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1. Introduction. Let C and D be C*-algebras and let C 0 D denote
their minimal (or spatial) C*-tensor product. For each £/eC* there is a
unique bounded linear map Rg of C 0 D to D satisfying Rg(c 0 d) =
(g, c)d. Similarly, for each he D* there is a unique bounded linear map
Lh of C(g)D to C satisfying Lh(c 0 d) = <fe, d)c. Let A and 5 be C*-
subalgebras of C and D, respectively. We define the Fubini product of
A and B with respect to C 0 D to be

F(A, B,C(g)D) = {xeC(g)D: R9(x) e B, Lh(x) e A f o r e v e r y geC*,he Z>*}

(see [10]). If Cl9 C2 and A are C*-algebras such that d 2 C2 2 A, and
if A, A and B are C*-algebras such that A 2 A 2 5, then F(A, £,
C ί 0 A ) contains ^(A, β, C 2 0 A) I n this paper we show that there is
the largest Fubini product of A and B, denoted by A®FB. We also con-
sider a condition for a C*-algebra to have property S [13]. Aided by [15],
we give several Fubini products A 0*. B strictly containing A 0 B.

The author would like to thank Professor J. Tomiyama for his useful
suggestions. He would also like to thank Professor S. Wassermann for
sending him a copy of the preprint [15].

2. Some properties of Fubini products. In this section we study
certain elementary properties of Fubini products. The following result
is known [12, Proposition 4.1] and is easy to check.

LEMMA 1. Let C and D be C*-algebras with C*-subalgebras A and
B, respectively. Let C and D be the enveloping W*-algebras of C and
D. Under the canonical embedding of C 0 D into the W*-tensor product
C®D, let A0B denote the weak closure of A(g)B. Then F(A, B,C®D)
is just (C 0 D) Π (A 0 B) and is a C*-subalgebra of C 0 D.

LEMMA 2. Let A, CΊ and C2 be C*-algebras such that Cλm A and
C2 2 A, and let B, A and A be C*-algebras such that A 2 B and A 2 B.
Suppose that there are four contractive and completely positive maps:

φλ: CΊ —> C2, φ2: C2 -> d, φi(a) = a (i = 1, 2, aeA),

ψ1:Dί->D2fψ2:D2^D1,γi(b) = b (i = 1, 2, 6eJ5).
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Then there is a ^-isomorphism Ψ of F(A, B, d <g) A) onto F(A, B, C2 (g) A)
such that Ψ(x) = x for all xe A®B.

PROOF. For convenience, if i = 1, 2, let Ft = F(A, B, Ct (x) A). By
Lemma 1, each Ft is a C*-subalgebra of C4(g) A Let xeF^ lίgeC?,
we have Rg(Φi®ψι(x)) = ψi(R{goΦι){x))eB. Similarly, if heD?, we have

A. Let 2/eί7!. If #eCί and fee A*, then

h, (φ2 <g> ψ2) o (& (g) ah)(2/)> = <flr, (φ2 o φdiL^^iy)))

= (g, L{hoΨrΨl)(y)y = <λ, {f2°^)(R9(v))) = <&, 22,(»)> = (g®h,y} .

Hence (02 (x) ψ2) o (^ (g) ̂ (i/) = /̂ for all # 6 JP\. Similarly, we have φ2 (g)

ψ2(F2) Q F, and (^ (g) ti) ° (02 (g) f^V) = 2/ for all y 6 F2.
Since ^ ® ^ and ^2 (g) α/r2 are contractive and completely positive, by

[4, Lemma 3.9] we may assume that Fx and F2 are unital, and that both
Φi®ψi\F1 and φ2®ψ2\F2 are unital and completely positive. Let Ψ =
0i (g) ̂ 11 Ĵ i Then Ψ = (02 (g) ψ>21 i^)"1, so that ?J is isometric. It follows
from [3, Corollary 3.2] and [9, Theorem 7] that Ψ is a ^isomorphism (cf.
the proof of [6, Theorem 3.1]). It is easy to see that Ψ(x) = x for all
xeA(g)B. This completes the proof.

A unital C*-algebra A is said to be injective [5] if for any unital
C*-algebras B and C such that C 2 B with the common unit, any com-
pletely positive map of B into A extends to a completely positive map
of C into A. Arveson proved in [2, Theorem 1.2.3] that for any Hubert
space H, the C*-algebra L(H) is injective.

LEMMA 3. Let B, Cλ and C2 be C*-algebras such that Cx 2 B and
C2 2 B. Suppose that C2 is injective. Then there is a contractive and
completely positive map Ψ of C1 into C2 such that Ψ(b) — b for all beB.

PROOF. For i = 1, 2 let C< be the unital extension of Ct by the
complex number field, let et be the unit of Cίy and let Bt be the C*-sub-
algebra of Ct generated by B and et. It follows from [4, Lemma 3.9] that
the map >f0: b + ce^-^b + ce2 is a completely positive map of Bx onto B2.
Define a completely positive map ψx of A into C2 61/ ψi(α) = eψo(x)e,
where e is the unit of C2. Since C2 is injective, the map ψλ extends to
a completely positive map ψ2 of C1 into C2. Put Ψ = r̂21 d , which has
the desired properties.

The following result is a generalization of [11], and is an immediate
consequence of Lemmas 2 and 3.

THEOREM 4. Let A and B be C*-algebras. Let Cx and C2 be injective
C*-algebras such that CΊ 2 A and C2 2 A, and let A and A be injective
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C*-algebras such that A 2 B and A 2 B. Then the following two
statements hold.

(1) There is a ""-isomorphism Ψx of F(A, B, CΊ (x) A) onto F(A, B,
Co (g) A) such that Ψ^x) = x for all xeA(g)B.

(2) There is a ^-isomorphism ¥2 of F(A, B, A® A) onto F{A, B,
A (x) A) such that Ψ2(x) = x for all xeA®B.

DEFINITION. By A®FB we denote any one of the *-isomorphic
Fubini products of A and B of Theorem 4 (1). Then A®FB is inde-
pendent of the choice of injective C*-algebras C and D such that C 2 A
and ΰ 2 B, and is the largest of all Pubini products of A and B. In
fact, if A1 and Bx are C*-algebras such that ^ 2 4 and Bx 2 B, there
are injective C*-algebras C and D such that C^A1 and -D2A, hence JFX-A, B,
A,(x) A) S F(A, B, C(g)D) = A(x)FB. Similarly, any one of the *-iso-
morphic Fubini products of A and B of Theorem 4 (2) is independent of
the choice of injective C*-algebra D such that D 2 J5, and is the largest
of Fubini products of A and 5 with respect to A ® ΰ with D taken
over all C*-algebras such that D 2 B.

We now consider a condition for a C*-algebra to have property S.
A C*-algebra A is said to have property S [13] if F(A, B, A®C) =
A®B for any C*-algebras B and C such that C 2 B.

LEMMA 5. Let C and D be C*-algebras with C*-subalgebras A and
B, respectively. Suppose that F(A, B,C® D)^A®B. Then there are
separable C*-subalgebras AQ, BQ, CQ and DQ of A, B, C and D, respectively,
such that Co 2 Ao, A 2 Bo,

(1) F(A, Bo, C®DQ)^A®BQ and

(2) F(A0, Bo, Co® A) 3 Λ<8>SO-

PROOF. Let z e F(A, B,C(g)D) with z&A(g)B. Then there is a
sequence (zn) such that

%n = Σ %ϊn) ® vίn) and lim zn — z ,

where each xln) e C and yin) e D. Let Ao be the C*-subalgebra of A
generated by {Lh(z): heD*} and let Co be the C*-subalgebra of C generated
by {xίn): i = 1, , mΛ, w = 1, 2, •}. Since Lh(zn) eC0 (heD*), we have
Co 2 Ao. Since Co is separable, so is Ao. Similarly, let Bo be the C*-
subalgebra of β generated by {Rg(z): g e C*} and let A b^ the C*-
subalgebra of D generated by {yίn): i = 1, , mΛ, n = 1, 2, •}. Then
A is a separable C*-algebra containing Bo. It is easy to see that z e
F(A0, Bo, Co (g) A) £ ^(Λ ^o, C (8) A). If 2 e i ® δ 0 , we have z e A (x) B,
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a contradiction to the assumption. Thus F(A, Bo, C(g) Do) =2 -A® B
F(A0, Bo, Co (x) Do) S Λ ® £0.

THEOREM 6. Let A be C*-algebra and let H be a separable infinite
dimensional Hilbert space. Then the following two statements are
equivalent.

(1) A has property S.
( 2 ) F(A, B, A® L{H)) — A (x) B for every separable C*-subalgebra

B of L(H).

PROOF. Since every separable C*-algebra can be regarded as a C*-
subalgebra of L(H), and L(H) is injective [2, Theorem 1.2.3], this theorem
is an immediate consequence of the second remark in the definition
following Theorem 4 and Lemma 5 (1).

REMARK. Let C and D be C*-algebras. If A ®F B = A (x) B for any
separable C*-subalgebras A and B of C and D, respectively, we have
C ®2P D = C (x) D by the first remark in the definition following Theorem
4 and Lemma 5 (2).

3. Examples. In this section we need certain results and notation
from [15]. Let J ϊ b e a separable infinite dimensional Hilbert space, let
H = φ^=i Hn denote a decomposition of H into subspaces of dimension n
and write M= ®n=ιL(Hn) = {(xn): xneL(Hn), supn | |α Λ | | < °o}. If U is a
free ultrafilter on the positive integers and if trΛ is the trace on L(Hn)
so normalized that the unit has trace 1 {n = 1, 2, •)» then Iσ = {(a:w):

^ trn(x%xn) = 0} is a maximal two-sided ideal in M and N = M//̂  is a
i factor. If a? 6 N is represented by the sequence (xn) e M, then Tr(a ) =

trn(ίcn). For each n we identify L(Hn) with the algebra of n x w
complex matrices, and let ~ denote the transposition of a matrix. For
x = (α Jeikf let » = (xn). Then (Z^)" = Iσ and an antiautomorphism of
N is defined by (α + IVT = x + Iv.

If if denotes the completion of N with respect to the canonical trace
norm, if is a Hilbert space. A self-adjoint unitary operator J on K is
defined by Jx = x (XGN). N acts on K by left multiplication: if Lx e
L(K) is given by Lxa = xa (x, aeN), then the map x —> Lx is a normal
^isomorphism of JV into L(K), the standard representation of N. If
we identify N with its image in L(K), the commutant iV' is just the
set of right multiplications by elements of N [7, I, §5, Theoreme 1]. If
x, aeN, then JxJa = J(xa) = ax. Thus JNJ £ N' and the map x —> Jα?J
is a *-isomorphism of iV onto N'.

Let Φ be the quotient map of M onto N. By [14, Lemma 2.4] there
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is a representation σ of M (x) M on K such that

σ
(a ® 6) = Φ(a)JΦ(b)J (α, 6 e Λf) .

Since tf(M(x) I) = N and σ(/(g) AT) = JiVJ = i\Γ, σ is irreducible.
Since M(g)M^L(H)<g)L(H), there are, by [8,2.10.2], a Hubert space

Ko with Kg=K0 and an irreducible representation π of L{H)®L(H) on if0

such that π(x) | K = σ(x) for x e ikf (g) M. Commuting factor representations
Γi and π2 of L(J2") on iΓ0 are defined by

πM = π(x (x) /), π2(x) = π(I®x) (x e

Then ker πx = ker τr2 = LC(H) by [15, Lemma 3].
In [15, Section 4] Wassermann showed that there is an isomorphism

of the free group on two generators into the unitary group of M. Let
C denote the C*-subalgebra of M generated by its image. Anderson [1]
showed that there is a projection p in M such that Tr (Φ(p)) ^ 1/2 and
px eLC(H) if xeC Π Ic. Let C*{C, p) denote the C*-subalgebra of M
generated by C and p.

From now on, we use H, M, π, πu π2, Ko and C*(C, p) in the above
situation.

LEMMA 7. There exist no completely positive unital maps px and p2

of L(K0) to τr2(C*(C, p)Y and ^i(C*(C, p))', respectively, such that

Pl(axb) = aPl(x)b (α, b e ^(C*(Cf p)\ x e L(K0)) ,

ρ2{axb) = aρ2(x)b (α, b e ττ2(C*(C, p)), x e L(K0)) .

PROOF. It was shown in the proof of [15, Proposition 5] that such
a px cannot exist. It was also shown in the proof of [15, Theorem 8]
that such a p2 cannot exist.

LEMMA 8. Let A and B be C*-subalgebras of L(H) both containing
C*(C, p). Then

(1) F(A Π LC(H)f B,A®B)£ ker π,
( 2) F{A, B Π LC(H), A®B)£ ker π.

PROOF. (1) Suppose that F(A Π LC(H), B, A®B)<^ ker π. As in the
proof of [14, Proposition 2.5], the relation πγ o Lh = Lho{π1 (x) /) (he L(H)*)
shows that {x e A (x) B: π, (g) I(x) = 0} = F(A Π LC(H), B,A®B). Hence
there is a representation π of ^(A) (x) 5 such that π(α (S) 6) = α2T2(&)
(αe^(il), beB). By [15, Lemma 1] there is a completely positive unital
map p± of L(iQ to τr2(2?)' such that pλ(axb) = apx(x)b (α, 6 e TΓ^A), & e L(KQ)).
Such a ft cannot exist by Lemma 7. Hence we obtain (1).

(2) This follows from an argument similar to (1).
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THEOREM 9. Let H be a separable infinite dimensional Hilbert space.
Then LC(H) (g),, LC(H) strictly contains LC(H) 0 LC(H).

PROOF. Since L{H) is injective, it is enough to show that F(LC(H),
LC(H), L(H) 0 L{H)) = LC(H) 0 LC{H). By Lemma 8 we have

(1) F(LC(H), L(H), L(H) <g> L{H)) g ker π ,

F{L{H), LC(H), L(H) 0 L{H)) g ker π .

Since F(L(H), LC(H), L(H)0L(H)) is a closed two-sided ideal in L(H) 0
L(H) [10, Lemma 2.2], the restriction of π to F(L(H), LC(H), L(H) 0
L(H)) is an irreducible representation. Let {uβ} be an approximate
identity for F{L(H), LC(H), L(H)(g)L(H)). Then {π(uβ)} converges strong-
ly to the identity operator on if0.

Suppose that F(LC(H), LC{H), L(H) (g) L(H)) C ker π. We note that
F(LC(H), LC(H), L(H)®L(H)) = F(L(H), LC(H), L(H)®L(H))f)F(LC(H),
L(H), L(H) 0 US)). Since F(LC(H), L{H), L(H) <g) L(H)) is a two-sided
ideal [10, Lemma 2.2], it follows that if « 6 F(LC(H), L(H), L(H) (g) L(H)),
we have uβx e F(LC(H), LC(H), L(H)®L(H)), so that π(x)=\imβπ(uβ)π(x) =
lim^ τr(tt^) = 0 (strongly). Hence we obtain F(LC(H), L(H), L(H) 0
L(H)) Q ker π. This inclusion contradicts (1), and we have

F(LC(H), LC(H), L{H) 0 L(H)) 5 ker(π\F(LC(H), LC(H) ,

L(H) 0 L(H))) 2 LC(H) 0 LC{H) .

This completes the proof.

THEOREM 10 (cf. [15, Theorem 8]). Let K be an infinite dimensional
Hilbert space and let A be a C*-subalgebra of L{K) such that A 2 LC(K).
Then A 0F LC(K) strictly contains A 0 LC(K).

PROOF. AS in the proof of Theorem 9, it is enough to show that
F(A, LC(K), L(K) 0 L(K)) 3 A 0 LC{K).

Suppose that

(2) F(A, LC(K), L(K) 0 L(K)) = A 0 LC{K) .

With H as in Theorem 9, we may assume that H C K. Then we have
LC(H) S LC(K) £ A, so that, by (2), F(LC(H), LC(K), L(K) 0 L(K)) Q
A 0 LC(K). Thus F(LC(H), LC(K), L(K) 0 L{K)) = F(LC(H), LC{K),
A0LC{K)). By [13, Theorem 22] we obtain F(LC(H), LC(K), A0
LC(K)) = LC(H) 0 LC{K), hence

(3) F(LC(H), LC(H), L(K) 0 L{K)) = F(LC(H), LC(H), LC(H) 0 LC{K)) .

Then a second application of [13, Theorem 22] shows that
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(4) F(LC(H), LC(H), LC(H) (x) LC(K)) = LC(H) (x) LC(H) .

Since there is a projection of norm one from L(K) onto L(H), it follows
from [10, Proposition 3.7] that

(5) F(LC(H), LC(H), L{K) ® L(K)) = F(LC(H), LC(H), L(H) ® L(H)) .

Hence (3), (4) and (5) yield that F(LC(H), LC(H), L(H) (g) L(H)) = LC(H) (x)
LC(H). This contradicts Theorem 9, and we obtain the desired result.

Let C and D be C*-algebras with C*-subalgebras A and B, respectively.
Tomiyama [10, Theorem 3.1] proved that if all the irreducible represen-
tations of A are finite dimensional of bounded dimension, then F(A, B,
C (x) D) = A (x) B. However, if we remove the condition "of bounded
dimension" from his theorem, we have the following situation.

EXAMPLE 11. With H and M as in the beginning of this section,
all the irreducible representations ofMΓϊ LC(H) are finite dimensional,
and (Mf]LC(H))0FL(H) strictly contains (M f] LC(H)) <g> L{H).

PROOF. It is easy to see that Mf] LC(H) = {(xn)eM: limw \\xn\\ = 0}.
It follows from [8, 10.4.3 and 10.10.1] that all the irreducible represen-
tations of M Π LC(H) are finite dimensional. Since M is injective, we
show that F(MΠLC(H), L{H), M®L{H))^(KM{\LC(K))®L(H). Applying
Lemma 8 with A = M and B = L{H), we have

( 6 ) F{M Π LC{H), L{H), M <g) L{H)) £ ker π .

Suppose that F{M n LC(H), L(H), M®L{H)) = (M n LC(H)) ®L(H).
Then F(M n IrC(£Γ), L(-ff), Λf (x) L(H)) C ker π. This inclusion contradicts
(6). It then follows that F(MnLC(H), L{H), M(g)L(H))^(MnLC(H))®
L(H). This completes the proof.
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