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Introduction. Limits of sequences of Kleinian groups have been
investigated by many authors (cf. Abikoff [1], Bers [2], Chuckrow [3],
Marden [4]). Let {w,}s-, be a sequence of quasiconformal automorphisms
of the extended complex plane c compatible with a Kleinian group I"
such that w,['w,' converges to a group of Moebius transformations in
the sense of generator convergence. Then there exists an isomorphism
és of I' onto G (Chuckrow [3, Theorem 6]). The group G is called a
cusp if there exists a loxodromic element v of I' such that g¢.(v) is
parabolic. Though cusps play important roles in the theory of Kleinian
groups, even the existence of cusps is unknown in general. Let I' be
a finitely generated torsion free Fuchsian group of the first kind keeping
U and L, the upper and the lower half planes, invariant. In this note
we show the existence of cusps which are limits of sequences {w,I"w;}s_,
of quasi-Fuchsian groups, where the automorphisms w, of C are not
conformal but quasi-conformal in U U L. This is an affirmative answer
to the problem raised by Marden [4, p. 290]

The author would like to express his hearty thanks to the referee
for various valuable suggestions without which this note would never
have attained the present clarity.

1. Preliminaries. Let G be a group of Moebius transformations
acting on the Riemann sphere C=cCu {=}. The ordinary set Q(G) of
G is the maximal subset of C where G acts discontinuously. The group
G is said to be Kleinian if Q2(G) is not void and if C— (@) contains
more than two points. If a Kleinian group keeps the upper half plane U
invariant, then the group is said to be Fuchsian. Throughout this note
I' denotes a finitely generated Fuchsian group of the first kind without
elliptic elements. Let F' be a quasi-conformal automorphism of C com-
patible with I', that is, FI'F' is again Kleinian. Then F' induces a
quasi-conformal homeomorphism f of the quotient space 2(I')/I" onto
QAFrFYFrF* with II-F = foxr, where Il: QFI'F~")— QFI'F)/FI'F
and 7: Q") —» Q(I')/I" are natural projections.

A set {a;}!., of simple analytic loops on a Riemann surface is said
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to be homotopically independent, if the following is satisfied:

(i) a; and «; are mutually disjoint, 1 <1< j < ¢,

(ii) a; is not freely homotopic to a;,1 <1< j=<gq,
and

(iii) «; bounds neither a disc nor a punctured dise, 1 <17 < q.

Let {a;}r., cU/I" and {a;}{-,,, C L/I" be homotopically independent sets
of loops, where L is the lower half plane. Then we can find a doubly
connected region D, containing a; with C1D,NClD;, = @,1<i<j=q.
Let {F,}7_, be a sequence of quasi-conformal automorphisms of C com-
patible with I and keeping three points in 2(I") — z~(|Ji, @,) invariant
such that on any set K c Q") — n7'(U%, «;) F, is uniformly K(E)-quasi-
conformal and such that f£,(D,) is conformally equivalent to the annulus
1<|z|<m1=i=<q. Then I' is said to be pinched along {a;}i_, by
(F.}2_, if n tends to oo.

A sequence of Moebius transformations z — (a,z + b,)/(c.z + d,) is
said to converge to another z— (az + b)/(cz + d) if a,,b,, ¢, and d,
converge to a, b, ¢ and d, respectively. A group of Moebius transforma-
tions generated by ¢,., -, ... is said to converge to that generated by
g, -+, g, in the sense of generator convergence, if ¢,, converges to g,,
1 <s<t. Denote by z(a,) the set of all elements of I" keeping a com-
ponent of 77'(a,;) invariant.

2. Statement of Theorem. The purpose of this note is to prove
the following, which gives an answer to a problem raised by Marden [4,
p- 290].

THEOREM. Let I' be a finitely gemerated Fuchsian group of the first
Lkind without elliptic elements. Let {o}-,cU/I' and {a}_,.. L/ be
homotopically independent sets of geodesic loops such that (\U!-.7(a;)) N
(Ulpri t(ey)) consists only of the idemtity. If I' is pinched along {a}i-,
by {F.}i.., then there exists a subsequence {F,})r.. of {F,}:-, such that
F,I'F.} converges to a Kleinian group in the sense of generator conm-
vergence. Moreover F, vF,' converges to a parabolic transformation for
each v e Ul t(a,).

Bers [2] proved Theorem in the case p(q — p) = 0. See also Abikoff
[1]. Therefore we give a proof of Theorem in the case p(g — p) # 0.
Note that the second statement of Theorem is clear from Bers’ log
inequality (Bers [2]) and the first one.

3. Lemmas. For two points z, yeC, denote by [z, ¥] the spherical
distance between 2 and y. For a loxodromic Moebius transformation g,
which may be hyperbolic, denote by &(g) and &'(g) the attracting and
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repelling fixed points, respectively. First we state a well-known result
without proof.

LEMMA 1. Let {z,.}5-, and {z;.}>-. be sequences of points of C con-
verging to z, and 2z, 7respectively, 1 < i <3, such that the sequences
{Ziny Zjnllozr and {[2,, Zjnl}ees are bounded away from zero, 1 <1 < j=
8. Let {h,):-, be a sequence of Moebius tramnsformations with h,(z;,) =
2.1 =<1=<8. Then h, converges to a Moebius transformation.

LEMMA 2. Let G be a Kleinian group keeping a region 2, invariant.
Let {w,}3-, be a sequence of quasi-conformal automorphisms of C compatible
with G such that for each region A c Q, the restriction w,|A of w, to
A s uniformly K(A)-quasi-conformal. Assume the existence of a loxo-
dromic element g of G and of a point z, of 2, such that w,gw,* converges to
a parabolic transformation and such that {{w.(z,), &w,gw;")]}z-, 18 bounded
away from zero. Then, for each region B cC 2, there exists a subsequence
{w,, ) such that w,, |B converges to a K(B)-quasi-conformal homeomor-
phism uniformly on B and such that w, Gw,. converges to a group of
Moebius transformations in the semse of generator comvergence.

PrROOF. Since w,gw,' converges to a parabolic transformation,
[e(w,gw3Y), & (w,gw,*)] converges to zero. Therefore, both {[w,(z,),
gw,gwH o, and {[w,(2,), &'(w,gw,;")]}7-, are bounded away from zero,
and so is {[(w.gw:")*(w.(20)), (W.gw5")" (W.(20)) he-s={[w.(9"(20)), W.(9"(Zo)) s,
0=u<v=2 Let {g, -, 9} be a system of generators for G. Let
Bc Q, be a region containing the set B U {g%(z,); 0 < u < 2} U {gi(z,); 15
1<80=<j=<11<s<t}, where z is a point of 2, Since {w,|B}:, is
a normal family (Lehto-Virtanen [5, p. 73]), there exists a subsequence
{w, )i of {w,}s-, such that w, | B converges to a mapping W of B. Since
[W(g“(z,)), W(g"(2,))] >0, 0 < u < v £ 2, the mapping W is a K(B)-quasi-
conformal homeomorphism of B (Lehto-Virtanen [5, p. 74]). Therefore
w,, | B converges to a K(B)-quasi-conformal homeomorphism of B. In
Lemma 1, we put 2;, = w,,(2), 2i, = w,,(9,(2,) and h; = w,, g,w,; to obtain
that w,g,w,, converges to a Moebius transformation, 1 < s < ¢, so that
w, Gw,, converges to a group of Moebius transformations in the sense
of generator convergence.

LEMMA 3. Let G be a Kleinian group keeping a region 2, invariant.
Let {w,}z-. be a sequence of quasi-conformal automorphisms of C compatible
with G such that for each region A c 2, the restriction w,|A of w, to
A is uniformly K(A)-quasi-conformal. Let g, and g, be loxodromic
elements of G such that g, and g, are mot commutative. Assume that
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both w,g,w;* and w,g,w,* converge to parabolic transformations. Then
for each region BcC Q, there exists a subsequence {w,}i-, of {w,};-, such
that w,, |B converges to a K(B)-quasi-conformal homeomorphism of B
uniformly on B and such that w,Gw,. converges to group of Moebius
transformations in the sense of gemerator convergence.

PrROOF. Since g, and ¢, are not commutative, neither are g, =
lim,_. w,9,w;* and §, = lim,_., w,g,w,* (Chuckrow [3]). Therefore the fixed
point of §, and that of §, are distinct from each other. So {[&(w.g,w;"),
E(w,g.w;H}e-; is bounded away from zero. Let z, be a point 2,. Then
there exists a subsequence {w,}i-, of {w,}7-, such that at least one of
{lw.,(20), &(w,, 9wz and {[w,,(20), &w,,g.w5)]} is bounded away from
zero. Using Lemma 2, we obtain the desired conclusion.

Let AcC be a domain with more than two boundary points. Then,
as is well known, the Poincaré metric p,(2)|dz| with the negative constant
curvature —1 can be defined on A. We denote by d(z’, z”’; A) the distance
measured by p,(z)|dz|.

LemMMA 4. Let {w,};-, be a sequence of K-quasi-conformal homeomor-
phisms of a domain A, with more than two boundary points and let 2z’
and 2" be points of A,. Then d(w,(z'), w,(2"); A,) is bounded, where
A, = w,(4,).

ProoF. Let 4, = {|{] < 1} be the universal covering surface of A,
with the natural projection 7#,,n =0,1, ---. Let @, be the K-quasi-
conformal homeomorphism of 4, onto 4, keeping 0 and 1 invariant such
that w,%, = %, @W,. Let ' and {” be points of 4, with (') = 2’ and
T(L") = 2", respectively. Then d(w,(2"), w.(2"); A,)<d(w, (L), w.(("); 4.)=
éx- A, " 4,), where ¢, is a positive constant depending only on K
(Lehto-Virtanen [5, p. 65]). Thus we have proved Lemma 4.

4. Proof of Theorem. In this section we give the proof of Theorem,
which are divided into Lemmas 5-14.

For the sake of simplicty, we merely say that a sequence {x,};-,
converges when a subsequence of {x,}>., does. This convention will be
valid from here to the end of this note.

Let 2, be a component of U — 7#7}(|J2, ;) and & a bounded component
of 77'(U?-, ;) lying on the boundary 02, of 2,. Let 6 be a hyperbolic
element of the stabilizer subgroup Stab& = {vel'; (&) = a} of & in I'.
Denote by 4 the anti-conformal automorphism of C mapping z into the
complex conjugate of z. By the assumption that (U7, z(.)) N (Ui=ps: z(@)))
consists only of the identity, we can find a component 2F of L —
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T (Ulp ) With A(@) N 2F + @.

If A(@) c QF, then we fix a point {, of A(&). If A(&) ¢ 2F, then we
denote by 7, the point on 92} N A(&) such that the hyperbolic half line
joining 7, to the repelling fixed point of § does not meet 2F. Let & be
the hyperbolic segment joining %, to §(%,). Let %, -+, 9., 9, = 8(7,) be
the complete list of 7z (U, @) N & such that 7, separates 7, , from
Nysr, 2 < 8 < t — 1. Denote by 6, the component of z7(UJ7, . @;) containing
7, and by ¢, the fixed point of some v,cStabd, in the bounded domain
surrounded by Cl(& U A(&)), 1 < s < t.

In either case, let w, be the quasi-conformal automorphism of C
keeping &(0), ¢, and §(¢,) invariant with the same Beltrami coefficient on

C as F..

LEMMA 5. The loxodromic transformation w,0w,' converges to a
parabolic one.

PROOF. Let 1 be the Moebius transformation mapping ¢, 6({,) and
£(8) into 0,1 and oo, respectively. Then 6, = hw,0w;'h™" is of the form
z—a,2 + b, Since 1=4,0)=>, and since a, — 1 (Bers [2]), J, converges
to a parabolic transformation, so does w,0w;' = h™'4,h.

LEMMA 6. If A(@) c 2F, then w,(StabQ2F)w;* converges to a group
of Moebius transformations in the semse of generator convergence.

Proor. Note that for each region A < 2F, the restriction of w, to
A is uniformly K(A)-quasi-conformal by the definition of pinching defor-
mations. By Lemma 5, w,0w,' converges to a parabolic transformation.
Note that w,((,) = £, € 2F and &(w.0w;") = w,(&(d)) = £0). Then {[w.(C),
Ewow, )}z, is bounded away from zero. So our assertion is evident
from Lemma 2.

LEMMA 7. If AQ) ¢ QF, then for each component Q2* of L — n™*
(Ulepi @) with 2% N A@) # @, w,(Stab 2*)w,* converges to a group of
Moebius transformations in the sense of generator convergence.

PrROOF. Let 2 be the component of L — 7z~ %(|J%,., @;) whose closure
contains both @, and 6,,,. Then both v, and v,,, belong to Stab 2*. Since
2 [wa(C), waller)] 2 [wa(&), wa(€)] =[G, &), there exists an integer re
{1, ---, ¢t — 1} such that {{w,(,), w.(C.)]}3-: is bounded away from zero.
Let {h.}7_, be a sequence of Moebius transformations converging to a
Moebius transformation such that &, (w,(£,)) =0 and h,(w,(C,.,)) = os.
Then 7v,,, = h,w,v,w;'h;* is of the form 2z — a,2/(c,z + a;') and v,,,, =
h,w, v, wy'hy" is of the form z — (u,2 + v,)/u;'. It was proved in Bers
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[2] that lim, ..a}; =1 and lim,_, %% = 1. By Lemma 5, w, 0w, converges
to a Moebius transformation, and so does h,w,0w,'h;'. Therefore, on
applying a result of Chuckrow [3, Lemma 4] to the two generator groups
YV yiny BaW, 0w R, and {v,.,.,, h,w, 0w, h;*>, we see that lim,_., ¢, 0 and
lim,_ . v,#0. Assume that lim,_,c,=c. For a point z* € 2}, at least one
of {h,w,(z*)}v- and {7,,,,.(hw,(2*)}i_, = {unh,w,(2%)) + w,v,}w-, is bounded
away from zero. Denote the point by z,. Then lim,.., 7, .(z,) = 0 since
lim,_..c,= o and since lim, ... |a,|=1. Note that the point z,=(k,w,)"'(2,) €
QF is constant. Let {,€{zeC; |z] = 1} be a point in the limit set of the
quasi-Fuchsian group h,w,lw;'h,* which contains both 0 and . Let
A c Q2F be a region containing 2z, and v,(2,). By Lemma 2 we see that

oo > M _2_ d(hnwn(ZO)y hnwn('yr(z())); hnwn(A))
Z d(zm /Yr,n(zn); C - {05 Cn}) > 0 H as n — oo .

Because of this contradiction, we see that lim,..e¢, is a non-zero and
finite complex number and that v, , converges to a parabolic transforma-
tion. In the same way as above, we can prove that v,., , also converges
to a parabolic transformation. By Lemma 3, h,w,(Stab 2)w,'h;* con-
verges to a group of Moebius transformations in the sense of generator
convergence, and so does w,(Stab 2X)w;*. Set v,,,., = 07,07 and 2%, =
6(Q¥), s =2, ---,r — 1. Note that S/t72[e(w,7,. w5, Ew,v,w,Y)] =
[e(w,Yysrwih), E(w, Y, w;Y)].  Assume that the left hand side of the
above inequality converges to zero. Then so does the right hand side.
Since two parabolic transformations 7,., = lim,_ ., w,7,..w;* and V., , =
lim, o WoYsprwit = lim, ., w,0w; - w,v,w;* w,0w,* have a common fixed
point lim,., &(w,v,..w;"), we see that 7,,, and ¥,,,., are commutative.
On the other hand, since 7,,, and 7,,,_, are not commutative, neither
are 9,;, and ¥,.,_, (Chuckrow [3, Theorem 6]). This is a contradiction.
So we can find some 7v,€{V,u, ", Vesr_o} such that {[e(w,v,w;"),
EW, Y Wi )=, is bounded away from zero. In the same way as above,
we can prove that w,(Stab 2¥)w,' converges to a group of Moebius
transformations in the sense of generator convergence. Therefore so
does w,(Stab 2¥)w,*, where s=m if 1<m<t—1, and s=m —¢t+1
ift<m<t+r—1. Note that s is distinet from ». Repeat this pro-
cedure finitely many times. Then w,(Stab 2)w;* converges to a group
of Moebius transformations in the sense of generator convergence, 1 <
s=<t—1. Let 2* be a component of L — 7 (U!.,, a;) with A(&) N 2* =
@. Then there exist some se€{l, - - -, ¢t} and some integer [ with Stab 2* =
0'(Stab 2¥)6~'. Since w,(Stab 2})w,' converges to a group of Moebius
transformations in the sense of generator convergence, so does
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w,(Stab 2*)w,* = w,0'w," w,(Stab 2¥)w;* - w,0"'w,*. Thus we complete the
proof of Lemma 7.

LEMMA 8. The Kleinian group w,(Stab 2)w;' converges to a group
of Moebius transformations in the sense of gemerator convergence.

ProOF. First we consider the case where A(w (Ui, ) No2F) N
2, = @. In this case it holds that 2, c 4(Q}), so that Stab 2, c Stab Q.
Then our assertion is clear by Lemmas 6 and 7.

Next we consider the other case. Then there exists a component
a* of 77 (Ul,s @) NORY with Al@*)N 2, #+ @. If Ala*)c 2, then a
v* € Stab a* belongs to Stab 2, N Stab 2. Since loxodromic transforma-
tions § and v* are not commutative and since both w,ow,* and w,y*w;*
converge to parabolic transformations by Lemmas 5 and 6, our assertion
is evident from Lemma 8. If A(a*) ¢ 2,, then we use Lemma 7 here.
Let h, be the Moebius transformation mapping &(w.ow;"), &(w,y*ov* " 'w;*)
and &(w,y*w;*) into 0, 1 and <, respectively. Since all w,ow;?*, w,v*6v* " 'w;*
and w,y*w,' converge to parabolic transformations by Lemmas 5, 6 and
7, all points lim,_., &w,0w;%), lim,_., &w,vy*év**w,*) and lim,_., &(w,y*w;")
are distinet from one another (Chuckrow [3, Theorem 6]). Therefore h,
converges to a Moebius transformation by Lemma 1. In Lemma 7 we
put & = a*, 2, = 2f and w, = h,w, to obtain the conclusion that h,w,
(Stab 2,)w;*h,* converges to a group of Moebius transformations in the
sense of generator convergence. Therefore w,(Stab 2,)w;* also does, and
we have proved Lemma 8.

Here we show an auxiliary lemma for our later use.

LEMMA 9. Let {G}ie; and {Gj};c; be families of Kleinian groups.
Let {w,}p-, and {w,}3_, be sequences of quasi-conformal automorphisms of
C compatible with each G; and with each G, respectively, such that w,
and w, have the same Beltrami coefficients and such that w,G.w,* and
w,Giw, converge to groups of Moebius transformations for each i€l
and jeJ. Assume that G,N G, contains a non-elementary Kleinian
group. Then w,Giw,' converges to a group of Moebius transformations
in the semse of generator comvergemce for each je€J.

Proor. Set h, = w,w;*. Then h, is a Moebius transformation. Let
g, 9. and g, be loxodromic elements of G,N G. such that g, and g,
are not commutative, 1 <1l < m £ 3. Note that lim,..w,(&(g)) =
lim, ., ¢(w,giw;*) # lim, .. §(W,agnwy') = lim, ... w,(£(9,)) and that
lim, ., w’,(&(g,) = lim,_.. §(whgw, ™) # lim, o, &(Wgaw, ™) = lim, .. w;(£(9.))
(Chuckrow [3, Theorem 6] and [6]). Then h, mapping w,(&(g,)) into
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wi,(&(g.)) converges to a Moebius transformation by Lemma 1. Since
w,Giw,t converges to a group of Moebius transformations in the sense

n

of generator convergence, so does w,Gyw,' = h;'-w,Gjw, " h,.
Now we return to the proof of Theorem.

LEMMA 10. Let 2 be a component of L — (U, ;) with AN
Q,# @. Then w,(Stab Q)w,* converges to a group of Moebius transfor-
mations in the semse of gemerator convergence.

PrROOF. First we consider the case where A(@)c2,. Then Stab? =
Stab 4(2) c Stab 2,. Therefore our assertion is evident by Lemma 8.

Next we consider the other case. In this case there exists a component
of 77 (UL, a;) N 02, whose image under 4 meets Q. Let &, -, @, be
a maximal list of non-conjugate components of z*(JZ, ;) N 02, under
Stab 2,. As was shown in the proofs of Lemmas 6,7 and 8, we can
find a sequence {w®}>., of quasi-conformal automorphisms of C such that
wd has the same Beltrami differential as w, and such that for all com-
ponents 2%¥’s of L—7n~ (U, a;) with 29 N A(@,) = @, wP(Stab 2)wP~* and
wP(Stab 2wl converge to groups of Moebius transformations in the
sense of generator convergence, 1 <1< m. Using Lemma 9 finitely
many times, we see that our assertion is true for each component Q of
L — 77 (Ul-p: @;) with 20N AUr. @) # @. Let 2 be an arbitrary com-
ponent of L — (Ui-p4: @) meeting A(x~(UJ?2-, @;)N02,). Then there exist
an element 7€ Stab 2, and a component 2 of L — n (!, a;) meeting
A(U™, @) such that & = v(2). Since w,(StabQ)w;* converges to a group
of Moebius transformations in the sense of generator convergence, so
does w,(Stab §)w;‘ = w,yw,* - w,(Stab .@)w;l-w,,“/*’w;l. Thus we have
proved Lemma 10.

Let 2’ be a component of U — n~'(U., ;) such that A(2') meets
some @ which is a component of L — 7z~ (U, @) with 4@ N0, # @.
Then in the same way as in the proofs of Lemmas 6, 7, 8 and 10,
there exists a sequence {w,);_, of quasi-conformal automorphisms of c
such that w;, has the same Beltrami coefficient as w, and such that
wi(Stab Q)w.* and w,(Stab 2)w.* converge to groups of Moebius trans-
formations in the sense of generator convergence. Using Lemma 9, we
see that w,(Stab 2)w;* and w,(Stab 2")w;* also do. Repeat this procedure
finitely many times. Then we have the following.

LemMmMA 11. Let 2, ---, 2 be a finite number of components of

QI)—r(Ul- ). Then w,(Stab 2% w;* converges to a group of Moebius
transformations in the semse of generator convergence, 1 <k < 1.
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LeMMA 12. The Kleinian group w,['w;' converges to a group of
Moebius transformations in the semse of gemerator convergence.

PrOOF. Let 8, B, and B, be components of 7 (U, a,)N 2,. Let
£(d,) be the attracting fixed point of a loxodromic element §, of Stab 3,.
Let {#, - -, 7.} be a system of generators for I'. Let w,,,, be a component
of 2(I') — n~*(Ui-.2;) such that the point ¥,(¢(,)) = £(7,0,7,*) is kept
invariant by an element of Stabw,,,,1<s=<t1<k<3. It follows
from Lemma 11 that the group generated by {w.,(Stab w,)w;)}¥*} con-
verges to a group of Moebius transformations in the sense of generator
convergence. So {[w,¥,(&(0), w.7.(£(8,)]}z-, is bounded away from zero,
1<s=<t1=<k<lZ3 (Chuckrow [3, Theorem 6]). Since w,(Stab 2)w;*
converges to a group of Moebius transformations in the sense of generator
convergence, {[w,(£(04)), w.(6(0))}a=: = {[E(w.0,w3"), E(w,0,w;")]}5-, is bounded
away from zero (Chuckrow [3, Theorem 6]). Therefore the Moebius
tranformation w,¥,w;* mapping the point w,(&(6,)) to w,7,(&(6,)) converges
to a Moebius transformation by Lemma 1,1 < s<t. Now we are done.

LEMMA 13. The group G = lim, ., w,['w,* is Kleinian.

ProOOF. Let Ve QUI') — 7 (U%, @;) be a region such that v(V)N
V = @ for each yeI' — {id}. By Lemmas 3 and 12, the restriction of w,
to V converges uniformly to a K(V)-quasi-conformal homeomorphism W.
Assume the existence of an element g of G—{id} with g(W(V)N W(V)= Q.
Let v be the element of I" — {id} such that lim,_. w,yw;* = g. Then, for
a sufficiently large integer =,

@ #= (w,yw; ) w, (V) N w,(V)=w,(v(V) N w (V) =w,(v(V)NV) =D .
This contradiction implies that G is discontinuous, so that G is Kleinian.

LemMA 14. The Kleinian group F,.IF,' converges to a Kleinian
group in the semse of generator convergence.

Proor. Set h, = w,F,', which is a Moebius transformation. Let
1, Y. and +r, be the points of 2(I") — z7'(UJ%, ;) kept invariant under
F,. Then h, maps +, to w,(4), 1=k =<3. Let V,cU)— (Uis a)
be a region containing +,, 1 <k < 3. Then w,|U;-,V, converges to a
K(Ui-.V,)-quasi-conformal homeomorphism. So {[w,(yr), Wa(y)}a=: is
bounded away from zero, 1 £k <1 <3. It follows from Lemma 1 that
h, mapping +, into w,(y,) converges to a Moebius transformation. Since
w,lw;' converges to a Kleinian group in the sense of generator con-
vergence by Lemma 13, so does F,['F,;* = h,'w,['w;'h,. Thus we complete
the proof of Theorem.
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