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1. Introduction. Consider the boundary value problem
(*) x + A(t)r = F(t, x)
(*%) Lx =7,

where A is an n X % matrix, F' is an m-vector, L is a bounded linear
operator defined on the space of continuous nm-vector-valued functions on
an interval [a, b], under the sup-norm, and » is a vector in R".

The existence of a solution to the problem ((x), (x*)) is shown here
under quite general assumptions on the matrix A and the vector F,
which include the following two: the homogeneous problem corresponding
to (), () has only the zero solution, and the vector F'(¢, u) is continuously
differentiable in the neighborhood of a certain vector u,c R".

The method followed here is based on the fact that certain (in
general nonlinear) operator T associated with the problem ((x), (xx)) is
Fréchet differentiable in a neighborhood of a point in its domain. This
operator satisfies the conditions of Theorem I, p. 61, in Miranda’s mon-
ograph [8] (cf. preliminaries, Theorem A). Thus, it is locally invertible
(cf. Definition 2.3), and this implies the existence of solutions to the
problem ((x), (**)).

Extensions of the above considerations to second order systems are
also considered. In Section 4 it is shown that this method works also
for boundary value problems on infinite intervals, or other existence
problems.

For work related to the present paper, the reader is referred, for
example, to the book of Falb and Jong [2], the papers [10], [11], [12] of
Urabe, and the dissertation of McCandless [7].

2. Preliminaries. We start with certain notations and definitions,
and (for the sake of completeness) we state the above mentioned theorem
in Miranda’s monograph [8].

In what follows R = (— o0, =), R, = [0, ), and J = [a, b], where
a, b are two fixed real numbers. The symbol |- || will denote the norm



168 A. G. KARTSATOS

in R" and the corresponding norm for n X n real matrices U = [u,], = =
1,2 ---,n,5=12,---,n. If Eis a subset of R, then by C[E, R"] we
denote the space of all bounded and continuous functions on E with
values R". C[E, R"] will always be considered with the norm

(2.1) 115 = sup [LF®1]

under which it is a Banach space. By C, we denote the space of all
functions f € C[R,, R"] such that lim,.. f(¢) exists and is a finite vector.
C, is a closed subspace of C[R,, R"].

DEFINITION 2.1. Let B, B, be Banach spaces with norms ||-|{|, || |l
respectively. Let S be an open subset of B,. Let f:S— B, u€S be
such that there exists a linear operator D(u): B, — B, with the property

2.2) fu + k) — f(u) = Dw)h + w(w, h),
for every he B,, where
(2.3) ,,},i.ffio”w(u’ R)|L/|k]l, =0 .

Then D(u)h is the “Fréchet differential of f at w with increment h.”

It can be shown that if the Fréchet differential of f at u ¢ S exists,
and f is continuous at u € S, then its “Fréchet derivative” D(u) at the
point w €S is a bounded linear operator on B, into B,.

DEFINITION 2.2. Assume that B, B, S, f are as in Definition 2.1,
and that f is continuous and Fréchet differentiable at every point of
S. Moreover, assume that for every ¢ > 0 there exists d(¢) >0 such that

(i) If w, u,eS with ||u, — u,||, =< 0(¢), then

(2.4) I[D(u,) — D(u)Ikll, < €llhll,, heB,;

(ii) ||w(w, B)|l; < €||h||, for every ue S and he B, with [|k] < ().
Then f is said to be “C-differentiable on S”.

DEFINITION 2.3. Let B, B,, S, f be as in Definition 2.1, and let w,€ S
with f(u,) = v,€ B,. Then f is said to be “locally invertible” at (u,, v,)
if there exist numbers a > 0, 8 > 0 such that for any v, € B, with ||v, —
|l £ B, the equation f(u) = v, has a unique solution with the property
lu — uoll, = a.

Now we are ready for the following

THEOREM A. Let f:S— B, be C-differentiable on S. Moreover, let
D(u,): B,— B, be one to one and onto for some u,€S. Then the function
f s locally imvertible at (w, f(u)).
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For a proof of this theorem the reader is referred to Miranda [8].

In what follows, we shall denote the Fréchet derivative of f at wu,
by f'(u,). Now let B, B, S be as in Definition 2.1 and let u,€S. Then
if f: S— B, is Fréchet differentiable at w, and T: B,— B, is a bounded
linear operator, then the Fréchet derivative of Tf at u, exists and equals
Tf'(w,). This follows easily from the definition of the Fréchet differential.

Now assume that the » X n matrix A(¢) in () is continuous on J.
Then X(¢) will denote the fundamental matrix of solutions of

(2.5) o + At)r = 0

with X(0) = I (the n X » identity matrix). Now let L in (*x) be a
bounded linear operator mapping C[J, R"] into R*. Moreover, denote by
L the m x » matrix whose columns are the values of L on the corre-
sponding columns of X(t). Assume that L is nonsingular with inverse
L. Then any solution of ((x), (x+)) (with F(t, u) continuous on J x R")
satisfies the equation

(2.6) a(t) = X@t)L(r — Lp(-; @) + p(¢; @) ,
2.7) p(t; @) = S:X(t)X"l(s)F(s, (s))ds .

For a proof of this fact the reader is referred to Opial [9]. Let V
be an open subset of R" and assume that F'(¢, u) is continuous on J X R"
and continuously differentiable in ¥V with respect to u. Let F,(t, u) =
[(6F;/0x;)(t, w)] denote the Jacobian matrix of F at the point (¢, u)eJ X
U. Now let G = {uecC[J, R"]; u(t)e U,teJ}, and x,€ G. Then the Fréchet
derivative at x, of the operator Q: G — C[J, R"] with [Qu](t) = F(¢, u(t)),
is given by

(2.8) [Q'(@o)h](?) = Fu(t, z(t)R(?) , ted

for any heC[J, R*]. For a proof of this fact in the case of a real
valued function F' the reader is referred to Ladas and Lakshmikantham
[6, p. 12]. The reader is also referred to the dissertation of McCandless
[7], where a good treatment has been given of the Fréchet differentiability
in Banach spaces.

Now assume that F'(¢, u) is defined and continuous on R, X R™ and
that it is continuously differentiable in w for any teR.. Moreover,
assume that the set {F'(¢, u(t)); t € R,} is bounded for any € C[R,, R"].
Then the operator @ with [Qu](t) = F(¢, w(t)) maps the space C[R., R"]
into itself. Another assumption that we make on F is the following:
for every bounded set K in R" and every ¢ > 0 there exists 0 = d(¢, K)
such that for each u,, u,e K with ||u, — u,|| < 0, || F.(f, w) — F,(t, w,)|| < ¢
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for every te R,. We shall show that the Fréchet derivative of the
operator @ defined above is given, at z,€ C[R., R"], by

(2.9) [Q (@ )R](t) = F.(t, xt)(t), teR,

for any heC[R,, R"]. In fact, we have, for some functions 6, 7 =1, 2,
cee,m wWith 026, 51,

(2.10) sup | F(t, at) + h(t) — Ft, o) — Zt, (et |

< sup ||| S5, w) + 0400 | = [ ST, w0 || 1141, -

Since [|x,(t) + 0:h({t)|| = |||z, + ||B]|z, < oo, dividing the above ine-
quality by ||k|lz,, and taking the limit of both members of the resulting
inequality as [|k|[z, — 0, our assertion follows.

Similarly, it can be shown that the above hold for C,, or C[R, R"]
under analogous assumptions on F'(¢, u).

3. Problems on finite intervals. In what follows, the notations and
definitions of Section 2 will be used without further mention.

THEOREM 3.1. For the equation
(3.1) a(t) = f(t) — X@)LLp(-; =) + p(t; x)

assume the following:

(i) there exists an open set U S R™ such that F(t, u) and its Jacobian
F(t, u) are defined and continuous on J X U. Moreover, for every € > 0
there exists 9(€) > 0 such that u, u,€ U and ||u, — u,|| < () imply
[| Fo(t, u,) — F.(t, u,)|| < € for every ted;

(ii) let x, € C[J, R"], with x(t)e U for teJ, be fixed, and let f,c
C[J, R"] be given by
(3.2) () = fit) — X@OLLp(-; @) + plt; @) ;

(iii) let the equation
(3.3) ©(t) = f(¢) — X@)LLq(-; x,, @) + q(t; @, @)
have a unique solution x e C[J, R*] for every f €C[J, R"], where

(3.4) a(ts o, 2) = | XOX ) F.(s, 0s)a(s)ds -

Then there exist two constants a >0, 8 >0 such that for every
feC[J, R*] with ||f — fill £ B there exists a wunique solution to the

equation
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(3.5) x(t) = f(t) — X@E)L'Lp(-; =) + p(t; )
with the property ||x — x,]| < a.
Proor. Let G = {xeC[J, R*]; 2(t)e U, teJ}, and fix x,€G. Now
consider the operator T: G — C[J, R*] with
(3.6) [Tx)(t) = «(t) + X)L Lp(-; %) — p(t; ) -

It is easy to see that the operator T is Fréchet differentiable on G,
being the composition of an integral operator (which is linear and bounded)
and the operator Q: G — C[J, R"] with (Qx)(t) = F(¢, »(t)), t€J. Its Fréchet
derivative at x, and with increment % is given by

(3.7) [T'(@)hI(E) = h(t) + X)L La(-; @, b) — a(t; @ k) -

Now let feC[J, R*] and consider T'(x,)h = f. Then h(t), t € C[J, R"]
is the unique solution of the linear equation (8.3). Thus, T’(x,) is one-
to-one and onto. Let ¢ > 0 be given. Then there exists d,(¢) > 0 such
that w,, u,e€ U with ||u, — u,|| < 0,(c) implies

(3'8) ”Fz(', u’l) - Fx('; uz)”J = 5/2# ’
where ¢ = max {y,, p,} with
~ t
(3.9) = sup {1 XOIIZ 1121 {1 XOX 6 llds}
teJ 0
t
(3.10) = sup {1 XOX @)1 ds} -
ted 0
Thus, if u, u,€ G with [|u, — u,||; < 9.(¢),
we obtain
(3.11) | T(w)h — T(u)b|l; < ellh]l;
for any heC[J, R"]. Moreover, it follows as in (2.17) and (2.18) that if
(3.12) T(x + h) — Te = T'(x)h + w(x, h)

for every xe @, heC[J, R*], then there exists d,(¢) > 0 such that
(3.13)  sup [jw(z, B)®)]]

= sup [ £t 2) + 010) — 22t o)) |- 101

= ellhlls

for any heC[J, R"] with ||h]|; < d,¢). If we let d(¢) = min {0,(¢), 0(¢)}

we see that the operator T is C-differentiable on G, and that the rest
of the assumptions of Theorem A are satisfied. This completes the proof.

The above theorem has the following important
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COROLLARY 3.1. Let the assumptions of Theorem 3.1 be satisfied,
and assume that the number B in the conclusion of the same theorem
18 such that ||fill; < B. Then there exist positive mumbers a, pt such
that for each r € R™ with ||r|| < ¢ there exists a unique solution of the
problem ((x), (x+)) satisfying ||z — x|; = a.

ProOF. Let € > 0 be such that ||f;]|; + & < 8. Then since
(3.14) lim sup | X()Lr — £ = 1 £lls

lirl|—=0 teJ
there exists d(¢) > 0 such that
(3.15) sup | XL — @O < Al +e< 8
whenever ||7| < d(¢) = ¢ Thus, for every reR" with ||r| < ¢ the

equation (2.138) has a unique solution inside G, = {x € C[J, R"]; || — x|, =
a}. This completes the proof.

It is evident from the above corollary that to ensure a unique solution
of ((x), (x*)) for sufficiently small |[r]|, it suffices to find an approximate
solution z,(t), satisfying

(3.16) zi(t) + A@)x (1) = F(¢, x(t)) + M2) ,
and such that ||f,||; < B, where
fit) = —X@)LLé(+5 N) + 6(t; \)
with
6(t; \) = StX(t)X“(s)h(s)ds :
We also wish to point out that the solutions obtained by Theorem
3.1 and its corollary can be obtained by Newton’s method. This follows

from the proof of Theorem A, where a contraction mapping is involved.
Let us now consider the following boundary value problem:

(3.17) " = F(t, x)
(3.18) x2(a) = x(b) = 0.

Here F' is assumed to be defined and continuous on J X R®. Then
finding a solution of the above problem amounts to finding a solution
x(t), teJ of the integral equation

(3.19) o(t) = — 2 [(b — ) S’(s — a)F(s, (s))ds

a—>b

+(t—a) S:’(b — §)F(s, x(s))ds] :
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We state the following theorem, whose proof can be carried out as
in Theorem 3.1 and its corollary.

THEOREM 3.2. Assume that Hypothesis (i) of Theorem 3.1 is satisfied.
Furthermore, fix x,€C[J, R"] with x,t)e U for every tcJ, and let
fo€eC[J, R"] be given by

(3.20) () = fo(t) +

a i b [(b — 1) S:(S — a)F(s, x(s))ds
+ (= a) |6 — )P, a(s)ds .

Let the equation

(3.21) a(t) = F(t) +

L -9 6 - aF.e s@meds

+ =) [~ 9F.s, soNa(a)ds

have a unique solution x € C[J, R"] for every f € C[J, R"]. Then there exist
two positive numbers a, B such that for every f € C[J, R*"] with ||f—f|l; =8,
there exists a unique solution x € C[J, R*] of the equation

(3.22) 2(t) = F(t) + —* [(b — %) St(s — a)F(s, 2(s))ds
» a—b a

4t — a)gi(b — §)F(s, x(s))ds}
with the property ||x — x,|l; < a. Moreover, if ||foll; £ B, then the
problem ((3.17), (3.18)) has a unique solution x(t) satisfying ||x — .||, < a.

4. Problems on infinite intervals. It is evident that Theorem 3.1
and Corollary 3.1 can be extended to problems of the form ((x), (x*)).
We formulate below such a result and omit its proof, which follows as
before. Moreover, we formulate a theorem concerning the existence of
bounded solutions of the equation (x) on the whole axis R.

THEOREM 4.1. For the problem ((x), (x*)) assume the following:
(i) lim,., X(t) = X(co) exists and is a finite matrix. Moreover,

t
sup | | X(OX (o)1 ds < +<= ;
teRy Jo

(ii) T:C,— R" is a bounded linear operator such that L™ ewists;

(iii) F(t, w): R, X R"*— R"™ is continuous, and continuously differen-
tiable in u. Moreover, for every e > 0 there exists d(¢) > 0 such that
Jor every w, u,€ R™ with ||u, — u,|| < d(¢),
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(4'1) ||Fx(ty u’l) - Fx(t’ u2)“ ée) teR+ .
(iv) for every uweC[R,, R"], the set {F(t, w(t)); te R} is bounded;
moreover,

|IX 6 FGs, us)lds <+ ;

(v) for every feC, the equation (3.3) has a unique solution x €C,,
where q s given by (3.4) and x,€C, is fired and such that

| IX P (s, u(s)llds < -+

for every u in some netghborhood of x,.
Then if f, ts given by (3.2), there exist two constants a > 0,8 >0
such that for every feC[J, R"] with ||f — fillz, =B, there exists a

unique solution x € C, to the equation (3.5) with ||z — x,||z, = a. Moreover,
if | folle, < B, then the problem ((+), (x+)) has a solution for ||r|| swufici-
ently small.

Now assume that P, P, are n X n projections, P, + P, = I. The
following theorem ensures the existence of a solution to the integral
equation

4.2) o(t) = | XOPX ()P (s, w(e))ds
- SjX(t)PZX“(s)F(s, 2(s))ds .
In connection with (4.2) we shall consider the equations
(4.3) wt) = £i() + St_mX(t)PlX“(s)F(s, 2,(3))ds

~ | XOPX @FG, a()ds ,

*.4) o) = £O) + |_XOPXGF (s, n(o)ale)ds
~ | "XOPX ) F. 6, a(s)a(e)ds .
THEOREM 4.2. For the system (x) assume the following:

t oo
(1) sw [ 1XOPX@ds + [IXOPX @) ds | < + = ;
te Ry —o0 ¢
(ii) F(t, w) satisfies (iii) of Theorem 4.1 with R, replaced by R;
(iii) for every w e C[R, R"], the set {F(t, w(t)); t € R} is bounded;
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() sup| | I XOPX ()P, u(s)lds
+ I XOPX6) PG5, ue)) 1 ds | < +2=

for every uw im some meighborhood of x,€ C[R, R.], and the equation (4.4)
has a unique solution in C[R, R"] for every f eC|[R, R"].

Then there exist two constants a, 8 > 0 such that, if f,€C[R, R"] is
given by (4.8), then for every feC[R, R" with ||f — flla < B, there
exists a unique solution to the equation

(4.5) o(t) = f(t) + SimX(t)PlX‘l(s)F(s, 2(s))ds
- SjX(t)PZX‘I(s)F(s, 2(s))ds

satisfying ||x — x|z = a. Moreover, if ||f,]] £ B, the system (x) has a

unique solution x e C[R, R"] such that ||x — x,||z < a. This is given by
(4.5), where f(t) =0, tcR.

5. Remarks. The assumed uniqueness of the solutions of the integral
equations (3.3), (3.21), can be ensured by considering sufficiently small
intervals J, in which case we obtain contraction mappings. Similarly,
small enough integrals in (v) of Theorem 4.1 and (iv) of Theorem 4.2,
ensure the uniqueness of solutions of (3.3), (4.4) respectively. Corollary
(8.1) overlaps in the case Tx = x(0) — 2(w) = 0 (w-periodicity) with a
result of Urabe [10]. For initial value problems connected to Fréchet
derivatives, the reader is referred to Alekseev [1]. For boundary value
problems on infinite intervals related papers are those of Kartsatos [3-5].
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