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1. Preliminaries. Let Γ and A be a non-elementary finitely generated
Fuchsian group of the second kind and its limit set, respectively. Put
Mt(δ, Λ) = inf Σ i \It\*, where the infimum is taken over all coverings of
A by sequences {/J of sets /* with the spherical diameter \It\ less than
a given number δ > 0. Further, put Mt(Λ) — sup Mt(δ, A), which is
called the ί-dimensional Hausdorff measure of A. It is shown in [2]
that if oogA, M*C4) = supainf Σidia*(Ji), where the infimum is taken
over all coverings of A by sequences {/J of sets 7£ with the Euclidean
diameter dia (/<). We call d(A) = inf {t > 0; Mt(A) = 0} the Hausdorff
dimension of A. In [3] Bear don proved that d(A) < 1 for the limit set
Λ(ί oo) of any finitely generated Fuchsian group of the second kind.

The purpose of this note is to show the continuity of d(Λ) with
respect to quasiconformal deformations of Γ.

Let w be a i£-quasiconf ormal mapping of the unit disc D onto itself
and w(0) = 0. The following distortion theorem is due to Mori [5].

PROPOSITION 1. Let w be a K-quasiconformal mapping of D onto
itself and w(Q) = 0. Then for every pair of points zl9 z2 with \zλ\ ^ 1,

I w(z±) - w(z2) \< 161 zλ - z2 \
υκ , (z, Φ z2) .

Let Γ be a finitely generated Fuchsian group acting on D. We
say that Γ has a type (g; n; m) iί S = D/Γ is obtained from a compact
surface of genus g by removing j ( ^ 0) points, m ( ^ 0) conformal
discs and if there are finitely many, say k ( ^ 0), ramification points
on S, where n = j + k. Suppose that to each ramification point at

(i = 1, 2, •••,&) on S, there is assigned an integer vif 1 < v1 ^ v2 ^ <̂
Vic < +°°. Then we say that Γ has the signature (g; vu v2, , vh9

Vjc+i, , y«; w), where v̂ +i = = un_x = vΛ = oo. We call an isomor-
phism Z of a Fuchsian group Γo onto /^ quasiconformal if there exists
a quasiconformal mapping w which maps D onto itself and w(fi) — 0
such that X(A) = ^A^-1 for all A e Γo. The following proposition was
proved by Bers [4].
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PROPOSITION 2. Assume that ΓQ, Γx have the same signature (g; vu

»2, , vn\ w&) Then Γo is quasίconformally ίsomorphic to Γu

2. Statement of the theorem. Let B(D) denote the set of all
bounded measurable functions μ(z) {\z\ < °°) with esssuplzI<Oo \μ{z)\ < 1,
which satisfy the condition μ{z) = μ(l/z)z2/z2. The Beltrami equation
/- = μfz has one and only one normalized solution wμ(z) with wμ(0) = 0,
wμ(ΐ) = 1 which maps D quasiconformally onto itself. Set B(D, Γ) =
{μeB(D)\μ{A)A'IAr = μ(z) for all AeΓ}. Let Γo, Γx be finitely gener-
ated Fuchsian groups of the second kind with the same signature.
By Proposition 2, ΓQ is quasiconformally isomorphic to Γ±. For any
real number s (0 ^ s ^ 1), sμeB(D,Γ0) if μeB(D,Γ0). Hence Γ8 =
w'fΓoiw'f)-1 is also a Fuchsian group leaving the unit disc D.

Now we shall prove the following theorem.

THEOREM 1. Let ΓOf Γί be finitely generated Fuchsian groups of
the second kind with the same signature. Let Γs be a Fuchsian group
constructed above for any real number s (0 ^ s ^ 1) and let Λs be the
limit set of Γs. Then d(Λs) is continuous in s (0 ^ s ^ 1).

Before going into the proof of Theorem 1, we shall show the follow-
ing lemma.

LEMMA 1. Let F be a compact set in {\z\ ^ 1}. Then

K~ιd(F) ^ d(w(F)) ^ Kd(F) ,

where w{z) is a K-quasiconformal mapping of the unit disc onto itself
and w(0) = 0.

PROOF OF LEMMA 1. First, we shall prove the second inequality
d{w{F)) ^ Kd(F). Assume that Kd(F) < d{w{F)) for some i£-quasicon-
formal mapping w of the unit disc onto itslf with w{O) — 0. Take and
fix t > 0 such that Kd(F) < Kt < d(w(F)). Then Mt(F) = 0. By the
definition of the Hausdorff measure, for any ε > 0, there are a positive
number d and a covering {/J of F with dia (/t)<δ such that Σ* di
ε. Let di be the diameter of w(Ii n ΰ ) . Then we have d^lβ (dia
by Proposition 1. We take a disc // with radius dt centered at some
point Wiβwili Π F) (i = 1, 2, •)• It is easily seen that {//} is a cover-
ing of w{F). It is well known that d(E) ^ 2 for any compact set E
of C = Cϋ {oo}. Therefore we have

Σ dia*' (//) ^ 32Kt Σ dia* (/,) < 322 ε .
i i

As ε is arbitrary, we obtain Mκt{w{F)) — 0. This contradicts the
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assumption Kt < d(w(F)). The first inequality is given similarly by
considering the inverse UL-quasiconformal mapping w~\ Therefore we
have our lemma.

PROOF OF THEOREM 1. By Proposition 2, Γo is quasiconformally iso-
morphic to Γu that is, there is a quasiconformal mapping wμ such that
/\ = wμΓ0(wμ)~1. Denote by w8μ, wtμ the normalized quasiconformal map-
pings for sμ, tμ e B(D, Γo), 0 <; s, t ^ 1, respectively. Set wsμ = wvowtμ.
Then we have ψwtμ = (s - t)-μ (l - s^μ^Y^wY-iwf)-1 (see [1, p. 9]).
Set K = ess sup (1 + |^|)/(1 — | ^ | ) . Then wη is a Z-quasiconformal map-
ping such that w7](At) = Λ8 and w*(0) = 0. We have from Lemma 1

I log d(A8) — log d(At) | ^ ess sup [sμ, tμ] ,

where [a, b] denotes the non-Euclidean distance between two points a
and 5 in ΰ measured by the metric ds = 2\dw\(l — |w|2) - 1 in Ό. Thus
we have Theorem 1.

3. Application. Let Ga be the Hecke group generated by Pa: z \-+
z + 2(1 + a) and E: z \-> — z~x (0 ^ a < oo). Then Ga is a Fuchsian group
of the second kind except when a — 0. Let Aa be the limit set of Ga.
The following inequality was proved by Beardon [3]:

(1) d(Aa) ^ 1 - 8(3α + 18α1/2)

for a sufficiently small number a > 0. On the other hand, there is a
positive number a0 depending only on any given small number ε such
that

(2) 1/2 < d(Λa)< 1/2 + ε , (a ^ a0) ,

(see [3], [6]).
Now we shall prove the following.

THEOREM 2. Assume that 1/2 < s < 1. Then there is a Hecke
group Ga with d(Aa) = s.

PROOF. Take and fix a number s (1/2 < s < 1). Then there is an
arbitrarily small number ε > 0 such that 1/2 + ε ^ s ^ l — ε. Let ε be
fixed. Then we can find Hecke groups with real parameters p and
q such that d(Ap) > 1 - ε for 0 < p <: p1 and 1/2 < d(Aq) < 1/2 + ε for
0 < tfi ^ q by (1) and (2). The mapping T(z) = (z - λ/:iΛ){z + V11!)'1

sends the upper half-plane H onto the unit disc D. Let G'a = TGaT"1.
Then Gi is a Fuchsian group of the second kind generated by

'-V^Λ 0
P' =
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Denote by Ia = {z; \s-(l + (1 + α ) " 1 ! / ^ ) | = (1 + a)-1} and I*1 =
{2; |s — (1 — (1 + α)-1]/—1| = (1 + α)"1} the isometric circles of P'a and
(Pά)"1, respectively. Let i2« be the fundamental region of G'a whose
boundary consists of Ia, I~\ the imaginary axis and two arcs lying on
{|s| = 1}. By Proposition 2, there is a quasiconformal mapping Wμ such
that Wμ(0) = 0, Wμ(l) = 1 and TF'G^i TFΌ"1 = G'H. By Theorem 1, there
is a Fuchsian group Gf = WtμGqi(WtμYι with the property d(Λ(Gf)) = s.
It is easily shown that Gf is freely generated by

Pt* = (1 + X -X) and E>=(~V^ °_
\ λ l - λ/ \ o V-

It is easy to verify that if |λ | ^ 1, Gf is a Fuchsian group of the first
kind. As Gf is a Fuchsian group of the second kind acting on the
unit disc D, we have 1 + λ = 1 — λ. Thus λ is pure imaginary and
further |λ | > 1. Replacing |λ| by (1 + a) (a > 0), we have the Hecke
group T-1GfT = Ga with d(Λa) = s. Thus we have the desired result.
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