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Introduction. Let M be a real 2m-dimensional Kaehler manifold
with almost complex structure J. An ^-dimensional Riemannian manifold
M isometrically immersed in M is called a totally real submanifold
of M if TX(M) ±JTX(M) for each xeM, where TX(M) denotes the
tangent space to M at x. Here we have identified TZ(M) with its image
under the differential of the immersion because our computation is local.
If X is a tangent vector of M at x, then JX is a normal vector to M.
Thus we see that n ^ m. When n = m, totally real submanifolds have
many interesting properties studied by different authors (see [1], [2], [4],
[5], [6] and [8]).

The purpose of the present paper is to study an ^-dimensional totally
real submanifold M of a real 2^-dimensional complex space form M
satisfying certain conditions on the second fundamental form of M. In
§1 we state some fundamental formulas for totally real submanifolds
of a Kaehler manifold. In §2 we prepare some lemmas which we need
in the sequel. In §3 we prove the basic properties of an ^-dimensional
totally real submanifold M of a real 2^-dimensional Kaehler manifold M
with constant holomorphic sectional curvature under the condition that
M has the parallel mean curvature vector. In the last section we prove
our main theorems which give a characterization of a compact ^-dimen-
sional flat totally real submanifold S^rJ x S1^) x x Sι(rn) in the flat
Kaehler manifold Cn of real dimension 2n.

1. Preliminaries. Let M be a Kaehler manifold of real dimension
2n (complex dimension n) and M be an ^-dimensional totally real sub-
manifold of M. We choose a local field of orthonormal frames elf , e2n

in M in such a way that, restricted to M, the vectors e19 , en are
tangent to M, and hence remaining vectors en+1, •• ,β2» are normal to
M. Unless stated otherwise, we use the following conventions that the
ranges of indices are respectively:

1 ^ A, B, C, ^ 2n , 1 ^ i, j , k, ^ n
n + 1 ^ a, bt c, 5j 2n ,
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and that when a letter appears twice in any term as a subscript and a
superscript, it is understood that this letter is summed over its range.
Let w\ , w2% be the field of dual frames with respect to the above
frame field of M. Then the structure equations of M are given by

(1.1) dwA = -wi AwB, wi + wB

A = 0 ,

—
Δ

(1.2) dwί = -wA

c Λwc

B + Φί , Φi = —KίCDwc A wD

Δ

Restricting these forms to M, we have

(1.3) wa = 0 ,

(1.4) dw* = -w) A wj , w) + w{ = 0 ,

(1.5) dw) = -wi A w) + ΛJ , Ω) = ^-Ri

jklw
k A wι

Δ

Since 0 = dwa = — w* A w*9 by Cartan's lemma, we can write

(1.6) wi = ha

ίάw
j , hϊs = h% ,

and the Gauss-equation is given by

(1.7) Λ}« = K}kl + Σ (Aiλjι ~ Kh%) .

Moreover we have the following equations:

(1.8) dwl = -wa

c A wl + Ωa

b , Ωa

b = —Ra

bklw
k A wι ,

Δ

(1.9) Λ&i = *M,« + Σ (Λ?*Λ?, - Khl).
i

The forms (wij) define the Riemannian connection of M and the forms
(wl) define a connection in the normal bundle T(M)1. We call h^w^'βa
the second fundamental form of M and sometimes the second fundamental
form is denoted by its components h*s. If the second fundamental form
is identically zero, then M is said to be totally geodesic. If the second
fundamental form is of the form ^ - ( Σ * hkkea)/n, then M is said to
be totally umbilical, where δiS denotes the Kronecker delta. We call
(Σ* hkkea)/n the mean curvature vector of M and M is said to be minimal
if its mean curvature vector vanishes identically. We say that M has
the parallel mean curvature vector if the mean curvature vector is
parallel with respect to the connection in the normal bundle. We define
the covariant derivative ha

ijk of ha

ίά by setting

(1.10) ha

ijkw
k = dhΐj - ha

uw
lj - ha

lόw\ + h\sw% .
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If hijk — 0 for all α, i, j and k, the second fundamental form of M is
said to be parallel. The Laplacian ΔΛ?y of h^ is defined as

(1.11) Δfe?, = Σ Λ?.-** ,

where we have put

(1.12) ha

ίjklw
ι = dha

iβ - ha

ljkw\ - ha

ilkw\ - ha

iόlw{ + h\ihw% .

Since M i s a totally real submanifold of M, we may choose a local field
of orthonormal frames el9 , en9 Jelf , Jen in M such that, restricted
to M9 the vectors el9 •••,«» are tangent to If and the normal vectors
are given by ex = en+1 = Jβ^ , en* = e2n = Jen. Then its dual frame
field w\ , wn, w1*, , wn* satisfy

(1.13) w) = w% , w? = wj: ,

where here and in the sequel we use the convention that ΐ* = n + ΐ, j * =
w + i, etc. From (1.6) and (1.13) we obtain

(1.14) h% = hζ = h% .

If we assume that a Kaehler manifold M is of constant holomorphic
sectional curvature c, then we have

1
.LΌ) -t^BCD — —C\°AC°BD °AD°BC ι J AC" BD J AD*J BC ~Γ &J AB** CD)

4

We call such a space a complex space form. If a Riemannian manifold
ikf is of constant curvature k, then we have

(1.16) R%ι = kiδ^δjt - δuδjk) .

We call such a space a real space form.

2. Lemmas. In this section we prepare some lemmas on totally
real submanifold M of dimension n immersed in a real 2^-dimensional
Kaehler manifold M. In the following, we put Ha = {ha

ί3)y Ha being a
symmetric (n9 w)-matrix. If HaHb = HbHa for all α, δ ( = w + 1, , 2n),
then the second fundamental form of M is said to be commutative, which
is equivalent to that Σy ?̂ŷ y* — Σy h*Mj f ° r all a9 δ, i and k. We say
that the normal connection of M is flat if 22^ = 0 for all a, δ, k and i.

LEMMA 1 [6]. Let M be an n-dimensional totally real submanifold
of a real 2n-dimensional Kaehler manifold M. Then M is flat if and
only if the normal connection of M is flat.

PROOF. From (1.5), (1.8) and (1.13) we have
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Ωf* = dw% + wt A w)l = dw) + w\ A w) = Ω) ,

which shows that Bf*ki = R)M proving our assertion.

LEMMA 2. Let M be an n-dimensional totally real submanifold of
a real 2n-dimensίonal Kaehler manifold M. Then the second fundamental
form of M is commutative if and only if we can choose an orthonormal
frame for which h% = 0 unless i = j = k, i.e., Ht = (h%) is of the form

0

0

, n

0

PROOF. Assume that the second fundamental form of M is commu-
tative, that is, HaHb = HbHa, a, b = n + 1, , 2n. Then we can choose
an orthonormal frame el9 , en for TX(M) in such a way that all Ha's
are simultaneously diagonal, i.e., ha

ί5 — 0 when i Φ j , that is, h% = 0
when i Φ j . From (1.14) we see that h% = 0 unless i = j = fc.
to see that the converse is also true.

It is easy

COROLLARY 1. Let M be an n-dimensional totally real minimal
submanifold of a real 2n-dimensional Kaehler manifold M. If the
second fundamental form of M is commutative, then M is totally geodesic.

PROOF. Since M is minimal, we have Tr Hi = 0 and hence λ< = 0
for all i, by Lemma 2. This shows that M is totally geodesic.

COROLLARY 2 [6]. Let Mbe an n-dimensional totally real and totally
umbilical submanifold of a real 2n-dimensional Kaehler manifold M.
If n > 1, then M is totally geodesic.

PROOF. From the assumption we have h% = <ϊo (Tr Hk)ln. Thus we
see that Σ/ WyM» = Σ i Mm^, that is, 1 ? ^ = HJI^. Therefore Lemma
2 implies that h% — 0 unless i = j = k. On the other hand, we have
hfj = λfcδ̂  /n. Setting i = j Φ k, we have λfc = 0 when % > 1 and hence
ikί is totally geodesic.

In the sequel we denote by Mn(c) a complex space form of real
dimension 2n (complex dimension n) with constant holomorphic sectional
curvature c. Let M be an ^-dimensional totally real submanifold of
Mn(c). Then the Gauss-equation (1.7) and (1.15) imply that
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(2.1) R)kl = - i e φ Λ i - δuδίk) + Σ (hhh'j, - h'uh%) .
4 α

If M is totally geodesic, then M is of constant curvature (l/4)c. Therefore
Corollary 1 and Corollary 2 give the following results proved by Ludden-
Okumura-Yano [6].

COROLLARY 3. Let M be an n-dimensional totally real minimal
submanifold of a complex space form Mn(c). If the second fundamental
form of M is commutative, then M is a real space form of constant
curvature (l/4)c.

COROLLARY 4. Let M be an n-dimensional totally real, totally
umbilical submanifold of a complex space form Mn(c). If n > 1, then
M is a real space form of constant curvature (l/4)c.

LEMMA 3 [6]. Let M be an n-dimensional totally real submanifold
of a complex space form Mn{c). Then M is a real space form of constant
curvature (l/4)c if and only if M has the commutative second fundamental
form.

PROOF. From (1.7), (1.14) and (1.15) we have

R)ki — Kju + Σ (hikhYi — hahfk)
t

= ±-c(8ik8jt - δuδjk) + Σ (hϊlhϊl - hϊlhil),
4 *

which proves our assertion.

LEMMA 4 [5]. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c). Then we have the following equation:

(2.2) Σ WAW = Σ W * y + Σ \Mn + ΐ)c Tr Hf - i-c(Tr Ht)Λ
t,i,j t,i,j,k ί L 4 2 J

(HtH. - H.Htγ - [Tr (HtH.)f + Tr H. Tr (HtH,Ht)} .

PROOF. This can be proved by a straightforward computation which
uses the Ricci formula and the Codazzi equation h?jk = h*ls.

LEMMA 5 [2]. Let M be an n-dimensional totally real submanifold
of a real 'In-dimensional Kaehler manifold M. Then we have

(2.3) Σ Tr Rim = Σ (Tr HtH8)
2 .

t,S t,8

PROOF. Since h% = Λg, we have



220 K. YANO AND M. KON

t,s,k,l,m,h

— V hk*hm*hm*hk* — V (Tr TT TJ Y
t,8,k,l,m,h k,m

LEMMA 6. If M is an n-dimensional totally real submanifold of a
complex space form Mn(c) and is of constant curvature k, then we have

(2.4) (jc ~ k) ? [ T r Hΐ " ( T r Ht)2] = Σ [Tr HlHl - Tr (HtH8Y] .

PROOF. From the assumption and (1.7) we have

(2.5) ( i c - fc^Λz ~ My*) = Σ » Γ * - ΛSΛJI)

Multiplying by Σ 8 AJJAJI the both sides of this equation and summing
up with respect to i, j , k and I, we have (2.4) by using (2.3).

LEMMA 7. // M is an n-dimensional totally real submanifold of a
complex space form Mn(c) and is of constant curvature k, then we have

(2.6) (n - l)(λe - k) Σ Tr Hf = Σ [Tr H}Hi - Tr H. Tr (HtH8Ht)] .

PROOF. From (2.5) we obtain

(2.7) (n - l)(\c - k)δsι = Σ (hTihi; - h%h%) .

Multiplying the both sides of (2.7) by Σ* h%hΐι and summing up with
respect to j , k and I, we have (2.6).

LEMMA 8. Let M be an n-dimensional totally real submanifold of
a complex space form Mn(c) with parallel mean curvature vector. If
the scalar curvature of M is constant, then the square of the length of
the second fundamental form is constant, i.e., ΣtTr i ϊ t 2 = constant.

PROOF. From the Gauss-equation (1.7) we have

(2.8) R = \n(n - l)e + Σ (Tr Ht)
2 - Σ T r HI ,

4 t t

from which we have our assertion since R and Σ« (Tr Htf are constant
by the assumptions.

3. Totally real submanifolds of constant curvature.

PROPOSITION 1. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c) with parallel mean curvature vector. If
M is of constant curvature k, then we have
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(3.1) Σ {hTjkf = -k Σ [(n + 1) Tr H? - 2(Tr Htf] .
t,i,j,k t

PROOF. By Lemma 8, Σ* Tr Hi is constant. Thus we have

Σ ΛSJΔΛί; = -5- Δ Σ Tr H/ - Σ ( W - - Σ ( W .

Consequently (2.2) becomes

(3.2) Σ (h\%γ = - Σ Γ^fa + χ ) c T r #* -
/* ί L4

2

(HtH8 - i^iϊ,)2 - [Tr (HtH.)γ + Tr fl. Tr (HtH8Ht)} .

Substituting (2.4) and (2.6) into (3.2) and using (2.3), we have our equation
(3.1).

PROPOSITION 2. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c) (n > 1) with parallel mean curvature
vector and of constant curvature k. If (l/4)c ^ k, then either k <: 0 or
M is totally geodesic ((l/4)c = k).

PROOF. From (2.8) we obtain

(λc - u)n{n - 1) = Σ [Tr HI - (Tr Ht)
2] .

By the assumption we see that

(3.3) ΣTrfl / ^ Σ ί T r ^ ) 8

If k > 0, (3.1) implies that

0 = Σ [fa + 1) Tr H? - 2(Tr Htf]
t

= Σ {(n - 1) Tr HI + 2[Tr HI - (Tr Htf]} ,
t

which shows that Σ* Tr HI = 0 and hence M is totally geodesic. Except
for this possibility, we have k ^ 0.

PROPOSITION 3. Let M be an n-dimensίonal totally real submanifold
of a complex space form Mn(c) (n > 1) with parallel second fundamental
form and of constant curvature k. If (l/4)e ^ k, then either M is totally
geodesic ((l/4)c = A;) or flat (k — 0).

REMARK. If M is minimal in Mn(c) and of constant curvature k,
then (l/4)c ^ k. Thus Proposition 2 and Proposition 3 are generalizations
of theorems of Chen-Ogiue [2] for totally real minimal submanifolds.
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There is an example that has parallel second fundamental form but is
not minimal (see Theorem 1 and Theorem 2 in §4).

PROPOSITION 4. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c) with parallel mean curvature vector. If
the second fundamental form of M is commutative, then we have

(3.4) Σ (hl k)
2 = -±-c(n - 1) Σ Tr H? .

t,i,j,k 4 ί

PROOF. Using Lemma 2 and Lemma 3, we can transform (3.1) into
(3.4).

PROPOSITION 5. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c) (n > 1) with parallel mean curvature
vector and with commutative second fundamental form. Then either
M is totally geodesic or c ^ 0.

PROPOSITION 6. Let M be an n-dimensional totally real submanifold
of a complex space form Mn(c) (n > 1) with parallel second fundamental
form. If the second fundamental form of M is commutative, then M
is either totally geodesic or flat.

PROOF. By the assumption and Lemma 3, M is of constant curvature
(l/4)c. On the other hand, by (3.4), M is either totally geodesic or c — 0
in which case M is flat.

PROPOSITION 7. // M is an n-dimensional flat totally real submani-
fold of a real 2n-dimensional flat Kaehler manifold M and if the
mean curvature vector is parallel, then the second fundamental form is
parallel.

PROOF. By Lemma 3, M has the commutative second fundamental
form. Consequently we have our assertion by equation (3.4).

4. Flat totally real submanifolds. A simply connected complete
Kaehler manifold of constant holomorphic sectional curvature c and of
real dimension 2n can be identified with the complex protective space
Pn(C), the open unit ball Dn in Cn or Cn according as c > 0, c < 0 or
c = 0.

Now we give an example of a totally real submanifold in Cn. Let
J be the complex structure of Cn given by
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J =

0

1

- 1

0

0

1

- 1

0

0 - 1

1 0

Let S'irt) = {zt e C: \zt\
2 = rξ}, i = 1, , n. We consider S 1^) x S\τ%) x

• x Sι{rn) in Cn, which is flat. The position vector X of S^rj x
S r̂g) x x S^r^) in Cn has components given by

rx sin u

r2 cos u2

r2 sin u2

rn cos nn

Putting X, = d,X = dX/du*, we have

-sin^1"

cos u1

0

0

0

sin u2

cosu2

0 0

- sin un

cos un

On the other hand, we can take unit normal vectors as
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N, = -

cos w1

sin u1

0

0

9

Then we obtain

JX1 = r

N2 Ξ -

0
0

cosu

sinw

0

0

, JX* == rtN2,

0

cos un

sin un

Consequently S^rJ x S1^) x x S1(rw) is a flat totally real submanif old
in Cn and it has parallel mean curvature vector and flat normal connection
(see [7: p. I l l ] and [3]). In view of Lemma 3 and Proposition 7, this
example has parallel and commutative second fundamental form.

THEOREM 1. Let M be a compact n-dimensional (n > 1) totally real
submanifold of Cn with parallel mean curvature vector. If the second
fundamental form of M is commutative, then

M = S\r,) x x x S\rn) .

PROOF. By the assumption and Lemma 3 we see that M is flat.
Therefore Proposition 7 shows that the second fundamental form of M
is parallel. Since M is flat, the normal connection of M also is flat by
Lemma 1. Consequently Lemma 2 and Theorem 3.2 of Yano-Ishihara
[7] imply our statement.

THEOREM 2. Let M be a compact n-dimensional (n > 1) totally real
submanifold of a simply connected complete complex space form Mn(c)
with parallel second fundamental form. If the second fundamental form
of M is commutative and if M is not totally geodesic, then

M = S'ir,) x S\r2) x . x Sι(rn) in Cn .

PROOF. By the assumption and Proposition 6, we have c = 0 and
the ambient space M is Cn. Thus Theorem 2 follows from Theorem 1.
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