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Introduction. Let M, N and B be Riemannian manifolds. Then,
we have a question "Is M isometric to N, if MxB is isometric to
NxB ?" Uesu [1] proved that the answer is affirmative if M and N
are complete and if B is compact locally symmetric. In the present
note, we shall show that the answer is affirmative also if the last con-
dition on B is replaced by one of the following (1) and (2):

(1) B is simply connected and complete.
(2) B is complete and B has the irreducible restricted holonomy

group.
The last assertion is stated as Theorems A and B in the next section.

We assume, in the present note, that all Riemannian manifolds are
connected and C°°.

1. Proof of the theorems. First, we give some lemmas. Let Ω' =
{1, , r} and ώ" = {r + l, , n}. For a subset ώ c β ' U ώ " , we denote by
S(Ω) the symmetric group of Ω. And, by Sn and Sr, we denote S(i3'Uβ")
and S(Ω'), respectively. Let G be a subgroup of Sr and Ω'0 = {i eΩ'\τ(i) = i
for all τeG}, Ω[ = {ieΩ'\τ(ϊ) Φ i for some τeG}.

LEMMA 1. Let σ be an element of Sn.
( i ) // ωeS(σ(Ω'0[J Ω")), then {ωσ)τ(ωσ)-ι = στσ-1 for all τeG.
(ii) // σGσ1 c Sr, then σ{Ω[) c Ω'.

PROOF. ( i ) We note τ{Ω[)=Ω[ for all τ e G . If i e Ω[, then ωσ(i) =
σ(ϊ), and hence ωστσ^ω-^ωσ^)) = ωσ(τ(ϊ)) = στ(ί), στσ~\ωσ{i)) —
στσ~\σ{i)) — στ(i). If ieΩ[{jΩ", then ωστσ^ω^ωσ^)) — ωστ{i) — ωσ{i)
and (στσ~1)(ωσ(i)) = ωσ(i)f as ωσ(ϊ) = σ(j) for some jeΩ[\jΩ". (ii) As-
sume i e Ω[ and σ(i) e Ω". Since σGσ~ιc:Sr, we have στσ~\σ{i)) = σ(ΐ) and
hence τ(i) = i for all τeG, a contradiction. q.e.d.

Throughout the present note, I(M) denotes the group of all iso-
metries of a simply connected and complete Riemannian manifold M.

Let M1 = M2 = = Mn be a simply connected and complete Rieman-
nian manifold whose homogeneous holonomy group is irreducible. Let
M be the direct product Riemannian manifold ΛfjXikfgX x l r For
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each σeSn9 λ(σ): M->M is defined by

\{σ){xί9 , xn) = (xσ-ιω, , ^- i ( w ) ) , xt e Λf, .

Then, λ(α ) el(M) and λ: Sn~-*I(M) is an isomorphism. Briefly we denote
λ(<7) by σ. Then Sn is a subgroup of I(M).

LEMMA 2. ( i ) I(M) is generated by Sn and I{Mx)x •• xI(Mn).
(ii) IfσeSn and (f, -, fJeKMJx xI(Mn), then

where (/σ-i(1), , Λ-i<»)) e /(Mi) x x I(Mn). In particular, I(Mj) x x
I(Mn) is a normal subgroup of I(M).

PROOF. ( i ) is easily seen by the uniqueness of de Rham's decom-
position (cf. Uesu [1] and Wolf [2]). (ii) σ(f, - -, fn)σ~\xu . -., xn) =

/σ-i<»>0O) = (Λ-i(D, , Λ-i( ))(»i, , »•). q.e.d.

By the above lemma, Sn is isomorphic to the quotient group I(M)/
I(Mj)x - xI(Mn). Let μ be the natural projection of 7(jkf) onto I(M)/
/(Λfj)x -"Xl(Mn). Then, the image ^(Γ) of a subgroup Γ of I(M) is
considered as a subgroup of Sn.

Let us decompose M in Lemma 2 into M' and M", where Mf =
M^ -xMr and Af" = Mr+1x - xAΓ#. Then Λf = Λf'xJtf".

LEMMA 3. Lei Γ be a subgroup of I(M') and fel(M). If fΓf~λ(z
I(Mf), then there exists f e I{M') satisfying frhf'~ι = fhf*1 for all
heΓ.

PROOF. Let G be the subgroup μ(Γ) which is a subgroup of Sr.
Then, we may apply Lemma 1 with the other notations used. / is writ-
ten as / = σ(flf •••,/») by Lemma 2, where σeSn and (fl9 ••-,/»)€
/(ikfjx xI(Mn). Let & be an element of Γ. Then Λ, is written as
h = τ(hlf - ,K, hr+i, , hn)9 where τ 6 Sr, (fê  , hr, hr+1, , hn) e
/(ikfj x x I(Mr) x I(Mr+1) x x J(ΛfJ and Λr+1= =hn = 1. Then we
have

( * ) A/"1 =
where (Λα-iω^-iω/^iω, , fra-u^K-M^f^Hn)) e /(MJ x ••• x /(JkfJ.
Since /fe/"1 e /(M'), we have σrσ-1 e Sr and fTσ-iU)K-Hi)f^m) = 1 if i 6 i2".
On the other hand, by (ii) of Lemma 1, if i e ώ " , then o-1^) e β ; U Ω".
Hence τσ-^i) = σ-^i) and ha-Hi) = 1. Thus, if j e σ-\Ω") U Ω", then
τ(i) = i and fey = 1. We may assume for brevity that σ~~\Ω") Π Ωf =
{1, •••, s}, s^r. Then ΓaI(Ms+1x xikfr).
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Now, we define ω e S({σ(jd, , σ(ja), σ(ΐ), , σ(s)}) by ω(σ(jk)) =
σ(k) and ω(σ(k)) = σ{jk), k = 1, - , s, where α- 1^') n β" = bΊ, , i.},
r + 1 ^ λ < <js ^ ^ And we define / ' e I(M') by / ' = ωσ(l, --,1,
fs+u , /„ 1, , 1). Then, / ' is the desired one. Indeed, as Γ c
/(AΓf+1 x x Mr), σ(l, , 1, /s+1, , /„ 1, , 1)Λ(1, , 1, fs+u , fr,
1, • -, l)-1^-1 = fhf-1 for any heΓ. For any Λ = τ(hu , hn) e Γ,
O ZΌ-1 e S({σ(s + 1), , <7(r)}), as τ e S({s + 1, , r}). On the other
hand, fτσ-Hj)K-Hj)fa\j) = 1 for any ie{σ(l), , α (s), σ(r + 1), , σ(w)}.
Then, by (*), σ(l, ' , 1, Λ+i, , Λ, 1, , 1)Γ(1, - , 1, fa+1, , /„ 1,
• , I)- 1*- 1 c I(Mσ{s+1) x - x Λfσ(r)). But, as ω e S({σ(j\)f , σ(ja), σ(ϊ),
• ., (7(s)}), we have fhf'1 = fhf-1.

Let En be an ^-dimensional Euclidean space. Let E{ri) = I(En).
Then 2£(w) is the semi-direct product group O(w) + i2%, where O(ri) is
the orthogonal group of the ^-dimensional Euclidean vector space Rn

and, if (A, α), (J5, b)eE(n), the (A, α)(J5, 6) = (AJ5, Ab + α).

LEMMA 4. Let G be α subgroup of O(n), A e O(n) and G = AGA~\
Let V = {v e Rn \ Xv = v for all XeG} and W = {w e Rn\Yw = w for all
YeG}. Then A(V)=W and hence A(VL) =W\ where V1 and W1 are
orthogonal complements in Rn of V and W, respectively.

Let us consider En as the direct product Riemannian manifold
ErxEn~r of the Euclidean spaces Er and En~r.

LEMMA 5. Let Γ be a subgroup of E{r) — I(Er) and feE(n). If
fFf-'aEir), then there exists feE(r) satisfying fhf1 = fhf-1 for
all heΓ.

PROOF. Let Γ = fΓf~\ Vo = {v e Rr | μ(h)v = v for all heΓ} and

Wo = {w e Rr I μ(h)w = w for all heΓ}, where μ is the projection E(ri)-+
O(n). Let V = Vo 0 Rnr and W = TΓ0 0 Λ%-r. Then Λr = F 1 0 Vo =
W1 0 ΐ̂ o and / is considered as a mapping /: V1 0 T—> ΫF1 0 ΐ^, where
F 1 and W1 are orthogonal complements in /ίw of F and W, respectively.
Then, by Lemma 4, μ(f)(VL) = WL and μ(J)(V) = TΓ. Let λ = (X, α?) 6 Γ
and / = (A, α). Then X\v = 1 and xeRr. On the other hand, we^have

(**) A/" 1 = (Λ a)(X, x)(A-\ -A~xa) = (AXA~\ -AXA^a + Ax + a) .

Since fhf~ιeE(r), we have AXΆ^eOίr), -AXA~'a + Ax + aeRr and
AXA'V = 1. Here, α is written as a — af + α", where α' e WL and
α" e TF. Then - AXA~λa + α = - AXA~*a' + a'eW1 czRr. Thus Aα 6 β r ,
as -AXA-'a + Ax + aeRr.

Now, let ?7= {veV0\AveRr}. Then Fo = ί 7 0 UL, where C71 is
the orthogonal complement of U in Vo. Let A' be an element of O(r)
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satisfying A'\v±w = A\VA.W, A V - = 1 and A\UL) = A(U)\ where A(U)1

is the orthogonal complement of A{U) in Wo. Then / ' = (A', a')eE(r)
is the desired one. In fact, let h = (X,x)eΓ. If veV1, then
AXA~\Av) = AX(v) = A'XA'~\Av) as Xv e VL. If veU, then
AXA~\Av) = Av = A'XA'-\Av) as Xv = v. live Rn r, then AXA~\Av) =
Av = A'XA'-\Av) as Av e W, A'(V0) - Wo and Xv = v. It v e [7\ then
AXA~\Av) = Av = A'XA'~\Av) as Xv = v and Av e J8—r. Then we have
AXA-1 = A'JSΓA'"1. Moreover, Aα = A'α; a s x e F ' φ ί / . Then - AXA-^H-
Aα; + a - -A'XA'~ιa' + A'α; + α'. Thus, by (**), we have f'hf'~ι =
fhf-1. q.e.d.

LEMMA 6. Let M, N and B be complete Riemannian manifolds. If
MxB is isometric to NxB, then M is isometric to N, where M and N
are universal Riemannian covering manifolds of M and N, respectively.

PROOF. Let p:M-^M, p':N-*N and q:B—>B be the universal
Riemannian coverings. And let φ: MxB-^NxB be an isometry. Then,
the covering φo(p9 q): M x B-+Nx B has a lift φ:MxB->NxB, since
MxB and NxB are simply connected. Then φ is a covering and a
local isometry as (p\ q)°φ = φ°(p, q). Hence, φ is an isometry. Thus M
is isometric to N by de Rham's decomposition theorem. q.e.d.

LEMMA 7. Let M be a simply connected and complete Riemannian
manifold. Let Γ and Γ be subgroups of I(M) acting freely and prop-
erly discontinuously on M. Then the quotient M/Γ is isometric to the
quotient M/Γ if and only if there exists an element fel(M) satisfying
fΓf-1 = Γ.

PROOF. See Wolf [2].

REMARK. Let M and N be simply connected and complete Rieman-
nian manifolds. Let φ:M-*N be an isometry. Let Γ and Γ be sub-
groups of I(M) acting freely and properly discontinuosly on M. Then,
A — φΓφ-1 and Δ = φΓφ~ι are subgroups of I(N) acting freely and prop-
erly discontinuously on N. And φ induces natural isometries φ: M/Γ —>
N/Δ and φ: M/Γ -> N/Δ. If there exists fel(M) satisfying Γ = fΓf-1,
then Δ — {φfφ"v)Δ{φfφ"1)~1. Conversely, if there exists g 61(N) satisfy-
ing Δ = gΔg~\ then Γ = (φ-'gfaΓiφ-'gφ)'1. By Lemma 7, M/Γ is iso^
metric to M/Γ if and only if N/Δ is isometric to N/Δ.

THEOREM A. Let M and N be complete Riemannian manifolds. Let
B be a simply connected and complete Riemannian manifolds. If MxB
is isometric to NxB9 then M is isometric to N.

PROOF. By Lemma 6, we may assume that M and N are isometric
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to M/Γ and M/Γ, respectively, where Γ and Γ are subgroups of I(M)
acting freely and properly discontinuously on M. Since M/ΓxB is iso-
metric to M/ΓxB,, there exists fel(MxB) satisfying /Γ/- 1 = Γ by
Lemma 7. It is sufficient to prove that there exists / ' e I(M) satisfying
fhf'1 = fhf-1 for all heΓ.

Now, by de Rham's decomposition theorem, we may assume that M
and B are isometric to the direct product Riemannian manifolds
Nox JVΊx xNmxiV* andB Q xB λ x xBmxB*, respectively, which have
the following properties (1)~(4):

(1) NQ, - - , iVm, iSΓ*, Bo, - —, Bm and JB* are all simply connected and
complete.

(2) NoxBo is a Euclidean space.
(3) For each ίe{l, •••, m}, NiXBi is a product of some Rieman-

nian manifolds which are all isometric to one simply connected and com-
plete Riemannian manifold Mt whose homogeneous holonomy group is
irreducible. And if i Φ j , then M* is not isometric to M3-.

(4) Any component of de Rham's decomposition of N*xB* has
the irreducible homogeneous holonomy group. And any component of
JV* is not isometric to any of ΰ * .

By the above remark, we may suppose M = iV0 x Nλx xNmxN*
and B = Box Bλx — xBm x B*. Moreover, we have a natural isometry
φ: MxB->P= (NoxBo)x x(NmxBm)xN*xB*. By the uniqueness of
de Rham's decomposition, we have I(P) = I(NoxBo)x xI(NmxBm)x
I(N*)xI(B*), (cf. Uesu [1]). Since Γ and Γ are contained in I(M),
φΓφ-1 and φΓφ-1 are contained in I(N0) x x I(Nm) x I(N*) x {1}, where
I(Nt) is interpreted as IίNJalίNiXBt) for each ί e {0, 1, , m}. Again,
by the remark, we may consider φΓφ~λ and φΓφ~ι as Γ and Γ, respec-
tively. Then, it is sufficient to prove the following: Let Γ and Γ be
subgroups of I(N0)x - - xI(Nm) x I(N*) x {1}. If there exists fel(P)
satisfying fΓf~ι = Γ, then there exists / ' e I(N0) x x J(iVw) x I(JV*) x
{1} satisfying /'Λ/'""1 - fhf-1 for all fteΓ.

Indeed, / is written as / = (g0, g19 , #m, #*, flf**), where gt e
IiNtXBi), ίf*e/(iVr*) and ^**e/(5*). Λ is written as h = (k0, k19 •••,
Λ,, A?*, 1), where kteI{Nz) and &* e/(#*). Then /Λ/-1 = ( ^ o ^ 1 , ^ ^ Γ 1 ,
• , gmkmg-\ g*k*g*~\ 1). Now, the assertion is clear by Lemmas 3 and
5. q.e.d.

THEOREM B. Let B be a complete Riemannian manifold whose re-
stricted homogeneous holonomy group is irreducible. And let M and N
be complete Riemannian manifolds. If Mx B is isometric to Nx B,
then M is isometric to N.
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PROOF. Let B and M be universal Riemannian covering manifolds
of B and M, respectively. Then, by Lemma 6, M9 N and B are iso-
metric to the quotients MjΓ, M/Γ and B/Δ, respectively. Then, by
Lemma 7, it is sufficient to prove: If there exists / 6I(Mx B) satisfying
f(ΓxJ)/-1 = ΓxΔ, then there exists f'el(M) satisfying fΓf'1 = Γ.

Let Mxx - — xMn-λxMn be de Rham's decomposition of MxB, where
M = Mλx xMn-1 and B = Mn. Then, by the uniqueness of de Rham's
decomposition, I(MxB) is generated by I(M^9 ••-, /(Λf») and by all per-
mutations of ilί/s which are isometric to each other, where we identify
Mt with M5 by an isometry if Mt is isometric to Mό (cf. Uesu [1]).
Moreover, we have a statement similar to (ii) of Lemma 2. Then / is
written as / = σ(f, , fn-l9 / J , where σeSn and (flf- ,f%-19fn)e
/(Mi) x x I{Mn-λ) x I(Mn). Let r = σ(n) and s = σ~\n). Suppose
r ^ n — 1 and hence s <Ξ n — 1. Then Λfr, Λίs and AΓΛ are isometric to
each other. We shall prove

Γ = ίjrrΛ^r' x (//Y-1 IΊ Γ) (the direct product group) ,

where gr = (1, , Λ, 1, , 1, ϊ)eI(Mr), fΓf-1 n ΓaliM.x - xM r_xx
Λίr+1χ x l ^ j and Δr is the group J considered as a subgroup of
I{Mr). Let & = r(Λχ, , ΛΛ-i, fcj eΓxJ, where τ e S ^ and (hu , fe»-i,
λJ G KJIfi) x . . . x /(ilf.-J x I(Mn). Then

where (/^-lω/^-iω/^iω, ^ , fΐσ-Hn)hσ-i{n)f^i{n)) e I{MX) x x /(ΛfJ. Since
στσ-\τ) = r, we have Γ c /(Λfr) x /(Λfi x x MT-X x Mr+1 x x Λf.-i).
Moreover grΔrg-λ = fΔf~ι c f n I(Mr). Next, let ftef. Then h is writ-
ten as h = fhf~\ where heΓxΔ. But h is written as h = /W, where
Λf e Γ, Λ" 6 z/. _Then fhf-1 = fVf-χfV'f-\ Since /Λ"/"16 J(Λfr) n Γ, we
have fh'f-'eΓ. Hence fh'f-1 efΓf-'nΓ. By the above argument, it
is evident that ftif~ι e I(MX x x M ^ x Mr+1 x x ikf̂ -i).

Now, let α) be the transposition (r, w) 61(Mr xMn) and ff = gr^^(fif *
/Λ_!, l)el(iίί). Then / ' is the desired one. In fact, let h = r ^ , •••,
Λβ_lf 1) e Γ. As 'r € Su-lf we have /Λ/-̂ - = σ(fl9 , /,_,, l)Λ(/i, ,
fn-u l)"1^"1. On the other hand, as fhf'1 eΓxΔ, we have στa~\n) = w,
that is, rO) = s and hence fhf-1 is written as fhf-1 = (h\ fsKfT1).
where (h'f 1) e / Γ / ^ n Γ c / ^ x xMr-,xMr+1x - - xAΓ.-J and (1, -
1, fshsfT1) eΔaI(Mn). Then we have ωσ(flf , fn-l9 1)Λ(4 , /•-„
D - ^ - ^ - ^ α , , 1, /.Λ./Γ1, 1, , 1, 1)(Λ', 1) eliMJxifΓf-'ΠΓ). Hence

/

Γ. Thus, / T / ' ' c Γ. By the above argument, it is evident that
-1 = Γ. q.e.d.
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