curvature vector. If
the second fundamental form of M is commutative, then we have

(3.4) S (W) = —%c(n ~ )X TrH: .

t,4,5,k

Proor. Using Lemma 2 and Lemma 3, we can transform (3.1) into
(3.4).

PROPOSITION 5. Let M be an n-dimensional totally real submanifold
of a complex space form M™c) (n > 1) with parallel mean curvature
vector and with commutative second fundamental form. Then either
M s totally geodesic or ¢ < 0.

PROPOSITION 6. Let M be an mn-dimensional totally real submanifold
of a complex space form M™(c) (n > 1) with parallel second fundamental
form. If the second fundamental form of M is commutative, then M
18 either totally geodesic or flat.

Proor. By the assumption and Lemma 3, M is of constant curvature
(1/4)e. On the other hand, by (3.4), M is either totally geodesic or ¢ = 0
in which case M is flat.

PROPOSITION 7. If M is an n-dimensional flat totally real submani-
fold of a real 2n-dimensional flat Kaehler manifold M and if the
mean curvature vector is parallel, then the second fundamental form is
parallel.

ProorF. By Lemma 3, M has the commutative second fundamental
form. Consequently we have our assertion by equation (3.4).

4. Flat totally real submanifolds. A simply connected complete
Kaehler manifold of constant holomorphic sectional curvature ¢ and of
real dimension 2n can be identified with the complex projective space
P,(C), the open unit ball D, in C* or C* according as ¢>0,¢c <0 or
c=0.

Now we give an example of a totally real submanifold in C*. Let
J be the complex structure of C* given by
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— =

0 -1
1 0

N
Ii

L

Let S'(r,) = {z,€C: |z, =7},1=1, .-+, n. We consider S'(r) x S'(r;) X
«++ X SY(r,) in C", which is flat. The position vector X of S'(r,) X
S'(ry) X «-+ x SYr,) in C* has components given by

(" 7r,cos u' )
7, sin u!
7, COS U’

>
I

7, sin u?

7, COS U™

L7 SInU" |

Putting X, = 0, X = 0X/ou’, we have

[ —sin %' r 0 0 r0 )
cos u' 0
0 —sin u?
X, =n , X, =1, cos u® |, X, =7,
0 0
: : —sin u"
. 0 L 0 L cosu" |

On the other hand, we can take unit normal vectors as
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cos u' | 0 0
sin %! 0
0 cos u’
N,=—| - , N,= —|sinw |, ---, N, = — :
0 0
: cos u"
. 0 L 0 | | sin %" |

Then we obtain
JX,=rN,, JX,=mN, ---,JX,=7r,N,.

Consequently S*(r,) x S'(r,) X --- x S%r,)is a flat totally real submanifold
in C* and it has parallel mean curvature vector and flat normal connection
(see [7: p. 111] and [3]). In view of Lemma 8 and Proposition 7, this
example has parallel and commutative second fundamental form.

THEOREM 1. Let M be a compact n-dimensional (n > 1) totally real
submanifold of C™ with parallel mean curvature vector. If the second
fundamental form of M is commutative, then

M= S'(r) x Si(r,) x -~ x S(r,) .

Proor. By the assumption and Lemma 3 we see that M is flat.
Therefore Proposition 7 shows that the second fundamental form of M
is parallel. Since M is flat, the normal connection of M also is flat by
Lemma 1. Consequently Lemma 2 and Theorem 3.2 of Yano-Ishihara
[7] imply our statement.

THEOREM 2. Let M be a compact n-dimensional (n > 1) totally real
submanifold of a simply connected complete complex space form M"(c)
with parallel second fundamental form. If the second fundamental form
of M is commutative and tf M is not totally geodesic, then

M= 8S(r) x S(ry)) X +++ X S(r,) in C™.

Proor. By the assumption and Proposition 6, we have ¢ = 0 and
the ambient space M is C*. Thus Theorem 2 follows from Theorem 1.
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