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1. Introduction. For ordinary differential equations, there are
many results on stability properties and limiting equations by using the
techniques of topological dynamies (cf. [8], [10], [11]). Furthermore, Bondi,
Moauro and Visentin [2] and Artstein [1] gave some of the results as
above by assuming the uniqueness of solutions of limiting equations for
the initial conditions and by using standard arguments based on the fact
that the solution operator is completely continuous.

In this paper, more generally, we shall discuss functional differential
equations with infinite delay, for which it is known that the solution
operator is not necessarily completely continuous but an a-contraction
(cf. [3], [4]). We extend some of the results mentioned above for
ordinary differential equations; that is, we show that some stability
properties of a bounded solution of a given equation follow from stability
properties of its limiting equations without the uniqueness of the solution
of limiting equations for the initial conditions. In particular, our results
contain the following: for a periodic system, if a bounded solution is
uniformly asymptotically stable, then it is totally stable.

2. Phase space B, notations and definitions. First, we shall give
the space B discussed by Kato [7] (see also [3],[4]). Let |x| be any
norm of # in R*. Let B be a real linear vector space of functions
mapping (— o, 0] into R* with a semi-norm |-|;. If x is a function
defined on (— oo, @), then for each t€(— oo, a) we define the function z,
by the relation xz,(s) = 2(t +s), —> < s < 0. The space B is assumed
to have the following properties:

(I) If x(t) is defined on (—co, @), continuous on [o,a), s < a, and
x,€ B, then for te[o, a) we have:

(I1.1) x,€B.
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(I.2) w, is continuous in ¢ with respect to |- ;.

(I.38) there are a K >0 and a positive continuous function M(B),
M(B)— 0 as 8 — o, such that |x,|; < Ksup,<s<, |2(0)| + M(¢t — 0)|, 5.

(II) |¢(0)] < M,|¢|s for a constant M, > 0.

REMARK 1. Hale and Kato [4] have given hypotheses on the space
B in a slightly different way. However, in our present context, there
is no difference between the two.

Let S be a compact subset in B and let &« >0 and 8> 0. Denote
by X(S, a, B) the set {x,|t = 0 and «(-) is such that z,€ S, |2(8)] < a for
0 €0, ) and |x(6') — 2(6%)| < B|6* — 6| for @', 6*c[0, «)}.

LEMMA 1. ([4, Corollary 3.2]). The closure X(S, a, B)~ of X(S, a, B)
18 compact in B.

Throughout this paper we shall suppose that F(t, ¢) is an R"-valued
function on R X B, R = (—, ), and for any compact set Sc B, F(t, ¢)
is bounded and uniformly continuous on R X S. Then, it is known that
for any compact set WC R X B, any sequence {t,}, t, = 0, contains a
subsequence {t,} such that {F(¢t + ¢,, #)} converges uniformly for (¢, ¢)e
W (cf. [4], [6]). The hull H(F') (resp. H"(F)) denotes the set of pairs
(G, 2), 2c R x B, such that there exists a sequence {t,}, t, = 0 (resp. ¢, —
oo as m — o), such that {F(t + t,, ¢)} converges to G(t, ¢) for (¢, ¢) € 2.

REMARK 2. We shall note that if (G, 2)e H(F'), then for any com-
pact set ScC B, there exists a (G*, 2*) ¢ H(F') such that 2* D> Q2 U {I x S}
and G*(t, ¢) = G(t, ¢) on 2, where I = [0, ), because I X S is separable
(see [4], [6]).

Consider the system of functional differential equations
(1) (t) = F(t, x,),

where #(¢t) denotes the right hand derivative. Let x(¢, F') be a solution
of (1). In particular, let «(¢, s, ¢°, F') be a solution of (1) through (s, ¢°).
We assume that System (1) has a bounded solution u(t) defined on I and
that L =sup{|F(t, ¢)||t =0, |9|s < 2H} < o, where H is a positive
constant which satisfies |u,|; < H for ¢ > 0. Therefore by noting that
{u,|t = 0}~ is contained in the compact set X({u,}, M,H, L)~ (see Lemma
1), we may assume that for any (G, 2) ¢ H(F'), we have 2 DI X {u,|t =0}~
by Remark 2. Hence it is easily shown that for any (v, G, 2)e€ H(u, F)
the function v(f) is a solution of

(2) &(t) = G(t, »,)
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defined on I (cf. [4]). Here and henceforth, the hulls H(u) (resp. H(u))
and H(u, F') (resp. H"(u, F')) are defined in the same way as H(F') (resp.
H*(F')). We say that System (1) is regular if, for any (G, 2)e H(F),
every solution of (2) is unique for the initial conditions.

We shall give several definitions of stabilities.

DEFINITION 1. The solution u(t) is uniformly stable, if for any & >
0, there exists a d(e) > 0 such that |z,(s, ¢°, F) — u,|s < ¢ for all t=s,
whenever |¢" — u,|5 < d(¢) for some s = 0.

DEFINITION 2. The solution u(t) is weakly uniformly asymptotically
stable, if it is uniformly stable and if there exists a d, > 0 such that
|2,(8, ¢°, F') — u,|3 — 0 as t — «, whenever |¢° — u,|z < 9, for some s = 0.

DEFINITION 3. The solution u(t) is uniformly asymptotically stable,
if it is uniformly stable and if there exists a 6, > 0 and for any & > 0
there exists a T(¢) > 0 such that |x(s, ¢°, F) — u,|z < € fort = s + T(e),
whenever |¢° — u,|5 < 6, for some s = 0.

DEFINITION 4. The solution %(t) is uniformly stable in H(F') (resp.
H*(F)), if for any ¢ > 0, there exists a d(¢) > 0 such that for any sel
and (v, G, 2) € H(u, F)(resp. H*(u, F)), |¢' — v,| 5 < 6(¢) implies |z,(s, ¢°, G) —
v,z < e for all t > s.

DEFINITION 5. The solution u(t) is attracting in H(F') (resp. H*(F")),
if there exists a d, > 0 such that for any sel and (v, G, 2)e H(u, F)
(resp. H (u, F)), |¢° — v,|5 < 0, implies |x,(s, ¢°, G) — v,|; — 0 as t — .

DEFINITION 6. The solution u(t) is weakly uniformly asymptotically
stable in H(F') (resp. H*(F')), if it is uniformly stable in H(F) (resp.
H*(F)) and attracting in H(F) (resp. H*(F")).

DEFINITION 7. The solution w(t) is uniformly attracting in H(F)
(resp. H*(F")), if there exists a d, > 0 and for any ¢ > 0 there exists a
T(¢) > 0 such that for any sel and (v, G, 2)e H(u, F') (resp. H*(u, F)),
[¢° — v,|5 < 0, implies |z,(s, ¢°, G) — v,|5 < € for t = s + T(e).

DEFINITION 8. The solution u(t) is uniformly asymptotically stable
in H(F) (resp. H*(F)), if it is uniformly stable in H(F') (resp. H*(F))
and uniformly attracting in H(F') (resp. H*(F")).

DEFINITION 9. The solution u(t) is totally stable, if for any ¢ >0
there exists a d(¢) > 0 such that if g(t) is continuous and satisfies |g(t)| <
0(e) on [0, o) and if |¢° — u,|5 < 6(¢) for an se I, then |z,(s, ¢°, F + g) —
u,| 5 < € for all t = s, where x(t, s, ¢°, F' + g¢) is a solution of
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(3) &(t) = F(t, z,) + 9(t)
through (s, ¢°).

REMARK 3. In the above concepts, if the semi-norm |z, — u,|5 (or
|2, — v,|5) is replaced by the R"-norm, then the concepts of the stabilities
in R" will be obtained. However, it is known that the concepts of
stabilities given in the above and stabilities in R" are equivalent under
the hypotheses (I) and (II) (see [7, Theorem 5]).

The following Propositions 1 and 2 are well known for ordinary
differential equations and can be proved by using the parallel arguments
as in the proof of Theorem 13.3 and Theorem 13.2 in [12], respectively.
These show that some stability properties of limiting equations follow
from stability properties of (1) under suitable conditions.

PROPOSITION 1. Assume that System (1) is regular. If the solution
u(t) is uniformly stable (resp. uniformly asymptotically stable), then it
is uniformly stable in H(F') (resp. umiformly asymptotically stable in
H(F)).

ProPOSITION 2. If F'(t, ¢) s periodic in t, then the solution w(t) is
uniformly stable in H(F') (resp. weakly uniformly asymptotically stable
wn H(F), resp. uniformly asymmptotically stable in H(F')), if it is uniform-
ly stable (resp. weakly uniformly asymptotically stable, resp. uniformly
asymptotically stable).

An inheritance of weak uniform asymptotic stability for almost
periodic systems will be discussed in Section 5.

3. Main theorem and related results. We shall give our theorem,
whose proof will be given in Section 4.

THEOREM. If the solution w(t) is unique for the initial conditions
and weakly uniformly asymptotically stable inm H*Y(F'), them it is uni-
formly asymptotically stable in H(F') and totally stable.

REMARK 4. For ordinary differential equations, the “if” part of
Theorem F in [1] is related to our theorem, in the case where u(t) = 0.
However, there are some differences between the two, because the
concept of limiting equations defined by Artstein covers a wide family
of functions compared with Sell’s concept (our concept is a natural ex-
tension of Sell’s to functional differential equations with infinite delay)
and Artstein has assumed that any solution of every limiting equation
is unique for the initial conditions and that the null solution of a given
equation is unique for the initial conditions and uniformly attracting
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with respect to every limiting equation.

By Propositions 1 and 2 and Theorem, we have the following corol-
laries. For ordinary differential equations, Corollaries 1, 2 and 3 are
proved by using the standard arguments (cf. [12]), because the solution
operator is completely continuous.

COROLLARY 1. Assume that System (1) is regular. If w(t) is uni-
Sformly asymptotically stable, then it is totally stable.

COROLLARY 2. Assume that F(t, ¢) ts periodic in t. Then u(t) s
weakly uniformly asymptotically stable if and only if it is uniformly
asymptotically stable.

COROLLARY 3. Assume that F(t, ¢) is periodic im t. If u(t) is
weakly uniformly asymptotically stable, then it is totally stable.

REMARK 5. For ordinary differential equations, Bondi, Moauro and
Visentin [2, Theorem 3.1] have shown that if F'(¢, x) satisfies a Lipschitz
condition and the null solution of #(t) = F'(¢, «) is uniformly attracting
in H*(F), then the null solution is uniformly asymptotically stable in
H(F). However, to such an equation whose limiting equation is #(t) =
—a'®, [2, Theorem 3.1] is not applicable but our theorem is.

We shall consider the perturbed system, that is,
(4) #(t) = F(t, ») + a(t, x,)

where a(t, ) is continuous on I X B and for any compact set SC B,
a(t, ) — 0 as t — co uniformly on S.

COROLLARY 4. Suppose that Equation (4) has the null solution which
18 unique for the initial conditions amd that System (1) is regular.
Then the mnull solution of (4) is uniformly asymptotically stable and
totally stable, if the mull solution of (1) is wumniformly asymptotically
stable.

Proor. The null solution of (1) is uniformly asymptotically stable,
H*(F) = H*(F + a) and System (1) is regular. Hence for any (G, 2)e
H*(F + a), the null solution of (2) is uniformly asymptotically stable
with the common (8(-), d,. T(-)) as the one for the null solution of (1) by
Proposition 1. Hence we have the conclusion by Theorem, because the
null solution of (4) is unique for the initial conditions.

4. Proof of Theorem. We shall use the following lemma to prove
Theorem, which corresponds to [5, Lemma 2] and [6, Lemma 1] for
functional differential equations.
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LEMMA 2. Assume that any solution in H(u) 1s umique for the
initial conditions. Let T > 0. Then for any & > 0, there exists a 6(e) >
0 such that for any sel, if |¢° — u,|z < 0(e) and |g(t)| < o(e) on [s, s + T,
then |x(s, ¢", F + g) — u,|5 < € for te[s,s + T].

PROOF. Suppose the contrary. Then, for some ¢, H > ¢ > 0, there
exist sequences {t,}, t, € I, {g"(t)} and {z,} such that |g"(¢)| < 1/n for tec
[tm tn + T]; I.’E?”(F + gn) - ut,,lB < l/n’ T, € [tm t, + T]; ’x?(F + gn) - utlB <
¢ for telt,, z,) and |a7 (F + ¢) — u., |z =¢. Since 7, — t,€[0, T], we can
assume that p, = 7, — t, converges to pe[0, T] as n — . Set

yn(t)_ xn(t+tnyF+gn)! te(—oo, pn)’
" (Ta F + "), telp., T1.

Then y"(¢) is the solution of #(t) = F(t + t,, ;) + ¢"(t + t,) on [0, p,] such
that y§ = 7 (F + g*). Since |97z = |¥F — Uels + U] = |27 (F + 97) —
Uelp + |ulps < e+ H<2H for tel0, p,] and |9"®)| = |F(t + t,, yD)| +
lg"(t+t,)|<L+1<2L for te|0, p,) and |y"(t)| = 0 for t €[p,, T], we may
assume that y;e X(S, 2M,H, 2L)~, where S={a} (F+g")|n=1,2,8, ---}"
is compact in B. Hence we can assume that F(t + ¢t,, ¢) + g"(t + t,) —
G(t, ) as n — oo uniformly on [0, p] X X(S U {u,}, 2M,H, 2L)~ and y"(t)
and u(t + t,) converge to solutions y(t) and v(¢) of (2) as n — « uniformly
on [0, p], respectively. ¥, = v, implies |y, — v,/ = 0 on [0, p], because
v(t) is unique for the initial conditions. However |y; — u, .. |5 =
|5, e (B + ") — Up,re |z = [02,(F + ¢") — u.,|p = ¢ implies |y, — v,|5 = ¢,
which is a contradiction.

PrROOF OF THEOREM. It is known that if w(¢) is uniformly stable
and attracting in H*(F'), then it is uniformly asymptotically stable ([4,
Theorem 6.2]). Hence we shall show only that the solution u(t) is totally
stable, because the total stability implies the uniform stability. Suppose
not. Then there are sequences {t,}, t, = 0, {r.}, 7. > 0, {g"(¢t)} and {x"(¢,
F + g™} and a constant 4§, 6, < min{H, §,/2}, such that
(5) |2t (F+9") — t,ls<1l/n and [g"(t)|<1l/n on [¢, =)
and
(6) Ix:‘nw,.(F + 9") — Utpir,lz = 0. and [2¥(F + 9") — |5 < 0,

on . [tn; t'n. + /rn) ’
where 0, is the one given for the attraction in H*(F') of wu(t). There
exists a sequence {g,}, 0 < ¢, < 7,, such that

(7) Ix?,,ﬂ“(F +9") — ut“+q“|B = 06(0,/2)/2
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and
(8) 3(61/2)/2 é Ix?(F + gn) - u’tlB é 51 on [tn + Qn’ tn + /r'n.] ’

for a large n by (5) and (6), where o4(-) is the one given for uniform
stability in H*(F') of u(t). Suppose that there exists a subsequence of
{q,}, which we shall denote by {q,} again, such that ¢, converges to
some ¢, qc I. Since any solution in H(u) is unige for initial conditions,
it follows from (5) that there exists an %, > 0 such that for any » =
n,q+1=q,=0 and Iw?,ﬁz(F + 9" — ut,,+tlB < 0(0,/4)/4 for te [0, ¢ + 1]
by Lemma 2, which contradicts (7). Therefore, we can see that q, —
as m — oo.

Put p, = », — ¢, and suppose that p, > ~ as n— . Sets,=gq, +
(p,/2) and 2"(t) = 2"(t + t, + 8,, F + g"). Then, we have 2z} ¢ X(S, 2M,H,
2L)~ for te [_pn/zy pn/z]! where S = {xtn-f-q,,,(F + g")[n =1, 2, 3’ o '}_’
because 2%, , = @ ., (F + g)eS and (273 = [@Fsp40,(F + 972 =
]x?+t,,+a”(F + 9") = Wrepre, |5 + |Uestprs, |2 < 00 + H< 2H for te[—p./2,
2./2] by (8). Clearly, 2z"(t) and w(t + ¢, + s,) are solutions of #(¢) =
Fit+t, + s, %)+ g+ t, + s, and 2(t)= F(t +t, + s,, «,), respectively.
Hence we can easily show that there are a function' P(%, ¢) and solutions
2(t) and v(t) of #(t) = P(t, x,) defined on I such that F(t + ¢, + s,, ) +
g"(t + t, + s,) — P(t, ) uniformly on (any compact set of I) x X(SU
{w)}, 2M . H, 2L)~ as n— o and 2"(t) — 2(t) and u(t + ¢, + s,) — v(t) uni-
formly on any compact subset of I as n — o, taking a subsequence, if
necessary. For a fixed ¢ > 0, there exists an n, > 0 such that for every
n=mn,r, —Ss,=7p,/2>t, because p, — ~ as n — . Hence for n = n,,
we have ¢, <t + s, < 7,. Thus for n = n,

(9) |2f — ut+t,,+s,,‘3 = 0(0,/2)/2

by (8). There exists an m, > m, such that for every n = n,
(10) |2} — 2|5 < 6(6,/2)/8 and | Wtrtpton — Vel = 0(0,/2)/8 .
By (9) and (10), for every » = n,

(11) |2, — v|p = |27 — ut+t,,+a,,‘3 — | Wertpre, — Vel — |2 — 2|5

= 06(6,/2)/4 .

However, |z, — v,|z < 0, implies |z, — v,|;— 0 as t — o, which is a
contradiction of (11). We can show that {p,} is bounded.

Hence we may assume that p, converges to p, pel, as n—  and
0= p,<p+1 for all n. Set

et +t,+ g, F+9"), te(—=,p,),

‘nt —
v " (t, + 7, F + g%, telp., »+1].
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Then, by using the same arguments as in the proof of Lemma 2, we
may assume that F(t + ¢, + q,, ¢) + ¢"(¢ + t, + q,) = G(¢, ) uniformly
on [0, p] X X(S U {u,}, 2M,H, 2L)~ as n — « and that %"(¢) and (¢t + ¢, +
q,) converge to solutions y(¢) and w(t) of (2) as » — o uniformly on
[0, p], respectively. Since |y, — w,|; = 8(6,/2)/2 by (7), we have |y, —
w,|s < 6,/2. However, we have a contradiction by (6), because |y; —
Ypls = %3 stnrenF + 9") — Tpipie, I + 9" = KsuP-(p,,+q,,)sogo |z™ (D, +
tht @+ 0, F+g")—2a"(p+t,+q,+ 6, F+ g")| + Mp, + q.)|zt(F +
g") — sy, (F + 9")|s = 2KL|p, — p| + M(p, + ¢ )|z, (F + ¢")|s +
|22 +p—p,(F + 9™)| s} < 2KL|p, — p| + 4HM(p, + q,), and hence we have
1Yy — Wyl 2 | @0 4r (B + 0") — Uipirn |5 — 10 — ¥3ls — |93 — 43,15 — |43, —
D2 (B + 95 — |Uepir, — Wy, |5 — |W,, — w,|5 = 0,/2 for all large n.
Thus the solution u(t) is totally stable.

5. Almost periodic systems. In this section, we shall assume that
B is separable and that F'(¢, ¢) is almost periodic in ¢ uniformly for ¢ e B.
Then, it is known that for any sequence {t.}, there exists a subsequence
{t.} of {t.} and a continuous function G(¢, ¢) such that F(¢t + ¢,, ¢) — G(¢, ¢)
as n — oo uniformly pon R xS, where S is any compact set in B. We shall
note that G(t, ¢) also is almost periodic in ¢ uniformly for ¢ € B (cf. [7]).

COROLLARY 5. Suppose that System (1) is regular and has the null
solution which s weakly uniformly asymptotically stable. Then the null
solution of (1) is uniformly asymptotically stable.

ProOF. We shall show that the null solution of (1) is attracting in
H*(F). Then the conclusion follows from Proposition 1 and Theorem,
immediately.

By Proposition 1, for any (G, R x B)e H'(F') and s = 0, z,(s, 9°, G)
exists in the future and |z,(s, ¢°, G)|z < 6,/2 for all t=s, if |¢°|z <
0(8,/4)/2, where d(-) and §, are the ones given for weak uniform as-
ymptotic stability of the null solution of (1). Uniform stability of the
null solution of (2) implies that |x,(s, ¢°, G)|; — 0 as t — «, as required,
or there exists a constant 7 > 0 such that » < |x,(s, ¢°, G)|5 < 6,/2 for
all t = s.

Suppose that » < |x,(s, ¢°, G)|5 < 6,/2 for all t = s. Then, there exists
a sequence {p,}, p,— < as m — oo, such that G(t + p,, ) — F(t, ¢) as
n — oo uniformly on R X {z,|¢t = s}~ and (¢ + p,, s, ¢°, G) — y(t) uniformly
on any compact subset of R as n — . Clearly, y(¢t) is the solution of
(1) through |y,|z < 6, and |y,|, = /2 for all ¢t = 0. However, |y|s<
0, implies |y,| — 0 as t — o, which is a contradiction. Hence the null
solution of (1) is attracting in H*(F).
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REMARK 6. It is known that for ordinary differential equations
Corollary 5 holds good without the regularity assumption. (Cf. [1], [9],
[12]). The author feels that the condition “System (1) is regular” in
Corollary 5 can be dropped, but is unable to prove so.
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