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In [8], we have discussed the existence theorems for almost periodic
solutions of funectional differential equations with infinite retardation by
introducing new concepts of stabilities. Furthermore, the author [9] has
considered linear almost periodic systems with bounded solutions which
are uniformly stable and discussed the existence of almost periodic solu-
tions. Recently, Sawano [10] has considered a linear almost periodic
system with a bounded solution which is uniformly asymptotically stable
and discussed the existence of a unique almost periodic solution by
utilizing the properties of a Liapunov functional.

For functional differential equations with finite delay, Halanay [2],
Hale [4] and Yoshizawa [11] have discussed the existence of a unique
almost periodic solution of a linear perturbed system whose perturbed
term satisfies a Lipschitz condition, by assuming uniformly asymptotic
stability of the null solution of a unperturbed system. In studying
these book and papers, it seems meaningful to consider the following
problem: Can we extend existence theorems to the case where unper-
turbed systems are not necessarily linear and perturbed terms do not
necessarily satisfy a Lipschitz condition?

In this paper, we shall consider this problem for functional differential
equations with infinite retardation and present a partial result.

First, we shall give the space B discussed by Hale [5] (also, refer
to [6, 9, 10]). Let |x| be any norm of x in R*. Let B be a real linear
vector space of functions mapping (— o, 0] into R" with a semi-norm
|-|sz. For any elements ¢ and v in B, ¢ = + means ¢(t) = 4(t) for all
te(—o,0]. For a 3=0 and a ¢€ B, let ¢* denote the restriction of ¢
to the interval (—oo, —g]. We shall denote by B’ the space of such
functions ¢*. For any 7 e B, we define the semi-norm |-|; by

7ls = inf {14 1si 9* = 7).

If z is a function defined on (—<, a), then for each ¢ in (— <, a) we
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define the function x, by the relation x,(s) = 2(t + 8), — < s <0. For
a number a > 0, we denote by A® the class of functions 2 mapping
(— o0, a) into R" such that x is a continuous function on [0, ) and z,€ B.
The space B is assumed to have the following properties:

(I) If « is in A*, then =z, is in B for all ¢ in [0, @) and «, is a con-
tinuous function of ¢, where 0 < a < co.

(II) There is a K > 0 such that |¢|; < K(Sup_ss<, |¢(0)| + |?|;) for
any ¢€ B and any 3, 3= 0.

(III) If a sequence {¢*}, ¢* € B, is uniformly bounded on (— o, 0] with
respect to |-| and converges to ¢ uniformly on any compact subset of
(—o0, 0], then g€ B and |¢* — ¢|; — 0 as k — oo.

(IV) There is a positive continuous function M(B), M(B) — 0 as
8 — oo, such that | 7% |, < M(RQ)|¢|, for any ¢€ B and 3=0, where 7* is a
linear operator from B into B’ defined by z%¢(0) = ¢(8 + 6), 6 € (— =, —f3].

REMARK 1. In our previous papers [7, 8], the phase space is given
in a little different manner. The previous setting involves some vagueness
and our present setting based on the work in [6] gives a precise recon-
struction. However, in our present context, there is no difference be-
tween the two.

REMARK 2. As was stated in [6], Properties (I) ~ (IV) imply that
all bounded continuous functions ¢ mapping (— <o, 0] into R* are in B,
and it will not be difficult to see that |¢|; < Ksup,<,|é(s)|. Hence, for
any bounded continuous function ¢ defined on R, we have sup,cp|é.|; <
K|¢|, where |¢|” = sup.cr|g(t)].

Consider the systems

(1) ®(t) = A(tr ;)
and
(2) #(t) = A(t, z,) + 7F(, x,) ,

where A(t, ¢) and F(¢t, ¢) are continuous in (f,¢)€ R X B and almost
periodic in ¢ uniformly for ¢€ B, and 7 = 0 is a parameter. In addition,
we shall assume that A(¢, ) and F(t, ¢) satisfy the following conditions,
respectively:

(A) For any a > 0, there exists a positive, continuous and increasing
function M,(a) such that |A(, ¢)| < M, (a) on R x B, where B, =
{p€B: gl = al.

(F) For any r > 0 and N > 0, there exists an L, > 0 such that for
any g, ")VGR;_,N and teR’ |F(t7 ¢) - F(t7 "/")I = Lﬁl¢ - “l"lBy where R:.N =
{peC((—e, 0], R): [(t)| < 7 for te(— <o, 0] and |g(t,) — ¢(t.)| = N|t, —t.],
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t,, t, € (— oo, 0]}, which is a subset of B by Remark 2.

Condition (F) is weaker than a Lipschitz condition. In fact, the
following example presents a function which does not satisfy a Lipschitz
condition but satisfies Condition (F).

ExAmMPLE. Let & be the space which consists of all continuous
functions mapping (— o, 0] into R" such that ¢(f)e”’ — 0 as § — — = with
norm |g¢|, = SUP_..<s=, |4(0)|€’, where v > 0 is a fixed constant. This
space satisfies all the conditions given for the space B (cf. [6, 7]).
Consider a function F(¢, ) = ¢(—|4(0)|). Then it is known that F(¢, ¢)
defined on R X & does not satisfy a Lipschitz condition but satisfies
Condition (F) (refer to [3]).

Define AP by
AP = {4 € C(R, R"): 4(t) is almost periodic in ¢} .
For » >0 and N > 0, define R, , and AP, , by
R,y ={¢eC(R, R"): [¢|" =< r and [¢(t,) — ¢(t.)| = N|¢, — t,| for ¢, t.€ R}
and AP,y = AP N R,,,, respectively.

LEMMA. Let » >0 and N > 0. Then AP, , is a closed subset of the
Banach space Cy(R, R*) with morm |-|°, where C(R, R™) consists of all
bounded continuous functions mapping R into R*. Furthermore, if
p€ AP, and te R, then F(t, ¢,) € AP and it is bounded uniformly for
6€ AP, v and teR.

Proor. Since AP is the Banach space with norm |[-|* (cf. [1]), we
can easily show that AP,, is a closed subset of the Banach space
C(R, R*) with norm |-|°. It is well known that if a continuous function
f(t, ) is almost periodic in ¢ uniformly for x € R™ and if x(¢) is almost
periodic in ¢ and takes its value in some compact set S in R*, then
f(t, x(t)) is almost periodic in ¢ (ef. Theorem 2.7 in [12]) and f(¢, x) is
bounded on R X S (cf. Theorem 2.1 in [12]). Hence, we have the second
assertion, because for any ¢e AP, , and te R, ¢,€ R;y and R, is com-
pact in B.

Now we shall give our theorem.

THEOREM. Suppose that there exists a Liapunov functional V(t, ¢, )
defined on I X B X B, I = [0, ), which has the following properties:

(V.1) My|g(0) — (0)] = V&, ¢, ¥) = b(|$ — v |s), where M, is a posi-
tive constant and b(r) is a continuous and increasing function on I with
b(0) = 0. s
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(V.Z) !V(t’ ¢1, "/’1) - V(t, ¢2, "/"2)1 é LV | (¢1 - ¢2) - ("/"1 - "/’2) IB, where LV
8 a positivq constant.

(V.3) Vi, ¢, ¥) = lim sup;_o+ [V(E + 0, @15, Yera) — V(E, @y yollo =
—cV(t, ¢, ), where (x, y) 18 a solution of the product system

(1) @) = A, 2), () = A, v.)

with initial data (t, ¢, ) and ¢ is a positive constant. Moreover, we
assume that (1) has a solution &(t) such that |&(t)| = B for t €I and some
positive constant B3. Then for any r > B3 and N > M,(KpR), there is an
N, > 0 such that if 0 <7 <7, then the system (2) has a unique solution
in AP, y.

(Throughout this paper we shall denote by * the product system
associated with an equation considered.)

Let u(t) and v(t) be solutions of u(t) = A(t, u,)+ f(t) and 9(t) =A(L, v,)+
g(t), respectively. Define V(¢, u,, v,) by

VA, wey v0) = Him sup [V(E + 6, ters, v21s) — V(E e, 016 -
Then we shall note that
(3) V(E, ue, v,) < KLy | f(t) — 9(8)] — ¢ V(t, w, )
by Properties (II), (V.2) and (V.3).

PrOOF OF THEOREM. Let » >3 and let N > M,(KB). First, we
shall show that there is an 7, > 0 such that if 0 < 7» < %,, then for any
¢ € AP, the system

(4) &(t) = A(¢, @) + 7F(, ¢,)

has a unique solution in AP, ,. Let C, =sup{|F(t, ¢,)]:t€R, € AP, ,}.
Then C, < « by Lemma. By choosing {z;}, z, — « as k — oo, suitably,
we see that &(t + 7,) converges to a solution {(¢) of (1) uniformly on
any compact set in R as k— . Clearly, |{(t)| < 8 for all te R. Let
6€ AP, , and let 2(t) be a solution of (4) with x, = ,. By the relation
(8), we have V(t; Lo 2) =L, Kn|F(t, ¢,)|—c V(¢ L, )<L, KnC,—cV(t, C, ),
as long as x, exists, which implies M,|{(t) —2(t)| < V(¢ &, x,) <
e V(0, &, ®,) + L, KCn/c < L,KCn/e by (V.1). Hence we have

(5) la(t)| = L KCp/(cM,) + |L(t)| = Ly KCxp/(cM;) + 3 .
It follows from (5) and Remark 2 that
(6) |x.|» = K{L,KC7/(cM;) + j3}

for all t € R, because |x(t)| < 8 for ¢ < 0. Therefore, since the right hand
side of (4) is completely continuous by Property (A), x, exists for all ¢ ¢ R.



ALMOST PERIODIC SOLUTIONS 529

We shall show that «(f) is an asymptotically almost periodic solution
of (4). It is known that if the closure of {z,:t = 0} is compact, then
the existence of a Liapunov functional V(¢ 4, ) which has Properties
(V. 1), (V.2) and (V. 3) implies that x(¢) is asymptotically almost periodic
(see [10]). By (6), we have

(7) 2@ = [AG, )| + 7 FQ, ¢)| = MJ(K°L,Ciy/(cMy) + KB) + 7C,

for tel, which implies the closure of {x,:¢{ = 0} is compact (cf. see
Remark 1 in [7]). Hence 2(t) is asymptotically almost periodic.

By the standard arguments (ef. Theorem 1 in [8]), it is easy to show
that «(t + z,) converges to an almost periodic solution p(¢) of (4) for a
suitable sequence {7,}, 7,—  as k— c. Clearly, p(t) and »(t) are
bounded on R and their bounds are given by the right hand sides of
(5) and (7), respectively. Since V., v, X) < —cV(t, v, X) by the rela-
tion (8), p(t) is a unique almost periodic solution of (4). Hence we can
choose a desirable 7,, because » > 8, N > M,(KB) and M,(«) is continu-
ous and increasing.

For a unique solution »(t) € AP, of (4), put Té(t) = p(t). Then T
is a mapping from AP, , into AP,,. Let ¢, € AP, and ¢t = 0. Define
a scalar function w(t) by w(t) = V(¢, (T4),, (T+),). Then it holds that
w(t) £ —ew(t) + L Kn|F(t, ¢) — F(t, 4,)| by the relation (8). Hence we
have W(t) = —cw(t) + LyKNLy|¢, — ¥lp = —cw(t) + LyK*nLs|¢ — 4| by
Condition (F) and Remark 2. It follows from (V. 1) that M,|T¢(t) —
Ty(®)] S V(E, (To), (T4)) = w(t) < e=b(| (Tl — (Ty)ls) + LKLy |g —
/e, which implies

(8)  [T¢@®) — Tw(@®)| = e b(|(Tp)e — (T¥)o|n) My + Cl§ — 4 |”

for all t =0, where C, = L,K*L,/(M,c). It is possible to choose a se-
quence {t}, &, — c as k— oo, so that T¢(t + t,) — Tyt + t.) — To(t) —
Tw(t) as k— oo uniformly on R. Therefore, by replacing ¢t with ¢ + ¢,
in (8) and by setting &k — oo, we have |Tg(t) — Ty ()| < Cp|¢ — 4| for
all te R. Thus if we take 7, = min {7,, 1/C,}, then for 0 < 7 < 7, we see
that 7T is a contraction mapping and T has a unique fixed point in AP, ,,
because AP, is a closed subset of a Banach space C,(R, R*) with norm
|-|> by Lemma. This completes the proof.

In addition, we suppose that the space B has the following property:
(V) 140)| = M,|¢|5 for an M, > 0.
We can find a Liapunov functional V(¢, ¢, 4») which has Properties (V. 1),
(V. 2) and (V. 8), when A(t, ¢) is linear in ¢ and the null solution of (1)
is uniformly asymptotically stable (see [10]). (In this case, we can take
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M, = M, and b(r) = L,r.) Hence we have the following:

COROLLARY. Suppose that the space B has Properties (I) ~ (V).
Assume that A(t, ¢) is linear in ¢ and the null solution of (1) is umi-
formly asymptotically stable. Let r» >0 and N > 0. Then there is an
N > 0 such that if 0 < n < 7, then the system (2) has a unique solution
in AP, .

REMARK. We note that A(t, ¢) satisfies Condition (A) automatically,
if it is linear in ¢ and almost periodic in ¢ uniformly for ¢ € B (cf. [10]).
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