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1. Introduction. Let X(¢, w), t € R', be a complex-valued stochastic
process on a given probability space (2, #, P). Suppose that X(¢, w) is
measurable & X & on R' X 2, % being the class of Lebesgue mea-
surable sets on R'.

If

(1.1) E|\X(t, )" = || X, 0|7 < e, te(a,d)

for some » =1 and for some —o < a < b < o, and
b
1.2) X, @l < o,

then we write X(¢, ) € L"(a, b) and call X(¢, ) an L™ process on (a, b).
In this case, X (¢, w) is of L"(a,b) as a function of ¢ almost surely (a.s.).
We mention that if X(¢, w)e L"(a, b) for every — o < a < b < o, then
the subset with probability one of 2 on which (1.2) holds is taken in-
dependently of @ and b.

If (1.1) holds for » =1 for every te R' and if

(1.3) E|X(t + 27, w) — X(t, w)| =0, for teR',

then we call X(¢, ®) 2r-periodic. The class of 2z-periodic processes of
L"(—r, ) is simply denoted by L3.
A stochastic process X(¢, w) is of L3, if and only if the correlation
function R(s, t) = EX(s, w) X(t, w) is 2x-periodic for each variable s and ¢.
For a stochastic process of L} for some » =1, we consider the
Fourier series

(1.4) Xt, ) ~ 3, Ci(@e™

where

(1.5) C.(w) = L S X(t, w)e—dt .
27 )=
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The main purpose of this paper is to study the almost sure conver-
gence of the series

(1.6) 3 Inf*1C )]

for X(t, w) € Ly, for some nonnegative integer k.

A known argument usually used in the theory of absolute conver-
gence of ordinary Fourier series (Bary [1, I. p. 153], Zygmund [16, I,
p. 240] is adapted to our problem and actually the results we are going
to give are mostly the analogues of what are well known in that field.
However the author believes that they are of particular interest, because
some of them are directly applied to get some theorems on sample con-
tinuity and differentiability of stochastic processes which seems to provide
the simplest way of deriving them at least for periodic case or possibly
some other results in the theory of sample properties of stochastic proc-
esses. As an example we give a result on quasianalytic class of processes.

2. Continuity modulus of stochastic processes. Let X(¢, w)e L3,
for some » = 1. We define, for some integer » =1 and 6 > 0,

2.1) M»(0) = M (3, X) = sup |47 X(t, @),
t|sgn

|k|=3,]

and

@2 M) = M6, X) =sup (o= | 140X, o) ran
Ihiss \ 21 J-=

where 4" X(t, w) is the p-th difference with increment 2 of ¢, namely
(2.8) AP X, ©) = g, (—1y <f >X(t + vh, @) .
M (6) and M*?(5) are called respectively the continuity modulus and

integrated continuity modulus of p-th order of X(t, )€ Lj.
For X(t, w)e L3, r = 1, the Fourier coefficient of 4" X(¢, w) is

2.4) 1 S AP X(t, w)edt
27w J-=
— z — g p __]_',__ i N —int
=31 <j>2” S_xX(t + jh, @)e-dt

Il
M-

50 7 )5 [ e it oo
j=0 -

C.(@)(1 — e .

Il
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Suppose now 1 < r £ 2=+, ' + "' = 1. Then by the Hausdorff-Young
inequality we have

es [ Sic@rien -1 " s L[ arxe oyrae.

Taking expectations of both sides, we have
=3 r/r’ T
g £ ic@rier -1 [ s o= | 140X, @)t

Using the Minkowski inequality, we see that the left hand side is not
less than

{ngg [E|C. (@) e — 1] rp]w/,}”"
= l;.:i;oo [| Ca(@) [|7'] 2 sin ("h/Z)]w]”" .
Let 6 = 1/n in (2.3). We then see
M} (1/n) = n S:’"L%n(ll Cuw)|l,12 Sin(kh/z)v)r'}/r' ih
which is, again because of the Minkowski inequality, not less than

ol 5 (] 16k . 12sinGidn)” |

24n

/v’

Since, for |k| = 4n,

nf"|2sinB2|"an = T "2 sin(u/2)du = 270 + 1),
0 0

the last expression is not less than
, /v’
¢ Sla@i]”,
|k|24n

where C, = 2*7'/(p + 1) is a constant depending only on p. Thus we
have the following lemma.

LEMMA 2.1. Ifl1<»rZ2and v+ =1, then

(2.6) M:®(1/n) = c,[lkénllck<w> T

3. Absolute convergence of Fourier series of a periodic stochastic
process. Throughout what follows, ¢(t) is supposed to be a nondecreasing
continuous nonrandom function on [0, 1] such that either

3.1) #(0) =0 and ¢(¢)/t is nonincreasing over (0, 1]
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or
(3.2) o(t) =1, for telo,1].

In this section, we consider the process X(t, w)e Lp, where 7 is
restricted to 1 < r < 2.

THEOREM 3.1. Let X(t, w)eLp, 1 <r=2,r*+2""=1. Let k bea
given nonnegative integer. If there exists a positive integer p such that

(3.3) glnk-—l/‘r’[¢(1/n)]—er*(P)(l/n) < oo ,
then
(3.4 S InFmIIC @) < ) as.

Proor. It is sufficient to prove that
3.5) 3 n{3(L/m)] " E|Cu()| < oo .

The same thing is true for the series for negative n, with |n| in place
of » except in the subscripts of C,(w). A standard argument gives us
that for the left hand side S of (3.5), we have

7+3

S=3 3 FUIIEICw)]
= Szl 3 0kl
< Szepzzes( 5 Iclr)”
<2 Famenn a3 c@lr ]
=z S( 5 ez S clr]”
(3.6) < 209 3\t o1/ a6m)]| 351Gy @) 117 [

From ¢(1/m)/16 < #(1/(16m)) and Lemma 2.1, we have
S = 244C5" 3 mAr[p(Lm)] M (1) < oo .

This proves (3.5) and the proof of the theorem is complete.

The following corollary is a special case of Theorem 3.1, which gives
the analogues of well known theorems of Bernstein and Szasz (See Bary
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[1, Chapter IX], Zygmund [16, I, p. 240]) when ¢(t) =1,k =0,r =+ = 2.
COROLLARY 3.1.

(i) If
(3.7) S::lnk_l/"Mr*(k+l)(l/n) < o,
or
(ii) <f
3.8) MF (1 n) = O(n~**), for 1z a>1/r,
then
(3.9) S InflC@|< e, as.

It is noted that if p < k in the condition (8.3), it turns out to be
meaningless and hence the case p = k + 1 will be critical in the sense
that the condition for a larger p(=Fk + 1) will be weaker.

4. Bounded variation of a periodic stochastic process.
DEFINITION 4.1. Let X(t, w), t€ R', be of Lp(r =1). If
(4.1) sup 3 | X(ts, @) = X(t @) =V, < o0,

where sup is taken for all divisions
D:—rt,<t,< - <t,=mw,

then we say that X(t, w) is of bounded variation in L'(2) and write
X(t, w)e BV".

The following propositions are easy to show by ordinary arguments.

PropoSITION 4.1. If X(t, w)e BV"(r = 1), then
4.2) S;I]X(t +h, @) — Xt o),dt <21V, .
ProrosITION 4.2. If X(¢t, w)e BV", (r = 1), then

(4.3) S’;uas,mxu, )|, dt < 2RV, .

PROPOSITION 4.3. For X(t, w)e BV" (r = 1),
(4.4) ICuw)l, = 2n)7V, .
THEOREM 4.1. If X(t, w)e BV", (r > 1) and
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(4.5) O<y<1l—1/r,
then
(4.6) Clw)=o(n|™, as.

PrRoOF. For any 4 > 0,
P(|Cy(@)] > Aln|™) = (A|n|™)" || Cu@) |I7
which is, from (4.4), not greater than (24)~"|n|*™". Since I, |n|* V" <

OO,

2D P(Cw)| > Aln|™) < o
from which, by the Borel-Cantelli lemma, (4.6) follows.
Now suppose 1 < 7,7t 4+ 't =1.

* (D — _l_ § (p) . (P, r—1 v
Mz (0) = sup| =" 140 X(t, @)l - | 49X, ) e

|h|ss T

T 1/r
< sup || 4P X(t, w)||¥""- sup [‘1‘ S | 4P X(t, ) ||rdt]
k1S3 hss L2 J—=

which is, by (4.3), not greater than
4.7 (M2 -C, 8 V7,
where C,,, = 2/7(2m)™/".
From Theorem 3.1, we now have using (4.7) the following theorem.

THEOREM 4.2. If X(t, w)e BV",1 < r <2, 1/r + 1/ =1 and there is
a positive integer P such that

(4.8) z nk—l[gﬁ(%)]“[ M ( 71;_ )]/ co

for a givem mommegative integer k, then (3.4) holds.
COROLLARY 4.1. If X(t, w)e BV, (1 < r £ 2) and for some positive
integer p,
(4.9) M (6) = O(6*) for some B3>0,
then

S IC(@)] < o, a.s.

n=—00

This immediately follows from Theorem 4.2 with k = 0, ¢(f) = 1, and
is the analogue of the Zygmund theorem on absolute convergence of
Fourier series.
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5. Trigonometric approximations. First we suppose X(¢, w)e L5.
Then we can easily show that for every positive integer N,

(.1) inf L S X @) — 3 a(@)e™ |'de
o2 J-=n n=—N

is attained by a,(®) = C,(w), a.s., where C,(w) is the Fourier coefficient
of X(t, w) as before and the inf is taken over all random variables
a,(®) e L¥2). Writing the quantity (5.1) by [e$(X)]* = [ef]}, we have

(52) e =| 3 lc@]".

Writing the series in (8.5) by S as in the proof of Theorem 3.1, with
r = 2 we see from (3.3) that

S < Gy, 3 m g1 /m)] e

where C,, is a constant depending only on % and p. From this we have
the following theorem which is seemingly more general than Theorem
3.1 with » = 2.

THEOREM 5.1. If X(t, w)e Ly and
(5.3) 3 kg el <
then
3 Il amItIC@)] < >, as.
More generally write, for X(t, w)e L3, (r = 1),

(5.4) e = e(X) = inf [_21; S;HX(t, ) —ni‘,Na,,(co)e""’H:dt T” .

Write 7y(t, ®) = 2No,y_,(t, ®) — 0y5_,(t, ®), Where o0,(t, ) is the (C, 1)
mean of the Fourier series of X(¢, ). A slight modification of arguments
in Zygmund [16, I, p. 115] gives us

5.5) [ 1%, @) = 2att, @)t | < 20y

Using this, by arguments similar to those used there, we also have
LEmMMA 5.1. Let r = 1.

(5.6) esy-. < C.M}*™(2z/N) .
We also note that if X(¢, w) e BV,
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(5.7) e = O(1/N) .

This follows from Proposition 4.1 and Lemma 5.1.
We also note that if X(¢, w)e Ly, 1 < r < s, then

oo oo
(5.8) Zl'n_l/s’e;:) é Cr,s Zl,n—llr’e;r) ,
n= n=

where 1/ +1/#' =1,1/s + 1/’ =1 and C,, is a constant depending only
on 7 and s.

This was shown for the nonrandom case in a more general frame-
work by Watari-Okuyama [15]. Passage to our case is immediate. We
also mention that the analogue of Theorem 6.35 of Zygmund [16, I,
p. 154] to our case holds.

Using (5.8) with s = 2, we have, from Theorem 5.1 the following
THEOREM 5.2. If1<r<£2,1/r+1/7 =1 and

(5.9) S e < oo

n=1
then

0

IC ()] < o, as.

n=—

Looking at Theorem 8.1 and Lemma 5.1, the above theorem is
apparently a sharpening of Theorem 3.1 with £k = 0. However it is, in
view of (5.8), a consequence of Theorem 5.1 with £t =0 and ¢ =1 and
the proof of it is contained in the proof of Theorem 3.1 so that we may
say that Theorems 3.1, 5.1 and 5.2 are equivalent in substance. A similar
remark was made by Watari-Okuyama [15] for the case of ordinary
Fourier series.

6. Sample continuity and differentiability of stochastic processes
of Ly, Let X(t, w)e Ly (r > 1) and let o,(t, w) be the n-th (C,1) mean
of the Fourier series of X(¢, ). We begin with following lemma.

LemmaA 6.1. If X(t, w) is stochastically continuous, them o(t, )
converges in probability for every ft.

ProOF. We take any positive number ¢ < 1/4. We see that
G.(t, ®) — X(t, ©) = S 4,X(t, 0) K (wdw ,

where K,(u) is the Fejer kernel [2z(n + 1)]7*sin®[(n + 1)u/2]/sin? (u/2).
Choose ¢ so that
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(6.1) P(4.X(¢, o) > ) <ep,
for |u| < d, where » > 0 is arbitrary. We then have
P(lo,(t, w) — X(t, w)| > ¢€)
< P SMQA,,X(t, w)Kn(u)du. > ¢/2)

+ P S 4,X(, a))Kn(u)du' > ¢/2)
lul>8
= Il + Iz ’
say. By the Chebyshev-Markov inequality ,

L < (2fey

|, 4Kt @)K, (w)du|
<@er|| 14Xt o)l K wdu] .

Since || 4,X(t, w)||, is bounded and K,(u) < [2r(n + 1)sin®§/2]7, the last
member converges to zero as m — oo,
Define G(u, w) by

Gy(u, w) =1, for [4,X(t, w)|>¢",
=0, for [4X(t w)|=¢.

Write
I = P([ S:Gt(u, w)4,X(t, w)Kn(u)du] >¢/4)

+ P<l Sd_.,(l — G, (u, ©))4,X(t, w)K,,(u)duj > s/4> :

The second term on the right hand side is zero, since the integral is
seen to be less than &' < ¢/4.
We now apply the Chebyshev-Markov inequality to have

I, < (4fe) S:G‘(u’ )4, X(t, w)K,,(u)du) 4

= @y (| 16w, @a.x¢, )], K (0dn)
< ey ([ 16, o) lr K wan) [ 1 4.X¢, o) K @i
Since there is a constant C=C(t) such that ||4,X(¢, w)||" < C, the second

factor is not greater than C. Note that ||G,(u, 0)|; = E|G(u, )| =
P(|4,X(t, )| > &) which is less than e by (6.1). We thus have
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L r/r’
I< (4/5)'8'77(8_5Kn(u)du> < 4Cyp.
Altogether we finally have
lim sup P(|0,(t, ) — X(t, w)| > ¢) < 4"Cy .
This proves the lemma.

LEMMA 6.2. Let ¢(t) be a function in 3. Then
(6.2) |sinzh| < ¢(R)[g(L/x), @ =1.

The proof is simple. (Kawata-Kubo [11])

Denote by 4;, the Lipschitz class of functions f such that
Sup s | f(E + k) — F(£)| = O(¢(6)) for small §, when ¢(t) satisfies (3.1).
When ¢(t) = 1, let us denote by 4; the class of continuous functions.

Now we shall prove

THEOREM 6.1. (i) Let X(t, w)eL; (1 <r=2). Let k be a given
nonnegative integer. Suppose there exists a positive integer p such that
(3.8) holds. If X(t, ) is stochastically continuous, them there is «a
modification X (t, w) of X(t, ®) with the property that X (t, ) has almost
surely the k-th derivative belonging to A;. (i) If r = 2, the condition
(3.3) can be replaced by (5.3).

PrROOF. From Theorem 8.1, (3.4) holds. The subset of 2 on which

the series in (8.4) converges is denoted by 2, P(2,) =1. Now define,
for we R,

(6.3) X(t, 0) = 3 C (@)™ .

n=—oc0

Then, for we 2,
(6.4) X, @) = 35 (in)Cyl@)e™
and
40X, @) = | 35 @nfC@ave| 52 3 [nl*|Cw)| [sin nh/2|
which is by Lemma 6.2 not greater than
{23 10l 1C@) U/ DI Jo(h/2) = Cl@)o(h/2) < Cl@)oih) ,

where C(w) is independent of A. Hence for we 2,, X\(t, w) has the k-th
derivative which belongs to 4,.
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Now since X(¢, w) is stochastically continuous for all ¢, the (C, 1)
mean o,(t, ) of the Fourier series of X(¢, ), the right hand side of (6.3),
converges in probability to X(¢, w). Therefore there is, for each ¢, a
subsequence {n,} of subscripts (n, = n,(t)) and a set 2,(t) depending on
each t with P(2,(t)) = 1, such that ¢,,(¢, ) — X(t, w), k — oo, for w € 2,t).

On the other hand, for we, (6.3) holds. Accordingly o,(t, ®)—
X(t, w) for we 2,. Hence we should have

X(t, w) = X((t, ) for weR,N 2.

This means that X (¢, ®) is a modification of X(¢, ) and completes the
proof of (i). The proof of (ii) is carried out just in the same way.

COROLLARY. 6.1. If X(t, w) is of Ly(1 < r £ 2) and stochastically
continuous, and (3.7) or (3.8) holds, then there is a modification X (t, ®)
of X(t, ) which has almost surely the continuous k-th derivative.

THEOREM 6.2. If X(t, w)e BV (1 < r < 2) and s stochastically con-
tinuwous and (4.8) holds, then there is a modification X(t, w) of X(t, w)
which has almost surely the k-th derivative belonging to A,.

THEOREM 6.3. If X(t, w)e Lp(1 < r £ 2), 18 stochastically continuous
and (5.9) holds, then there is a modification X(t, ) of X(t, ®) which is
continuous almost surely.

We remark that the conditions (3.8) and (4.8) are respectively equiv-
alent to

(6.5) [y s M @)y < =
and
(6.6) [y oM@y < .

These conditions are of the forms mostly used in rather recent works
on sample properties. The classical results on sample continuity are
included in Cramér-Leadbetter [3]. Further results are found in
Delporte [4], Garsia [5], Garsia-Romig-Rumsey, Jr. [6], Hahn [7], Hahn-
Klass [8], Kono [12], [13], [14]. Furthermore, Ciesielski [2] gave a
result which is substantially similar to Theorem 6.1 and Koéno [14] has
shown Theorem 6.1 as a generalization of Ciesielski’s result and the
author’s previous result [10], even for more general nonperiodic case.
Their argument basically depends on the approximation of the process
by splines. On the other hand the proof of this paper is thought of as
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a simple application of the absolute convergence of Fourier series. We
also note that the genralization of Theorem 6.1 to nonperiodic case by
periodic continuation is possible although it is not quite obvious. See
Kawata [10].

7. Quasianalytic class. Let f(x) be a complex valued function on
[—z, #] which is indefinitely differentiable. The class of those functions
satisfying
(7.1) sup | f™(x)| = AK"m,, ,

—TSTET

for some sequence {m,,n=0,1,2, - - -} of positive numbers, «~ being allowed,
where A and K are constants depending only on f, is denoted by C(m,).
C(m,) is called a quasianalytic class, if f(x)eC(m,) and f™(x,) =0,n =
0,1, --- for some x,€(—=, ) implies that f(x) =0 throughout [—m=, 7].
We consider also the class C,(l,) of indefinitely differentiable functions
f(x) such that

(7.2) sup |f*(x)| < AK'l,, n=0,12, ---
—rSTST

for some sequence {l,,n» = 0,1, ---} of positive numbers. Writing m,, =

by Mopyy = 00, n=0,1,2, -+, C(l,) = C(m,). When this class C(m,) is
quasianalytie, Cyl,) is called quasianalytic.

Let X{(t, w) be a periodic weakly stationary process, that is, X(t, w) e

%, EX(t, ) = m, a constant independent of ¢ and the covariance function

(1.3) E[X(s, w) — m][X(t, w) — W] = p(s — ©)

is a function of s — ¢ alone. Ivanova [9] gave a result to the effect
that if, for a weakly stationary process not necessarily periodic, o(u)
belongs to a quasianalytic class Cy(l,) on every finite interval, then X(¢, ®)
belongs to a quasianalytic class C(I%?) almost surely. The author, however,
thinks that the proof of it was incomplete. We, in this section, formulate
the result in a more exact form and give a complete proof for a periodic
weakly stationary process.

THEOREM 7.1. If X(t, w) is a 2m-periodic weakly stationary process
and its covariance function o(u) belongs to a quasianalytic class Cy1,),
then there is a modification X (t, ) of X(t, w) with the property that
X (t, @) belongs to a quasianalytic class C(IL%,).

Before proving the theorem, we give some remarks. Suppose
EX(t, ) = 0, throughout from now on. A 2r-periodic weakly stationary
process can be represented by
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(7.4) X(t, @) = 3 ¢, (@)™,

where {¢,(w), n =0, +1, +2, ---} is an orthogonal sequence in L* Q) with
S lé.(@)]]3 < oo, and the series on the right hand side of (7.4) is LXQ)
convergent for each ¢.

Writing ||£,(w)]||} = a,, the covariance function p(u) is given by

(7.5) pu) = 3 a6

n=-—oo

a, = 0. po(u) is indefinitely differentiable if and only if

3

(7.6) S |nlta, < o, forall £=0,1,2 --..

We can show that if C,(w) is the Fourier coefficient of X(¢, w), then
(7.7) &(w) = C(w), a.s.,
for all n. This is easily shown from
E|C(w) — ¢ (@)
1

! T T N
_ Elig X(t, w)e="dt — __S S & (@)ettge |
2 J-r 2 J-mk==nw
for N = |n|, which is seen to converge to zero as N — co.
We also mention the well known theorem of Carleman that the class
C(m,) is quasianalytic if and only if

(7.8) (e l@gy = o,
1 X
where
(7.9) T(x) = sup (@*fmy), =1.
=20

We need two lemmas.

LEMMA 7.1. Cyl,) is quasianalytic if and only if

(.10) S”l?g_@@_)dx = oo,
1 X
where
(7.11) Ty@) = sup(e*l¥¥) , @z 1.

This was given in Ivanova [9].

LEMMA 7.2. Cyl,) is quasianalytic if and only if C(Y%) is quasi-
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analytic.

PrOOF. We note that (7.10) is equivalent to

(1.12) S:’%l(—w)dx =,

for some ¢ = 1, since T\ (x) is a nondecreasing function. Now choose ¢
to be greater than max(l, (1,/l)"*). Then for x = ¢,
T,(x) = sup(e*/l}*) = max (sup (*/li"), ")
k20 kz1
= sup(e*/li?) = £ T(2) ,

21

where
T(x) = sup(a*/l,
k20

from which we readily see that (7.12) is equivalent to

(1.13) Sjwdx = o,

This shows Lemma 7.2 in view of Carleman’s theorem.
We now turn to the proof of Theorem 7.1. From the assumption
that p(u) e C(1,),

(7.14) | 0%%(0) | =k_§‘, kra, < AK™,, n=012 -+ .

We may obviously suppose K > 1.
2= m™ 3 [k['a, = o(m™)

1kjzm 1k

for large m, for all » (0 depends on n) and hence from (3.6) with ¢ = 1,
r = 1" =2, we have that there is a set 2,2 with P(Q,) =1, such that

0

(7.15) 3B &(@)] < e,
for each n =0,1,2, --- for we Q2,.
Define

X(t, @) = 35 al@)e .

Then we see that X,(t, ) is a modification of X(¢, ®), because the right
hand side series converges in L*Q) to X(¢, w) for each t. Xt w) is,
for we Q2,, infinitely many times differentiable and
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X, 0) = 3 (g™ .
Hence, for we 2,

sup [Xo(")(t )| S 2 k" &w)] .

te[—mn,x]

We, therefore, see
P( sup | Xi (¢, @) 2 AK™B) < P (3 |k 16(0)] 2 AL )
te[—m,n] k=—

which is, because of the Chebyshev inequality, not greater than

2
ASEILE] S R ao)]
S ATEI S R - S R )
— CA—ZK_znl;il E lklz(n+1)ak < CA™'K—*,
k=0

by (7.14), where C is an absolute constant. We therefore have

S P( sup | Xi(t, )] 2 AR ) < oo
n=0 te[—m,n] /

Hence by the Borel-Cantelli lemma, the event inside the brace takes place
only finite times for @ of some 2,(¢Q,) with P(2,) = 1. Hence for we

2, there is an n,(w) such that
(7.16) sup lXé"’(t w)| < AK"lLE,,

te[—m,n]

for n = n,(w). Writing

K(w) = max {K sup [ sup | Xi7(¢, ) |/(Al:.':1] T

nsnglw)Lt e[—x,7]

we have that (7.16) with K = K(w) holds for we 2, and for all n. This
together with Lemma 7.2 completes the proof of Theorem 7.1.
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