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Introduction. Let X be a nonsingular, complete curve of genus
g ^> 3 over C, the field of complex numbers and let J be the Jacobian of
X, the space of isomorphism classes of line bundles of degree 0 on X.
It is a complex torus of dimension g. If we denote by φ the Abel-Jacobi
mapping of Xd, the d-fold symmetric product of the curve, into J, AbeΓs
theorem assures us that φ~\φ(D)) is nothing but the protective linear
system P(H°(LD)), associated to the line bundle LD given by the effective
divisor DeXd on X. When d lies between 0 and (g — 1), φ(Xd) is a
proper subvariety of J. This subvariety φ(Xd) admits a natural filtration
by subvarieties

φ(Xd) = WI 2 Wϊ 2 Wl

defined in terms of the dimension of the fibre of φ. For example,
Wd = {φ(D) I dimension of φ~\φ(D)) ^ r}. It is a classical problem to study
the structure of these special linear systems.

Formally, one may define an effective divisor D on X to be special if
H\X, LD) Φ 0.

In 1874, A. Brill and M. Noether published their investigations on
special linear systems and conjectured that on a very general curve X,
the dimension of Wd is given by p{r, d) = g — (r + 1)(<7 — d + r). In
1980, Griffiths and Harris [G-H] settled this conjecture affirmatively.

Picking up the thread from here, we extend the notion of special
divisors to stable vector bundles on X. Indeed, a vector bundle V on X
is said to be stable, if for every subbundle W Q V with W Φ 0, μ{W) =
(degree W)/(rank W) < μ(V). Such a bundle with nonnegative degree is
said to be special if H\X, V) Φ 0. Replacing J", the isomorphism classes
of line bundles of degree zero, by Un>d, the variety consisting of isomor-
phism classes of stable bundles of rank n and degree d we may define

w;=ϋ;, u:
where Wd is the Zariski closure of Ud in Mntd, the "natural compacti-
fication" of Un>d. (See Section 1.12.2, Chapter I).

In this article, we undertake investigations of
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( i ) When is Wl non-empty?
(ii) What is the dimension of Wl for a general curve?
(iii) Determine the cohomology class of Wd.
(iv) Describe the singular set (Wd)8 of Wl.
We prove:

THEOREM 1.3.2. For 0 ^ d ^ n(g - 1), a generic Ve Untd has no
section.

Following an argument of Kempf we observe:

THEOREM 1.4.1. For 0 < d ^ n(g - 1), if Wr

d is non-empty then the
dimension of Wd is at least p(ry d, ri), where

p(r, d, n) = n\g - 1) + 1 - (r + l)(r + 1 — d — n + ng) .

We define Wl on a singular curve, in particular on curves whose
only singularities are ordinary double points, and prove:

THEOREM II.3.1. For 0 < d ^ n(g — 1), the dimension of Wd is given
by

p(0, d, n) = n\g - 1) + 1 - (ng - n - d + 1)

and it has a unique irreducible component of maximal dimension.

COROLLARY II.3.2. Let Wd(p) denote the unique irreducible component
of dimension p(0, d, n). Then a generic Fe Wd(p) is locally free, F con-
tains a trivial line sub-bundle and hQ(F) = 1.

THEOREM Π.4.2. For d an odd integer, with 2 <; d <: 2g — 2, there
exists Uitd, a Zariski open set in U2yd such that WdΓ\ Uitd is non-empty
and the dimension of this subvariety in Uitd is p(l9 d, 2) = (2d — 3).

Next, we tie up Wl on smooth curves with Wl on integral curves.

THEOREM IΠ.2.1. Let Rn>d £ R8

n>d be a Zariski open set satisfying
( i) Rn>d(t) = ia f d(ί) it t Φ s0 in S.
(ii) Rn>d(s0) Π Wl(S) is nonempty and

dim[Λnfd(80) Π Wl(S)] = ρ(r, d, n) + dim G8Q - 1 ,

where

Wl(S) = {qeR°n,d\h\Xσ(q), VnM) ^tr + 1)} .

Then dim[ Wl(S)] ^ (p(r, d, n) + dim S + dim G8 — 1). In fact every com-
ponent is of dimension at least (p(r, d, n) + dim S + dim G8 — 1). (See
page 203 for definitions of R*n>d, Vn>d).

Combining the above with the theorems on singular curves, we
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obtain:

THEOREM III.2.4. For 0 < d ^ n{g - 1), W°d(X) is nonempty and
dim Wd{X) = p(0, d, n) on any smooth curve X of genus g.

THEOREM IΠ.2.5. For 2 <; d <; 2(g - 1), d an odd integer, W\ S M2td

is nonempty and dim Wd ^ p(l, d, 2) = (2d — 3) on any smooth curve of
genus g.

In Chapter IV, an alternative proof of the existence of special bundles
with a section is given and some properties of Wd are discussed. Here
again we suppose that X is smooth.

THEOREM IV.1.1. For μ — (d/n) eN = {1,2, •••,(# — 1)}, there exists

VeMnjd such that V is stable and h\V) Φ 0.

COROLLARY IV.1.3. For d = n(g - 1), if g ^ (r + 1)?, r ^ 1, then
there exists VeMn>d such that V is stable and h\V) S£ (r + 1); dimWd S
n\g - l) + 1 - ( r + I)2.

THEOREM IV.2.1. For 0 <d <^n(g - 1), the variety W°d C Mntd is
irreducible and Wd\ Wd(l) is of codimension at least {n — 1) in Wd where

W&l) = {Ve W°d\έ? Q V, V/έ? is stable of degree d and rank (n - 1)} .

PROPOSITION IV.2.2. For g <>d <>2g - 2, dan odd integer, W\ C M2td

is irreducible on a general smooth curve of genus g ^ 3 and dim Wd =
(2d — 3); a generic Ve Wd contains έ?\ a trivial sheaf of rank 2.

PROPOSITION IV.3.1. For 0 < d ^ n(g — 1), the constructible set

WK1, D = {Ve WKDI h\ V) = l],

where Wd(l) is as in Theorem IV.2.1, is Zariski dense in Wd £ Mnjd.
Therefore, a generic V in Wd has exactly one section and it generates a
trivial line subbundle of V. Moreover, for d < (n — ΐ)(g — 1), the
singular set {Wd}8 of the reduced model of Wd is of codimension at least
two.

Chapter V contains a discussion of open problems.
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CHAPTER I. Bounded Families of Locally Free Sheaves. We recall
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a few facts about vector bundles over smooth, complete curves of genus
g and then define the notation of special bundle. We then construct a
Noetherian if-scheme of finite type parametrising vector bundles of
specific types to show that a generic stable vector bundle of degree d
and rank n with 0 ^ d ^ n(g — 1) has no section. We then realise the
varieties of special bundles with prescribed numbers of sections as
preimages of Schubert varieties in suitable Grassmann bundles.

1. Notation and Preliminaries. 1.1. Most of the schemes considered
here are Noetherian and of finite type. Accordingly, these phrases may
often be omitted. We hope the context will make these points clear.
All our schemes, with a few exceptions, are defined over C, the field of
complex numbers. We hope the interchangable use of symbols C and K
will not cause the reader any confusion.

1.2. Let f:X —>S be a morphism of schemes. For every S-scheme
Γ, we denote by Xτ, the base change X xs T; the symbols px and pτ

stand for the natural projections of XxsT—>X and X xs Γ—> T, res-
pectively. If F is a sheaf of ^-modules on X, Fτ denotes F®#sέ?τ.
We call elements of Hom^Γ, X) T-valued points of X. Closed points of
a scheme are referred to as just points.

1.3. For seS, X8 denotes the fibre over K(s), the residue field of
the local ring at s; F8 denotes the restriction of a sheaf F to the fibre X8.

1.4. By a sheaf, we mean a coherent sheaf. Let X be a projective
scheme and έ?x(l) a fixed ample invertible sheaf on X. Then F(m)
denotes F®^χ έ?x(Vfm. For a sheaf F, X(F) and h\X, F) = h\F) denote
the Euler-Poincare characteristic and dimension of H\X> F), respectively.

1.5. When a ίΓ-scheme T parametrises a family of bundles on X,
we often denote the bundle represented by teT on X by the same
letter.

1.6. iΓ-Sch and Ens denote the category of Noetherian iΓ-schemes
and the category of sets, respectively.

1.7. For any scheme X, the stalk at xeX of the structure-sheaf
έ?x may be denoted by έ?x>x or £?,.

1.8. Let X denote a projective, integral curve. A torsion-free sheaf
F of ^-modules is said to be stable (semistable) if for every subsheaf
G of F with G ^ O , μ{G) < μ(F) (μ(G) ^ μ{F)), where for example, the
symbol μ(F) stands for (degree of F)/(rank of F), the degree of F being
X(F) — n(l — g) and n9 the rank of F, being the dimension of the
generic fibre of F as a vector space over C.

1.9. Let X be smooth. If V is a semistable bundle of rank n and
degree d over X, then it admits a filtration by sub-bundles
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0 = 7 ^ c 7 , . . (zVιczV0= V

such that for 0 ^ i ^ p, VJVi+ι is stable and μ(VJVi+1) = μ{V). We
refer to (&Lo(EJEί+1) as the associated graded sheaf and denote it by
Gr(F). It is independent of the choice of the filtration satisfying the
above conditions.

1.10. Let X be smooth. If 7 is a non-semistable bundle over X,
then it has a unique filtration by subbundles

{0}- VoCVί... c 7 M c 7 , = V

such that for 1 <̂  i <; s — 1, VJVt^ is a maximal semistable subbundle
of V/VV-i This unique filtration is called the Harder-Narasimhan filtra-
tion. It satisfies

tf VJ > μ(VJVd > > MV./7..J .

Let w< and d* be the rank and degree of Vt respectively. We refer to
the data {(ni9 di)}8

i=1 as HN type.
1.11. Let X be as in 1.10. For V, a semistable vector bundle,

H\X, V) = 0 if the degree of V= d > n(2g - 2), where n is the rank
of V. This follows from Serre Duality Theorem.

1.12. Let X be as in 1.10. Denote by Z, a set of isomorphism
classes of vector bundles on X.

DEFINITION 1.12.1. We say that a family of elements of Z is para-
metrised by a Noetherian if-scheme Y, if there exists a vector bundle V
on YxκXsuch that the isomorphism classes of {Vy} are in Z, where {y}
is a closed point of Y and Vy = V\{y}xκX, the restriction of V to
{y} xκX. We do not insist that different points of Y correspond to non-
isomorphic bundles Vy.

Two families Vt and V2 of elements of Z are said to be equivalent
if there exists a line bundle L on Y such that V1 = V2 (g) p?(L).

1.12.2. Moduli of stable bundles. Let S(w, c£) and S'(n, d) be, respec-
tively, the isomorphism classes of semistable and stable bundles on X of
rank r ^ 2 and degree d.

MAIN THEOREM. Let (n, d) be a pair of integers with n^2. Then
there exists a coarse moduli space for S'(n, d) whose underlying K-scheme
is smooth and quasi protective, denoted by Z7π>d.

This variety possesses a natural compactification, denoted by Mn>d.
The set of if-valued points of Mntd is isomorphic to the quotient of S(nf d)
under the equivalence relation: for every pair (E, F) of semistables on
X of rank r and degree d, E and F are equivalent if and only if Gr(E) =
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(cf. Section 1.9). Mn>d is a normal protective variety of dimen-
sion n\g — 1) + 1.

The compactification Mn>d possesses the following "universal property":
for every family E of semistable vector bundles over X of rank r and
degree d parametrised by a Noetherian IΓ-scheme T, there exists a unique
morphism

such that for t in T{K), the point f(t) of Mntd is Gτ(Et).
We refer the reader to [Se 1] for proofs of the above.

2. Bounded families of locally free sheaves. X is assumed to be
smooth throughout the rest of this chapter.

PROPOSITION 2.1. Let Uγ and U2 be reduced K-schemes parametrising
families of semistable bundles V1 and V2, respectively. Then there exists
a reduced K-scheme Z parametrising P(Qx.t\u21 u^)), the projectivisation
of Ext 1 ^, Ui) with (ulf u2) 6 Uι x κ U2.

PROOF. Let p1 and p2 be the natural projections of U1xU2xX to
Uι and U2, respectively; Vx and F2* the pullbacks of Vλ and F2*, the dual
of F2, on U.x U2xX. Set V= F xg) F2*. The bundle V satisfies

over X.
Since all schemes under consideration are Noetherian and of finite

type, and p the natural projection of U1 x U2 x X to Ux x U2 is proper,
we conclude that Rιp*(V) is a coherent sheaf on t^x U2. By the semi-
continuity theorem, there exists a finite stratification into locally closed
sets {Ua} such that dimk(y)H\Xf Vy) is constant on every Ua. Since
Utxκ U2 is reduced, we may suppose that Ua is reduced for every α, by
taking the reduced subscheme. We note that Ua is Noetherian. Each
Ua may be expressed as a finite union of connected components. By
abuse of notation we denote them by the same symbol Ua. Let πa: Va-+
UaxX denote the restriction of V to UaxX.

Since p is flat, Rιp*(Va) = R'p^V^U^ the restriction of Rιp*V to
Ua, is locally free; let Za be the total space of the corresponding projec-
tive bundle. If we suppose, as we may, that Ua is affine, then there
exists an extension of bundles on ZaxX with the required property (see,
for example, [Se 1, p. 200]). Now we may take Z to be the disjoint
union of the Za. q.e.d.

Let Un>d be the moduli space of stable bundles of rankn and degree
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d on X. It is well-known that there exists a finite Zariski open cover
{Uitd} of Unjd such that for every i, there exists an algebraic variety Vitd

with Vi->V*,dxX a vector bundle and an etale morphism Φt: Vntd->Un,d

which is surjective and satisfies the following condition: Φ^v) e Uiid £ Unyd

is represented by the bundle Vt\{v}xX for all ve F*>d. Let Zntd be the
disjoint union of {Fί)d}. Then Zn>d parametrises stable bundles of degree
d and rankn on X.

It follows from 1.9 that every semistable bundle F o n I determines
a (up to order) unique data {(nit eθ}i=i such that ΣίU nt = n, nt> 0,
djut = d/n for all i, d and n being the degree and rank of F.

Given {(nt, eOW-i such that ΣίU w* = n> ni> °> ^/fi* = ^M for all i,
let Z = Πf-i^.d,. For (Fx, •-., Vk)eZ, let ί?(V1# . . . , V4) be the space
of A-fold extensions, i.e.,

E(V19 •-., Vk) = { ί 7 | ί ? = I T , , F , = Wlf WteP(Ext\Vt, W ^ ) ) , 2 ^ ί ^ k ) .

A repeated application of Proposition 2.1 shows that there exists a
reduced scheme Z which is noetherian and of finite type parametrising
E(Vlf •••, Vk) with (V19 •••, Vk)eZ. We note that every element of
E(Vlf •••, Vk) is semistable.

LEMMA 2.2. Lei V 6e α semistable of degree d ^ 0 αtid rαnfc tt.
λ°( F) = dim H°( V) ^ d + n.

PROOF. Let TQV be the subbundle generated by H\V). If
°(V) Φ 0, then Γ admits a filtration Fx C V2 Q S Fft = Γ such that

ί~i is a line bundle of nonnegative degree. However, for a line bundle
L of deg L = d(L) ^ 0, h\L) ^ d(L) + 1 and hence

h\T) g Σ hXVJV^) ^degT + k^άegV+n. q.e.d.
i

LEMMA 2.3. Let W and V be semistable vector bundles on X such
that μ{W) ^μ(V). Then T7* (x) F is semistable and dimHomCTF, F) ^
deg(T7* <g) F) + rank(ΐf* (g)F), ^Λere T7* is tλβ cίuαί of W.

PROOF. We note that W* ® ΐf and F* (g) F are semistable. If Fx

and F2 are semistable such that deg( FJ = deg( F2) = 0, then Fx ® F2 is
semistable. Hence TF* (x) TΓ (g) F* (g) F is semistable. Let TQW*®V
be a subbundle. Then T (g) TF 0 F* £ TF* (g) T7 (g) F* (g) F. Hence
M? 7® TΓ(g) F*) = /ι(Γ) + μ(W) - /ι(^) ^ 0. That is ^(Γ) £ μ(V)-
μ(W) = μ(W*®V). By Lemma 2.2, the second assertion follows, q.e.d.

By Lemma 2.3,

dimE(Vl9 , Vk) £Σihι(Vf ® Vt) - (fc - 1) SΣn^g - (fe - l ) .



182 N. SUNDARAM

Hence

dim Z ^ dim Z + Σ w ŷflr - (fc - 1) ^ Σ nftβr - 1) + Σ *>&$ + 1 .
i<j ί=l ί<ί

However

Σ^Kff - 1) + ΊLn^g + 1 ^ w2(£ - 1) + 1 - (n - 1) = dimZn.d - (n - 1) .
ί=l i<j

But Z n ι d is etale over UUfd. Therefore dim Zntd = dim Untd. This shows
that

dim Z ^ dim Un,d - (n - 1) .
By taking all possible {< î, c?ί>}i=1 such that Σ*=i ^ί = >̂ ^i > 0,

di/% = (Z/w for all i and constructing Z as above and taking the disjoint
union of Zn>d and all the Z mentioned above, we observe that, this union
being finite, there exists a reduced Noetherian if-scheme of finite type
MUid parametrising all semistable bundles of rank n and degree d. We
note that

dim Mntd = dim Un,d = dim Zntd

and

dim(Mn,d\Znfd) ^ dim Un,d - (n - 1) .

From now on Mn>d refers to the above variety.
We shall now parametrise non-semistable bundles of rank n and degree

d of fixed HN type

{(nif dni)}k

i=1 , 0 < nγ < n2 < < nk = n , 0 < dni < dn2 < < dnk = d

with

μ, > μ2 > > μk > 0 , μt = {dn. - d^J/in, - n^) , dno = n0 = 0 .

Set Y= Πϊ Mni_ni_lf dni-dni_χ. For (Vί9 , Vk) e Yy let JE?( Vlf , Vk)
be the space of /c-fold extensions

E(Vlf •••, V4) = { ^ | ^ = W,, F , = W19 WteP($}Lt\Vt, W<_,)), 2 ^ i ^ k} .

As in the earlier case by repeated application of Proposition 2.1, we get
Λf»lf...fnjfc, a reduced Noetherian if-scheme of finite type parametrising
^(Vi/ , V4) with (Vlf . . . , Vk)eY.

By the same argument as above, we get

dim Mnv...tnk ^ dim Un,d - (n - 1) .

3. Special Vector Bundles.

DEFINITION 3.1. A stable vector bundle V of rankw and degree
d ^ 0 is said to be special if H\X, V) has a nonzero element.
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This definition is in analogy with the definition of special divisor on
a curve. We define

Wl = US , Όl = {Ve Un>d\h°(V) ^ r + 1} ,

where WS is the Zariski closure of C7J in Mntd9 the natural compactifica-
tion of Untd (see 1.12.2 for notation).

THEOREM 3.2. For 0 ^ d ^ n(g — 1), a generic Ve UUfd has no section.

PROOF. We shall construct a Noetherian if-scheme Z, a dominant
morphism Φ:Z-+Wd and show that the dimension of Z is strictly less
than the dimension of Mn>d. We may suppose that d > 0.

For Ve Un>d, with h\V) Φ 0, let L Q V be a sub-bundle generated
by a section. Then deg(L) = d(L) < d/n, and

For F S F/L, a subsheaf of rank r(F), let ^"'(F) be the pull-up. Then

0-> L-* η-\F)-+F-+0

and άeg(ψ\F)) < (r(F) + l)(d/n). Hence

deg(F) = άeg(η-\F)) - d(L) < (r(F) + l)(d/n) - d{L) ^ d .

If V/L is non-semistable, then by the above observation the HN type of
it is {(ni9 O J t i , 0 < dni < < dn]c = ώ - d(L) and 0 < ^ < < nk =
n — 1, which is parametrised by the scheme Mnif...tnk. Since 0 ^ d(L) <
(d/n) and 0 ^ d ^ w(flr — 1), only finitely many HN types need be
considered.

Set Yd> = Xd>xMn-.ltd-d>, 0£d'<(dln), where Xd. is the ef-fold
symmetric product of the curve X. If d' = 0, then Xd, = {^}, the trivial
line bundle. Let Wd> £ Ϋd> parametrise stable bundles where ΫΛ. para-
metrises E(L, V) = P(Ext\V, D) with (L, V) e Yd.. ForFe 1?,,, let V denote
the corresponding stable bundle. Then for some (L, V) 6 F^, we have

By the vanishing theorem for semi-stable bundles (see 1.11, Chapter I)

dimExt^F, L) = deg(Z(g) L* ® F) + (n - 1)(1 - ff) ,

where K is the canonical line bundle on X.
Hence

dim Wd> ύ dim Γd, + (n - 1)(1 - g) + 2(n - l)(g - 1)

+ d - d' - (n - l)d' - 1

which in turn is less than or equal to
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(n - l)\g - 1) + (n - 1)0/ - 1) + d

- (n - l)d' < ?ι2(0 - 1) + 1 = dim tfn>d = dim MnΛ .

Set Γd,,ni,...,nfc = XA, x Mnit...jnjfc. Let Wd>>nv...,nk C Ϋ^,.-.,^ parametrize
stable bundles, where Γd',nif...fnib parametrises J£(L, F) = P(Ext*( V, L)) with
(L, F) e yi'^i,—fn* By the same argument as before, we obtain

+ d - (n - l)d' < dim Mn>d.

Denote by Z the disjoint union \Jd>[ffd>\jffd',nlt ~.nk] Evidently it is a
finite union. By the universal property (cf. 1.12.2 or [Se 1]) of the
moduli space, there exists a morphism Φ: Z —> Mn>d and by the construc-
tion of Z, Φ dominates Wd. q.e.d.

REMARK 3.3. Let Z' = U d<>0[fi^ΊJ WVfl>li...,»J and Φ': Z' -> Mntd the
restriction of the morphism Φ to Z'. Then

dimZ' ^ (n - l)\g - l) + ( n - l)(flr - 1) + d - (Λ - 1)

and

Image Φ' 2 {Ve Untd\V has a nonzero section of positive degree} .

Denote by Z" the union {Veffo\(V/έ?) is nonstable}U{ΫΓ0i*li»., »} and
Φ": Z" -> Jkfπ,d the restriction of Φ to Z". Then

dim Z" ^ (n - l)\g - 1) + (n - l)(flr - 1) + d - (n - 1)

for d i m ( J ί ? n , A ^ ) ^ d i m ( £ 7 m , i ) - - ( n - l ) and dim iίίni,...,n& ^ dim I 7 n > d -
(^ — 1), where ^n > d is the parametrisation of all stables bundles of rankw
and degree d (cf. Section 2, Chapter I). Moreover

Image Φ" 2 {V e Un>d 10 -> & -+ V -* ( F / ^ ) -> 0, ( F / ^ ) is non-stable} .

REMARK 3.4. We have dim W°d ̂  (n - l)\g - 1) + (n - l)(ff - 1) + d.

4. An argument of Kempf. We follow an argument of Kempf (cf.
[K-L]) to prove:

THEOREM 4.1. For 0 < d ^ n(g — 1), if Wτ

d is non-empty, then the
dimension of Wd is at least p(r, df n)9 where

p(r, d, n) = dim Un>d - h\ V). h\ V)

with F e Ud satisfying h°(V) = r + 1. Hence

ρ(r, d, n) = n\g - 1) + 1 - (r + l)(r + 1 - d - τι + ng) .

For rank 1, we see that p(r, d, n) reduces to the classical Brill-Noether
number g — (r + ΐ)(g — d + r) .
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PROOF. Let d — en + dlf where c = [d/ri]. Let Vdι->XxZnιdι para-
metrise the stable bundles of rank n and degree dλ as in Section 2 (so that
dim Zntdl = dim Untdl). Denote by p: Xx Zn$dί -+ Zntdι and q: Xx Zntdl -> X
the natural projections, so that p is proper and flat. Let plf •••, p2g be
fixed points of X; we also write P for p2g. For A = Pi + + P« a n ( i
A = A + Pf w e have a bundle morphism (—P) —> (A)> where (—P) and
(A) a r e the line bundles corresponding to the divisors — P and A Thus
we obtain on XxZUtdι a short exact sequence

0 -> 9*(-P) - g*(A) - ϊ * ^ - 0 .

Tensoring by Vdι and writing for convenience

V{-P):=Vdl®q*{-P), F ( A ) : = ^

we obtain another short exact sequence

We now consider the direct image of this exact sequence under p.
Since the support of VD% is the disjoint union of c + 1 copies of Zntdί, we
see that p* VΏ% is the direct sum of c + 1 bundles of rank n, while
IPp* VD2 = 0. Moreover, V(—P)luxX is a stable bundle of degree dx — n < 0;
so ?>*(F(-P)) = 0 and Q = R'p^i V{-P)) is vector bundle of rank n(g - 1) -
(di — n) = ng — dx. Thus we obtain an exact sequence

" 0 -> p^ F(A)) ->P ^ i Q - > ffp^ F(A)) -> 0 .

We now apply this to the case A = A = Pi + + P2*-i> A = A' + P.
The bundle y(JDί)ι xx is stable of degree ^ ^(2^ - 1); so Rιp*{V{D[)) = 0,
and the exact sequence becomes

Since p* F ^ is a bundle of rank 2ng and Q is a bundle of rank ng — d19

this sequence defines a section α of the Grassmann bundle B =*

πί,+dl(p* VD>) on Zn,dl.
The natural morphism (A) -* (A) induces a diagram

0 — > P*( F(A)) — > P Vx* - ^ Q — > i2xP*( V(A» — > 0

0 >PΛV(D[)) >p*VD> >Q

Note that p*VDί is a subbundle of p*VD^, so we can define a subvariety
σr+1 of -B by the condition
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σr+1 f]Bu = {Λe Bu; 2

Moreover, the codimension of σr+1 in B is

(r + ΐ)(ng — cZx — en — n + r + 1) = (r + l)(r + 1 — eZ — n + ng) ,

since this is the codimension of σ r+1nBM in Bu (this uses the assumption
that d = en + di ^ w(# — 1) in the form n(c + 1) ίί ng — dλ).

Now, for any ueZntdί, a{u) = ker(εj; so

Thus /t°(F(A))uxx) ^ r + 1 if and only if a(u)eσr+1. In other words,
if φ: Znydι —> Unfdl is the natural morphism, we have

φ-\WS) = φ~\W:n+dι) = a-\σr+ι) .

The result follows, since Un>d is irreducible and φ is etale. q.e.d.

REMARK 4.2. If Wd is non-empty, then every component of it has
dimension at least p(rf d, n).

REMARK 4.3. The same argument shows that, in any family of stable
bundles parametrized by an irreducible variety (or by a connected complex
manifold), the sub variety of the parameter space defined by the condition
h\V) ^ r + 1, if non-empty, has codimension atmost p(r, d, n).

CHAPTER II. Stable Sheaves on Nodal Curves. We describe stable
torsion free sheaves on a Castelnuovo curve in terms of descent data on
the normalisation of it, which is P\ and carry over the definition of Wr

d

on smooth curves defined in the previous chapter, to stable sheaves on
nodal curves and compute their dimensions in some special cases.

1. Some Facts. X is a protective integral curve of genus g. Let
S Q X be the locus of singular points of X.

1.1. We quote [N, Chapter 5, Section 7]. There exists a quasi pro-
jective iΓ-scheme Untd which is a coarse moduli space for stable torsion
free sheaves over X of rank n and degree d. Moreover,

(i) Untd has a natural compactification to a protective ίΓ-scheme Mnfd,
(ii) the points of Mn>d are in a natural bijective correspondence with

the classes of semistable torsion free sheaves over X under the relation ~
given by

F~F'

if and only if

Gr F = Gr F*
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(Gr F is defined analogously to Gr V for a torsion free sheaf V on smooth
curves).

DEFINITION 1.2. A singular point xeS is said to be an ordinary
double point if the completion of the local ring £?9 is isomorphic to
κ[[y,t]]Ky.t).

Let 3£ be the normal model of X in the function field of X and π:
X —> X, the normalisation morphism.

1.3. Let έ?x be the normalisation of <?„, for xeS. Denote by δx the

dimension of (#J<Pa) over (^/m x ) , the residue field of £?x. Then we have

dim H\X, <?z) = dim H\X, <?ϊ) + δ

where δ = Σ*e 5 δa [D'S, Chapter I, 2.5].
1.4. For xeS, if x is an ordinary double point, then δβ = 1 and

τr"~1(ίc) consists of two distinct points in X.

DEFINITION 1.5. A Castelnuovo curve X is a singular curve of genus
g with g ordinary double points.

BLANKET ASSUMPTION. Throughout this chapter, X will denote a
Castelnuovo curve, π\ P1 —• X, the normalisation morphism and {pi9 q^Uu
g distinct pairs of points on P1 corresponding to the g nodes of X, π(pt) =
π(fft) for all ί. In this case, the moduli scheme Mnyd is an irreducible
variety of dimension n\g — 1) + 1 (see [R]).

1.6. Let F be a torsion free, stable sheaf of rank n and degree d
on X. Then for d > n(2g - 2 + 2n) the following hold:

(A) F is generated by its sections.
(B) H\X, F) = 0.

[N, Chapter 5, Section 7].

2. Description of Stable Sheaves on a Castelnuovo Curve. Let V
be a vector bundle of rank n on P1 and V̂  the fibre of V over peP1.
Let JVPi C Vp<, NQi £ F g . be vector subspaces with dim iV3,ί = dim Nq. for
all i and At: (VPJNP.) —> (VqJNq.) be vector space isomorphisms for all i.
Define F, an ^ module as Ϋ(U) = {seπ*V\U\At(8(Pi) + NPi) = 8(qt) +
Nq. for all i such that π(pt) 6 17}. Then V is an ^-module with stalk
at 7r(Pi), the i-th node, isomorphic to (wp<) m © ( n — Wp,.)-^ where wp< =
dim Np. — dim iV9ί = nq., (nPi) m and (n — pl)έ?x are the ^.-fold direct
sum of m and the (n — pj-fold direct sum of <?Z9 respectively, m being
the maximal ideal at π{pt). We note that if Np. = Nq. = (0) for all i,
then V is locally free. We shall refer to {NPi, Nq., AJ?=1 as descent data
for V. The data {NPi, Nq.y At)Uι and {Np.y N'9i, A[}Uι give rise to isomorphic
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sheaves if and only if there exists σ e Aut( V) such that σ(NPi) =
σ(Nu) = iV; and

is commutative for all i. Thus P(Aut V), the projectivised group of auto-
morphisms of V act on the descent data in a natural way.

LEMMA 2.1. Let R be the completion of the local ring at a node of
X. Then R = K[[x, y]]/(xy) where K[[x, y]] is the ring of formal power
series in two variables x and y. Denote by m the maximal ideal. Then
To^CR/m, R) = K, where R = K[[t]], the ring of formal power series in
t and h: R-> R is the ring homomorphism such that h(x) = 0, h(y) = t
making R an R-module.

PROOF. We have the following exact resolution of R/m over R:

(**) >R2^R2^R2^>R->R/m->0,

where Ax{lf 0) = xf Ajffl, 1) = y with respect to the standard basis in R2.
Tensoring (**) by R, we get

Therefore, Tor^R/m, R) = Ker(Λ (g) Id)/Im(A2 (g) Id). Identifying the
modules R<S)RR with R and R2 ®B R with R2, we see that K e r ^ (g) Id) ̂  R
and Im(A2 (g) Id) = (t), where (ί) is the ideal generated by t in R. Hence

R) = K. q.e.d.

LEMMA 2.2. Let V be a vector bundle of rank n and degree d on
P1 and V a torsion free sheaf on X obtained from V with the descent
data {NPi, Ng.9 A^Ui as per the description above. Then deg V = d +

ΣiUi nPi> nPi = dim NPi.

PROOF. It can be easily seen that if V is locally free, i.e., when
NPi = NH = 0 and At: VPi -> VQί are isomorphisms for all i, then deg V =
deg V. Suppose V is not locally free. We may define Bt: VPi -> Vu,
vector space isomorphisms, such that Bt induces At on (Vp./NPi) —> (VqJN9i)
for all i. Let Vx denote the locally free sheaf obtained with the descent
data {Bi}Uι- Clearly Vx<z.V and VjVι is a torsion module of έ?z supported
at the g nodes of total length Σ* w^. Hence the degree of V is degFi +
Σ i nPi which is the same as d + Σ* %*• q.e.d.
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LEMMA 2.3. Let F be a torsion free sheaf of rank n and degree d
over Xand (F)κlPi) = np. m@(n — np.)έ?x. Then there exists V, a locally
free sheaf on X of rank n and degree (d + Σ?=i nPt) such that F Q V is
an embedding.

PROOF. We may suppose that F descends from W, a rank n bundle
on P1 with the descent data {NPi, Nq., A^Ui- We can construct a bundle
Fon P 1 and Φ: W —• V a bundle morphism with the following properties:
(let Φp: Wp—> Vp denote the induced maps of Φ at the fibres over peP1)
ΦP\ Wp -> Vp is an isomorphism for all p, p $ {pif qt}!=1, Ker Φp. = NPi,
Ker ΦH = Ng. for all i. Let At: Vp. —> Vq. be vector space isomorphisms
such that there is a commutative diagram

V -^->V
V Pi V Qi

Ull Ull
ΦPi(WPί) >Φqi(WQi)

for all i. Let V be the locally free sheaf on X with the descent data
(At)Ui. Clearly F <=+ V and by Lemma 2.2, d = deg W + Σ?=i nn and
deg V = deg V = deg W + 2 Σ?=i nPi. q.e.d.

LEMMA 2.4. Lei F be a torsion free sheaf of rank n and degree d as
in Lemma 2.3. Let TQF<g)#xέ?pi be the torsion part of the έ?Pi-module
F%*X&PL Then deg(F®^ χ έ?Pi/T) = d - Σ,Unp. and the length of T
is 2 Σ ί = i V

PROOF. By Lemma 2.3 we can embed F in V, a locally free sheaf
of rank n and degree d + Σ?=i nPi on X. We have

The sheaf V/F is supported at the nodes τr(p<) and locally isomorphic to
the wPi-fold direct sum of (9x\m at π(p%) for all i. Therefore tensoring
the sequence by Λi, we get

0 -> Tor^F/F, έ?pi) -+F®έ?Pι-*V®&Pι-+ VIF®έ?Pι -> 0

and appealing to Lemma 2.1 we see that the length of T — Tor^ V/F, έ?Pι)
is Σ?=i 2nPΐ supported at {pt, <?J?=1 and the length of V/F (g)^χ ^ P i is
Σί=i 2nPi. Since deg F = deg( V ®<?x Λi) = d + Σ?=i wPi, we have

d - Σ?=i nPi. q.e.d.

PROPOSITION 2.5. For 0 ^k <n, let

Un,k(G) = {F e Mn,fc IF is sίαδie, Zocα% /ree α^d π* F = F = Vλ φ F2 on
where Vλ and F2 are fc-/oid and (w — k)-fold direct sums of έ?(l) and
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the structure sheaf of P\ respectively. Then Un>k(G) is a non-empty
Zariski open set in Mn}k. (See Section 1 for notation).

PROOF. Given a vector bundle W of rank r, r < n, and degree d
on P1 with d/r ^ k/n and admitting an embedding in V as a sub-bundle,
we define

E(W, V) = {σeKom(W, V)\σ embeds W as a sub-bundle in V)

G(l, Vp) = Grassmannian of I planes in the fibre Vp of V over peP1

Iso(Vp<, Vffi) = Set of vector space isomorphisms of Vp. on Vq. .

Since dim H\W* ®V) = dk + (n + k)(r - d) and dim E(W, V) =
dim H\W* (x) V), we have dim E(W, V) = dk + (n + k)(r - d). For

( * ) 0 < k ^ r , 0 < Z2 ̂  r , [d - (r - Zx) - (r - Z2)]/r ^ jfc/w

let Zti(r, d, llf l2) be

{(Ax, A29 Λ19 A2, As, Λ,) e Ii5 x GiS \ A^Λ,) = yl2, Λ ( Λ ) = A, and for some

σ etf(TF, F), σ(TΓp<) 2 Alf σ(Wq%) 2 Λ σ(WPi) 2 A3, σ(Wqj) 2 Λ} ,

where Iiό = Iso(VPi, Vq.) xIso(ypi, Vqj) and G^ denotes the variety
G(lv V9i)xG(l19 F J x G f t , 7p.)xG(ί2, Vqj). Let W<y(r, d, Zlf l2) S /,, be the
image of ZiS(r, d, llf l2) under the natural projection. Then the dimension
of ZiS(r, d, l19 l2) is at most

[{n2 - Un - h)} + {n2 - I2(n - l2)} + 2lλ(r - h) + 2l2(r - l2)] + dim E(W, V)

and dimension of Wtj(rf d, l19 l2) is at most

[{n2 - Un - Q} + {n2 - I2(n - l2)} + lx{r - lλ) + I2(r - l2)]

+ [dim E(W, V) - dim Aut W],

where Aut W is the group of bundle automorphisms of W and its dimen-
sion is at least r2. Therefore the above expression is strictly less than
2n2 which is the dimension of Iti. Hence

dim Wtj(r9 d, llf l2) < dim Iiά = 2n2 .

This shows that

dim WiS < 2n2

w h e r e

Wij = Zar i sk i c losure of [ U Wtj(r9 d, l19 I2)\l19 l2 sa t i s fy (*)]
lVl2

in IΦ

Define NS(i, j) = {JίW]ei Wφ where / is the set of isomorphism classes of
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subbundles W of V with (deg T7/rank W) ^ (kin). We note that this is
actually a finite union. Hence S(i, j) = Iij\NS(i, j) is a non-empty
Zariski open set.

Let V(Alf , Ag) be a vector bundle on X given by the discent data
{AJ?=1 on V such that for at least two i's, say ix, ^(A^, Aί2) eS(ix, i2).
Then F(Alf , A,) is stable, for let F S V(Alf , Ag) be a subsheaf of
rank r, r < n and degree cί such that (djr) ^ (fe/ii). We may assume
without loss of generality that F\(X\{π{v%)}ϊ=d is a subbundle of
V(Alf , A,) I (X\ {ττ(pί)}f=1). Suppose ( F ) , ^ , = nnm © (r - n , , ) ^ . Then
by Lemma 2.4, degT7 = ώ - Σf=i wp< where TF = (ί 7 (x)^ ^Pi/Torsion). The
inclusion morphism j : F-+V(A19 , Ag) on X induces a bundle morphism
j * : W —>V on P1 such that rank of j * at p^ equals rank of j * at g€ which
is at most (r — nPt), for all ί, j * : Wp. -+VP. being the map induced by j * .
Let W be the subbundle generated by i*(T7) C F. We have deg TF' = d' =
d + Σf=i ^ ϊ + Σf=i 2«i, where np. + «< is the dimension of Ker j * at W9i;
we note that np. + st< rf for, if ^ P ί + s€ = r then d'/^ ^ (^M) + 1; since
d' ^ min(r, fc) for any sub-bundle of V, this would be a contradiction.
At ix and i2, il i l(i (W,<1)) = i (TΓf<1), Ah(j*(WPi2)) = i*(TF,ί2) and
d i m i W P i l ) - ii = r - n P i i - β<1 > 0, dim j\WPi2) = l2 = r - nPi2 - sh > 0
and [<Z' - (r - ix) - (r - ί2)]/r ^ d/r ^ fc/n. Hence (Ah, Ai2) e NS(i lf i2), a
contradiction.

Let S(ί, j) = S(i, j) x Πί Iso( VPV Vqι), I £ {i, i} and ^n,fc(G) = U u S(ί, j) .

Since Un>k(G) is Zariski open in the space Π?=iIso(Vp<, Vqt), dimUntk(G) =
n2g. By our identification of the descent data, £7n)fc(G)/P(Aut F) = Un>k(G)
and dim UU}k(G) — dim ikΓn)A;. q.e.d.

REMARK 2.6. When cί ϋ n, let L be a line bundle on X of degree
[d/n], [d/n] being the integral part of d/n, d = [d/ri] -n + k. Then

= {VeMnid\V is stable, locally free and π*V^ F / φ F 2 ' on P1}

where V[ and V[ are fc-fold and (n — fc)-fold direct sums of έ?([d/ri] + 1)
and έ?([d/n]), respectively, is Zariski open in Mn>d.

3. Stable Sheaves with Sections. Analogously to the definition of
Wd on smooth curves, we define

where Wl is the Zariski closure of Ud in Mn>d on the singular curve X.
We recall Un,d = {F e Mn>d \ F in stable over X}.

THEOREM 3.1. For 0 < d ^ n(g — 1), the dimension of Wd is given by
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p(0, d, n) = n\g - 1) + 1 - (ng - n - d + 1)

αwd iί Λαs α unique irreducible component of maximal dimension.

PROOF. We define

Ud>γec = {VeUntd\V is locally free on X) ,

Ufa) = {Fe Un,d\F is locally free on I N {π{vio)}U)

and

Ud(a) = {Ve UdfYQCITΓ* V = <?(ai) 0 • Θ ^ ( α n ) } ,

where (α) = (αlf •• , α J e Z ί l with Σα< = ^ a n d «i ^ α2 ^ ^ αn,
(iy) = (i19 ••.,i i)eZ I, Z being the ring of integers. Then

Un>d = C7d,VeeU U C / ^ ) = [U Ud(a)]Ό[U Ud{iό)] .
(ij) (α) «y)

We shall show that

dim[W°dΓ\ Ud(a)] < dim[TFd°Π Ud(/3)]

for all (α), (α) ̂  (/3) where /3 = (β19 , /3J satisfies

/3i = r , . Ί . ^ d = [d/n] n + k .

{[d/n] , j > n .

and

dim[T7d

on EW,)] < dim[W°dΓ\ Ud(β)]

for all (î  ), and that

dim[W°dO Ud(β)] = /0(O, d, n) .

Parametrίsation of W2nί/d(α): Let F(α) denote the vector bundle
^ ( α J Θ Θ ^(α») on P 1 . Define

l?d(α) = {((Aw , Λ), s) e Π Hom( FPi(α), Vg<(α)) x H\ V{a)) \

AMPi)) = s(qt) , for all i, 1 ^ i ^ #}

where Fp(a) is the fibre of V(a) over p e P\ and

ft, A,) 6 ft Iso(FPί(α), Fίi(α))|(A1, , Ag)

is a descent datum for a stable bundle on X} .

Then it follows easily that

Ud(a)/P(Aut V(a)) = Ud(a) , [ Ud(a) Π p( W^(α))]/P(Aut F(α)) = Ud{a) Π ΐ7rf

0 .

Note that P(Aut F(α)) acts freely on Ud{a) because of the stability con-
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dition. Here p and q are the natural projections of Π?=i Hom( VPi(a),
Vqi(a))xH°(V(a)) to Π?=iHom(Vp.(α), Vq.(a)) and H°(V(a)), respectively

and P(Aut V(a)) is the projectivised group of bundle automorphisms of
V(a).

Dimension of Wd(a). We stratify H\V{a)) as follows: let Q = {1, 2,
• , g}, 2Q the power set of Q, Δk = [{ilf , i*} e2Q] with 1 ̂ k ^ g.
Define

ξ , ( , y ) for {ilf . . . , ik}eAk

Set

τ f c

α = u s;ir..tik, τz = H\V{ά)).
{iv.",ik}eJk

Then

H\V(a)) = Γo

α 2 Γiα 2 2 T? = 0 .

Since ί7d(α) is assumed to be non-empty, Tg = 0 follows from the stability
condition. If T£ Φ 0 then

fc

α \ TZ+1) =

which in turn equals [{d — 2kn) + n + h\V(a) (8) ^(—2fc))]; moreover, the
morphism

is a fibration and the dimension of the fibre is [n2k + (n2 — n)(g — fc)].
Hence

where ^ = ^2fe + (n2 - w)(ff - fc) + dim(Γfc

α\ T£+1) - dimiίo(EndF(α)). For
(a) Φ (/3), fί'CEnd 7(α)) Φ 0 and if Γfc

α Φ 0, then α t ^ 2k for some i, 1 ̂
i ^ w." Hence ρ% < ρ(0, d, n) for all k and for all (α) ̂  (/3). For (α) = (/3)
and for k > 0

dim

which in turn equals

n2k + (n2 - n)(g - k) + d - 2kn + n = ρ(0, d, n) + fe°(End V(β)) - kn

and for k = 0

dim W ^ n g - W x Γ/) = ^(0, eZ, n) + fe°(End 7(/3)) .

We note that Tg\T{ is a non-empty Zariski open subset of H\V(β))
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and is therefore irreducible. Moreover, for any seT£\Tf, the fibre
Q~\s) Π Wd(β) is a non-empty Zariski open subset of an affine space of
dimension (n2 - n)g. Therefore, q~ι(TS\Tί)Γ\ffid(β) has exactly one
component of maximal dimension (n2 — n)g + d + n. It follows from the
estimates above that the same is true of Wd(β). But, since Wd(β) is
defined by ng equations, every component has dimension ^ (n2 — n)g +
d + n; hence Wd{β) is irreducible.

Dimension of fibres of p. We shall now take a look at the fibres of
the projection morphism p: Wd(β) -> Π<=i Iso( Vp.(/3), Vqt(β)). If F is a
vector bundle on P 1 and (Alf , Ag) a descent datum on V, we shall
denote by V(Alf •••, A,) the bundle on X given by (Alf •••, Ag). Let

L®V, where

i&dd/n] + 1) if [din] < d/n
" \έ?([d/n]) if [d/w] = ί/n .

Then 0 < deg L ^ (0 - 1) and 0 ^ [deg V7(n - 1)] £ (g - 1). Hence
there exists (A[, , A'g) a descent datum on V such that F'(Aί, , A'g)
has no section. Let (λx, •• ,λί/) be a descent datum on L such that
I'Cλi, , Xg) has exactly one section. (This is possible because the degree
of L is bounded by 0 and (g — 1)). Then for any descent datum
(Ax, , Ag) on V(β) inducing (χlf , χg) on L and the datum (A[, , A )̂
on F', V(β)(Alf •••, Aα) has exactly one section. Hence the dimension
of the generic fibre of p is one and

dim(p(Wd(β)) S Iso(7p<(/3), F9i(/3))) is ^(0, d, w) +

Since a generic seH°(V(β)) generates a trivial line sub-bundle, we note
that for a generic (A, , Aa) e p(W^(/3)), FOSXAx, , Ag) has exactly one
section and it generates a trivial line sub-bundle in V(β) (Alf •••, A^).

Existence of a stable bundle on X with a section. We shall adopt
the notation of Propsition 2.5. It is enough to show that the set of
nonstable bundles with one section generating a trivial line subbundle on
X is properly contained in p(Wd(β)) If V is a stable bundle on Zwith
h\V) ΦQ, L a line bundle with h\L) Φ 0, then h\L®V) Φ 0. So we
may restrict ourselves to 0 < d ^ n, i.e., d = Σ?=i βt ^ w.

Let W be a vector bundle of rank r, with 2 <̂  r ^ ^ — 1 and degree
dj on P 1 admitting an embedding in V(β).

For 0 < lt ^ r, i = 1, , g, [d, - Σfβl (r - Z<)]/r ̂  d/n, let Z(r9 dv llf

• , lg) denote

{((A,), (Λif jQ, (σ, 8)).eilΊao(VPt(β), Vu(β))xΩ\AJ(Aύ = Λ[ ,
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σ(WPi) 2 Λt, σ(Wn) 2 A\, AiS(Pi) = sfe) for all i j ,

where Ω = Π?=i G(lt, V,t(β)) x G(lu Vu(β)) x E(W, V) x H°(V(β), 1) and
H\V(β), 1) = {seiϊo(F(/3))|s generates a trivial line sub-bundle}. We
stratify Ω as follows:

Ωx = {((Λi9 Λ'i), (σ, s))eΩ\s<£H\σ{W))} , Ω2 = Ω \ i2x .

Stratify i2x and i22 further by

[ f t s ( ^ ) e -̂*» S ^ ί ) ejl'i if i e <ix, , ik)
b ll''"'ik 1 " ' β(Pi) e Λί, sfe) e ill if i ί <iw ••-,**>

and

β j = {((iίt, ^ ) , ((7, s)) e ΰ y j s ί p j ί -4<, s(qi) ί /ίί for all i}

where j e {1, 2}, R, i2, , i j e 2N, N = {1, 2, • , g).
Let

^,...,ίfc = u ί A J , (id,, At)9 (α, s)) 6 Z(r, d19 l19 , iff)

n[πiso(FPί(/3), Vu{

and

ZJ = {((A,), (Λt, Λ\), {σ, s)) e Z(r, d19 lί9 , Z,) n Γ π Iso(7,^/3), F 9 i

and W/lf...ι<Jk, TΓ '̂be the images under natural projection to Π?=il s°(yp <(β),
Fg.(/3)) of Z4...ι<Jb and Zί, respectively, for je{l, 2}. Set

fir Γ fc Π

<=i L i=i J

and
ff Γ "I fir

y ^ 5 —— ^ ' *V1 — 7 (<VJ _ 7 ) -_— /VJ /7 I >^ 7 ^̂ V — 7 I

ί=l L J i=l

Then

dim W}lt...ιik ^ ^ . . . ^ + h\W) + άim[ImH\V) f]H\V/W(g)&{-

+ dim E(W9 V) - dim Aut W

which in turn is strictly less than (n2g — ng + d + n — 1) = dim
Here Imiϊ o(F) is the image of H\V) given by the sequence
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for some fixed embedding of W in V; dim E{ W, V) = nr — nd1 + dr and
dim Aut W=r2 + #(TF* ® TΓ).

dim Wfv..,ik ^ [<?iιr..tik + h\W) + dim E{W, V)

- dim Aut W] < dim p(Wd(β))

Next we observe

dim W\ ^ [ ^ + d + n + dim #(FF, F) - dim Aut W] < dim p(Wd(β))

and

dim Wl ^ [<?φ + h\W) + dim E(W, V) - dim Aut W] < dim p(Wd(β))

By an argument similar to the one given in Proposition 2.5 of the
previous section, we conclude the existence of a stable bundle with a
section. Since v(Wd{β)) is irreducible and the set p(Wd(β))Γ\Ud(β) is
non-empty, p(Wd(β))f) Ud(β) is irreducible and has dimension p(Q, d, n) +
Λ,°(End V(β)) — 1. Hence WdΓ\Ud(β) is irreducible and has dimension
p(0, d, n) as required.

Parametrisation of W%f) Ud{i3). We stratify Ud{i3) as U ikj) Ud((ij), (jh/)),
where (ks) = {klf , A J and

We stratify Ud((id), (fcy)) further as U (α)ez^ Ud((ij)f (fcy), (α)), where (α) =
(α lf •••,«„) and

descends from V(a) = ^(αO φ © ^(αn) on F1} .

We note that the union over (α) is actually a finite union because
stability implies that ccj ̂  2g for all j . Hence

win ud(ίj) = u [W°dn UM,), (fcy))] = u u [w°dn u^yi (&,), (α))].
* (*) ()

, y (α)

Parametrisation of WlC\ Ud({i3), (ks), (a)). By Lemma 2.2, deg F(α) =
Σΐ=i ctj = d — Σί=i fci For notational convenience, we may take {%,) to
be (j) = (1, 2, , I). We denote by Wd(U), (fy), («)) the set

{ ( ( B w S i , , B t , B\, A t + U ••-, A , ) , s ) e M x N x H % V ( a ) ) | A i S ( p t )

= s ( ^ ) , I + 1 ^ t ^ g; Bflipj) = Bfrfaj). l^j ^ 1 } ,

where

M= f[ΐlom(VP.(a), Cn-"ήxHom(Vq.(a), Cn~kή]
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and

N= Π [Rom(VPt(a)9 Vf,(«))] ,
i = l+l

Vp(a) being fibre of V(a) over peP1.

Define Ud((j), (**)> («)) as

[(£„ Bί, , A, Bί, AI+1, , Aa) e Mx N\ {At)Ul+1 U {Ker Bjf Ker BJ, 5 ;-^}

is a descent datum for a stable torsion free sheaf on X, where the
morphisms Bs: (V,/α)/Ker B3) -+C 1 "* ' and B-'1: Cn~^-> (Vqj(α)/Ker B^) are
induced by J5, and JBJ]
where ikf = {(Blf β;, , Bl9 B\) e M\ rank Bά = (w - fc,) and rank # ; = (w - fcy)
for all j},_and N = Πf-i+i Iso( Vp<(α), Vff<(α)). The group G = Πί=i GL(C-*0
acts on CTrfCO"), (fcy), (α)) as follows: for (X19 •••, X

, Xt)9 (B19 B[, , JBJ, βj, Aι+1,

, x^oBJ, Aι+1,

, (α))/G]/P(Aut F(α))

), (fcy), (α)) is realised as

, (α)))/G/P(Aut 7(α)) ,

Hence

and

where p and g are the natural projections of MxNxH°(V(ά)) to MxN
and ίί o(F(α)), respectively.

Dimension of Wd((j), (fcy), (α)): Stratify iί°(F(α)) as follows: for Q =
{I + 1, ---, g} and {̂ , qt}i=i we construct Γ2 as was done for Wd(ά); for
αx, 6y and c2 in Z with α^ + δy + cz = I, let T(αx9 by, cz) be the set

seH\V(α)) e Qf\s(pά) Φ 0 or 0) = 6,

where Q' = {1,2, . .-, Z}.
Then {Γ(te;, αx, 6y, c j = Γ(αβ> δv, cz) Π Γ2} is the required stratification. We
have

where

q: Y(w, αx9 by, cz) -> T(w9 αx, by, cz) ,

Y(w, αx, by, cz) = [q-\T(w, α., by, c.))]ΠWd(U), (kj), (α)) .
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Set

Z(w, a., by, e.) = [p(Y(w, ax, by, c.)) n t ^ t f ) , Φ,), (α))/G]/P(Aut F(α))

The dimension of Z(w, ax, by, cz) is given by the expression

( *) θ + ri!w + (w2 - n)(g - ϊ - w) - Σ (» - hY
ί=l

+ h\V{a) ® ^(—2w - 2O) - ^°(End V{a)) ,

where 0 is given by

- kai) - (n - fcβt)]) + ( ± [2n(n - fcδi) - (n - fc6

Since h\V{ά) (x) ( - 2 ^ - 2cJ) ^ ^(End F(α)) when Γ(w, ax, by, c.) Φ 0, we
have

dim Z(w, ax, by, ct) < p(Q, d, n).

q.e.d.

COROLLARY 3.2. Let W$(p) denote the unique irreducible component
of dimension p(0, d, n). Then a generic Fe WQ

d{p) is locally free, F con-
tains a trivial line subbundle and h°(F) = 1.

4. Rank Two Sheaves.

LEMMA 4.1. Let {At}ϊ=i be a descent datum on V — έ?(l) 0 & over
P1 such that V(A19 , Ag) is a bundle on X. If for some i, At(^>(ΐ))Pi Φ
{^(X))q.f then V(Alf •••, Ag) is stable on X.

PROOF. Let i: F ^ V(Alf , Ag) be a subsheaf of rank 1 and degree
d > 0. Then by lemma 2.4 of this chapter, the degree of (τr*-P/Torsion)
is (d — k), where k is the number of nodes at which F is not locally
free. We assume without loss of generality that Fp is έ?p for p smooth
in X. Hence

i*: (π*F/Torsion) = <?(d -k)-

the induced morphism on P 1 , vanishes at the 2k points on which F is
not locally free. Therefore k = 0 and F is locally free with π*F = ^(1)
and Ai(έ?(l))Pi = έ?(V}q. for all i, a contradiction. q.e.d.

THEOREM 4.2. For d an odd integer, with 2 <; d ^ 2g - 2, there
exists Uitd, a Zariski open set in U2td, such that W\ Π Ultd is non-empty
and the dimension of this subvariety in Uild is p(l, d, 2) = (2d — 3).
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PROOF. By Remark 2.6 we know that the set

U2,d(G) = [VeM2,d\V is stable, locally free and

Γ* V = έ?([d/2] + 1) 0 έ?([d/2]) = V(d)]

is Zariski open in M2id. By hypothesis [d/2] ̂  1; let {slf s[} Q H°(έ?[d/2]),
s2 6 H%έ?[d/2] + 1) satisfying the following:

sx vanishes at p1 e P\ and does not vanish at qλ .

s[ does not vanish at any {pif #J?=1 Q P1 .

s2 does not vanish at any {pif gj?=1 Q P1 .

Let V(d)(Alf "-fAg) be the bundle on Xo given by the descent datum
{Ai}Ui satisfying Ats(v%) = sfe), A#'(pt) = s'fe) for all i, where s = (sly s2) e
H°(έ?[d/2]) 0 H\έ?([d/2] + 1)) which is the same as iί°(F(d)), and s' =
(si, O)6fίo(F(d)). Let {βjf=1 be the descent datum on ^(1) φ ^ = F(l)
such that V(l)(Blf . , B,) = L"1 (g) F^CΛ, , A,), where L £ F(d)(Λ,
• , Aff), is the line bundle given by s'; note that π*L = έ?([d/2]) and by
construction JB1(^?(1))PI Φ (έ?(l))qi. Hence, by Lemma 4.1, the stability
of V(d)(Alf ••-, A,) follows. Let

Z= {(SvSjeHXViά^xHXVid^ls! and s2 are linearly independent} .

Set

Wϊ - {((Λ, , Aβ), 8l9 s2) 6
1 = 1

= 8j(qt) for j = 1, 2 and all ί}

and

ί7M(G) = [(Alf •-., Ag)eπiso(Vpμ), Vqμ))\{A%)U

is a descent datum for a stable bundle on X] .

Then

[U2,d(G)/P(AutV(d))]= Uttd(G)

and

where p: Π?=1 Hom( Vpμ\ Vu(d)) xZ-+ J[U Hom( Vpμ\ Vu(d)) is the
natural projection.
We denote by Z' the set

the dimension of linear span of (s^Pi
5 S ^ G Z

is at most one for at least one i.
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Then Zf is a closed subset of Z.
Defining

., Ag\ 8l9 s2) e Π Hom( VPt(d), VH{d)) x Z' \

AMPi) = **(?<)> i = 1, 2, 1 ^ ΐ ^ flj

We observe that [Clp(FΓi\ l?i(S)) Π Π?=i Iso( Fp .(d), Vq.(d))] is an irreduci-
ble variety, where Clp(ffi\ T7i(S))_is the Zariski closure of p(ffi\ffi(S)).
By construction, p(Wi\Wi(S))ΓϊUiιd(G) is non-empty. By the theory of
special divisors (cf. [G-H]) there exist descent data denoted by (λί)?=1,
(μ.)?=1 on έ?([d/2]) and έ?([d/2] + 1), respectively, such that the cor-
responding line bundles have exactly one section and they do not vanish
on any of the nodes of X. This shows the existence of a destent datum
(Alf , Ag) e Uttd(G)Πp(Wi\Wi(S)) such that the bundle V(d)(Alf •_-, A,)
has exactly two linearly independent sections over X. Since p(Wi(S))
is a closed subvariety of p(Wi), the theorem follows from Remark 2.2
to Theorem 2.1 of Chapter III. q.e.d.

CHAPTER III. Existence of Special Bundles. In this chapter, we
adopt the well-known technique of degeneration of smooth curves to
singular curves and reduce the problem of existence of W% on a smooth
curve to one on a singular curve. Then using results on singular curves
proved in the previous chapter, we conclude the existence of WΓs in
some cases and compute their dimensions.

1. Specialisation of Quot Scheme. We suppose that q:X->S is a
flat projective morphism over C of a smooth surface X onto a smooth
affine curve S with geometrically integral fibres. In addition, we assume
that the generic fibre is a smooth curve of genus g and the special fibre
X8Q over soeS is singular with g ordinary double points as its only sin-
gularities. We fix H, a relatively ample sheaf on X.

According to Grothendieck [FGA], for _^~a coherent sheaf on X, the
quotients of ^ flat over S and having a fixed Hubert polynomial P for
all seS form a projective algebraic scheme over S denoted by

σ: Q = Q(jr/p) -> S .

Moreover, there exists U, a coherent sheaf over Q x s X and a surjective
homomorphism p*^~—> U such that U is flat over Q and has the obvious
universal property for flat families of quotients of ^~ with Hubert poly-
nomial P.

We take for ^ 7 £?/, the free sheaf of rank N over X and P(ra) =
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d + n(mh — g + 1) = N + nmh, the Hubert polynomial over S, where
h = άeg(H\X.), seS.

We shall denote by R"td, R'njd and Rn>d the following sets:

KΛ = iff e Q ( ^ / P ) | ϋ , is locally free on Xσ(9)}

RΛίd = \qeR'n>d

and

the canonical map H°{^χσ{q)) —> H°(Uq))

is an isomorphism. J

where Uq is the sheaf U restricted to the fibre over q of the morphism

PROPOSITION 1.2. ( i ) R",dJ Rf

U)d and Rn>d are open subschemes of
Q(^x/P) stable under G = Aut(^JVS), the group of automorphisms of
έ7χ over S.

(ii) The schemes R'Λtd and Rn,d are smooth.
(iii) If Rn>d is non-empty then

dim Rn>d = n\g - 1) + 1 + dim S + dim G8 - 1

where Gs — Aut(^χs), the group of automorphisms of ^7χ8 over the curve

X..

Before we proceed with the proof we state

LEMMA 1.1. Let A and B be Noetherian local rings, with m the
maximal ideal of A, φ: A -> B a local homomorphism, and E a finite B-
module which is fiat over A. Then E is free over B if and only if
E/mE is free over B/mB.

PROOF, (cf. [N], Chapter 5, Lemma 5.4). It follows from Nakayama's
lemma.

PROOF OF PROPOSITION 1.2.

Q > S

The above diagram is commutative. We know that U is flat over Q.
By the above lemma, Q\R",d is the projection of the set of points of
XxsQ at which U is not locally free. Since p is proper, this set is
closed; so R"td is open. Applying semicontinuity theorem openness of
Rf

n,d follows.



202 N. SUNDARAM

We shall denote (by abuse of notation) by U, the vector bundle on
R",dxsX given by U. For qeR'ntd, let Hq be the vector bundle defined
by the exact sequence

on Xq = {q}xs X.
Then we have the exact sequence

where for example U* is the dual of Uq on Xq. Tensor ing this by Uq

and writing the cohomology exact sequence, we get

0 -> H\U* (g) Uq) — H°((<?2J* <g> 17,) -> H°(£Γ; (g) tf.)

-> i P ( ϋ j <g> Z7t) -> Hι((έ?ίJ* <g) I/,) -> ffx(ff* (x) £7,)

We observe that iP( 17* (g) 17,) = 0, since Xg is a curve. Further
H\(d?$q)* (g) IT,) = 0, for (£?jg* (g) £7g is a direct sum of Uq. Hence
-ETCH"? (g) Uq) = 0. By results of Grothendieck (cf. [EGA, Chapter IV]) σ
is smooth at q. By the above observation, it follows that σ is smooth
at all q e RUtd over S. Since S is smooth, the smoothness of R'Λtd follows.

In view of the semicontinuity theorem and the above fact that R'nA

is smooth, it follows that the sheaves vΛvK^x)) and p*U are locally
free on R'n%d. For q e Rn>d, the natural homomorphism of the locally free
sheaves P^(Px(^x))\Rn,d and p* U\R'nιd on R'Λtd induces an isomorphism of the
fibres of these sheaves at q by the definition of Rntd. Hence there exists
an open neighbourhood R of q in R'ntd such that the natural homomorphism
induces an isomorphism of the fibres of these sheaves at every point
q in R. This proves that Rn>d is open in R'Λtd and hence in Q(^χ/P).

We have shown that σ\R'Λld is smooth. Hence σ\Rn>d is smooth.
Therefore Rn>d is smooth and dim Rntd = dim S + dim(fibre of σ \ Rn>d) if
it is non-empty.

For s0 6 S, let X8Q be the fibre over s0 of q: X -> S. Let Q8Q be the
fibre of σ:Q = Q(έ?l[/P)^>S. It is clear that Qso = Q(έ?ίJP). Hence
the dimension of the fibre of σ is dim Q8Q = n2(g — 1) + 1 + dim G8Q — 1
(cf. [Se 2, Chapter II]). q.e.d.

REMARK 1.3. We note that two elements qx and q2 in Rn,d(s0) = fibre
of i?n,d over s0 £ Qβ0 are isomorphic if and only if they are in the same
orbit of G80 = A u t ( ^ 8 0 ) (cf. [N, Theorem 5.3 and 5.3']).

We now suppose that q: X-+ S has a section which avoids the singular
points of the special fibre X . Let L be the line bundle on X given by
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the divisor. Then L\X8 is a line bundle of degree 1. In view of 1.6 of
Chapter II and the fact that deg(F(x)L fc) equals deg V + rank (F) k-
deg(L), we observe that for any rankw and degree d, we can construct
Rn,d> with the following property: there exists Vntd a vector bundle on
Rntd xs X and integers N and k such that

for N = d! + n(l - g) , d! = d + nk > n(2g - 2 + 2ri)

and P(m) = N + nhm , ϋJn,d = Rntd>

where Rn>d' is the open subscheme of Q{(^χjP) as constructed in Proposi-
tion 1.2; Rn>d' is non-empty, hence has dimension [n2(g — 1) + 1 4- dim S +
dimGβ — 1] where G8 = Aut(^χβ). Moreover 17 = Vn>d (g) p*Lfc, where
Ϊ7—• Rnid>xsX is the bundle described in Proposition 1.2.

Throughout this chapter, Rn>d with a universal bundle Vn>d over
Rn>dxsX will refer to the space constructed as above and G and G8 to
the corresponding Aut(£7χ/S) and Aut(£?£).

The following was proved by Maruyama [M].

PROPOSITION 1.3. Define R8

n>d as

{qsRn,d\Vn,d restricted to Xσ{q) is stable} .

Then R8

n>d is open in Rntd.

2. Existence of Special Bundles. We shall assume that q:X->S
admits 2g sections slf , s2g (fixed throughout this section) away from
the singular locus of the special fibre X8Q.

THEOREM 2.1. Let Rntd £ R*nid be a Zariski open set satisfying
(i) Rntd(jt) = KM if t Φ s0' in S,
(ii) Rn>d(s0) Π Wϊ(S) is non-empty and

άim[Rn>d(s0) Π Wr

d(S)] = p(r, d, n) + dim G8Q - 1 ,

where Wr

d(S) = {qeR*n>d\h0(Xσ{q), Vnid(q)) ^ (r + 1)}. Then dim[^ r (S)]_^
(p(r, d, n) + dim S + dim G8 — 1). In fact every component of WZ(S) Π Rn,d

is of dimension at least p(r, d, n) + dim G8 — 1 + dim S.

PROOF. We have π: Vn>d -> R8

n>d xs X, a vector bundle. Let P19 , P2fl

be the divisors on X given by the sections slf , s2g of q: X —> S. In
this setting we carry over the argument of Theorem 4.1 of Chapter I
verbatim. q.e.d.

REMARK 2.2. We note that the above proof can be adapted to show
that if Wd(X80) ΠR°n,d(so) is non-empty, then every component of it has
dimension at least p(r, d, n) + dimGβ0 — 1.
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REMARK 2.3. We observe that X80 can be replaced by any integral
curve in the above theorem (cf. [N] or [Se 1] for generalised moduli).

Now we state:

THEOREM 2.4. For 0 < d ^ n(g - 1), W°d(X) is non-empty and
dim Wd{X) = p(fif d, n) on any smooth curve X of genus g.

PROOF. Combining Theorem 3.1 of Chapter II with the fact that there
is a smooth curve X of genus g and a one-parameter family of curves
{Xs} with XSQ, a Castelnuovo curve and for some s2 Φ s0 the curve X8l is
X, satisfying the hypothesis of Theorem 2.1 and the fact that the moduli
space of curves of genus g is irreducible along with Remark 3.4 of
Chapter I that dim Wd ^ p(0, d, n) and Remark 4.2 of Chapter I, we
observe that for a generic smooth curve X of genus g, the above theorem
is true.

To complete the proof for all curves, we make the following additional
observation:

For a smooth curve X, let

= {Fe(MΛtΛ\ Un,d)\h\GτF) ^ r + 1}

(Gr F denotes the associated graded sheaf for the semi-stable sheaf F).
When r = 0,

( * ) dim S°d(X) < p(0, d, n) .

This can be seen quite easily by using Remark 3.4 of Chapter I that

dϊmWl ^ ρ(Q, d, n) ,

for lower ranks.
Given any smooth curve X, let Xs be a one parameter family of

smooth curves specialising to X such that for a generic X8, the above
theorem is valid. Then combining (*) with the fact that [ Wr

d\x8) U Sr

d(X)]
specialises to [Wi(X)\JSί(X)]. (This follows from D'Souza's Thesis
verbatim. See [D's], p. 69), we conclude the theorem for all curves.

THEOREM 2.5. For 2 <̂  d ^ 2(g — 1), d an odd integer, W\ £ M2td is
non-empty and dim Wd ^ p(l, d, 2) = 2d — 3 on any smooth curve of
genus g.

PROOF. This follows from Theorem 4.2 of Chapter II and Theorem 2.1.

CHAPTER IV. Properties of Special Bundles With Sections. We
give an alternative proof of the existence of Wd, when the degree d is
divisible by the rank. While many arguments of this article may be
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adapted to arbitrary fields, the argument given in this chapter for the
existence of Wd is valid only for C.

Throughout this chapter, we shall deal only with smooth curves X.

1. Existence of Wd-a special case.

THEOREM 1.1. For μ = (d/n) e N = {1, 2, , (g — 1)}, there exists
VeMnid such that V is stable and h\V) Φθ (see 1.12.2 Chapter I for
notation).

Before we proceed to prove the theorem we observe

LEMMA 1.2. Let Ve Έxt\V, L) where F ϊ F φ L , V is stable of rank
n - 1, L a line bundle, h\V) = 0, h°(L) ̂  1, μ(V) = μ(L) = μeN. Then
V is simple. (Theorem 3.2, Chapter I grants the existence of such a V).

PROOF. The bundle V is semi-stable and by choice nonsplit in
Ext*(F, L). Since any σ e E n d F is of constant rank and the associated
graded for V is unique, it is indecomposable. Hence any σeEnάV is of
the form λ Idf + Nί9 where λ 6 C, Id^ is the identity endomorphism and
Nί a nilpotent endomorphism. Since h°(V) = 0, N^L) £ L, hence N^L) = 0
and the induced morphism JVi. = 0, N^. V/L —> V/L = F by virtue of
the stability of V. Hence Im iSTΊ £ L, i.e., N^V-^L. However,
h\V* <g) L) = 0. Therefore N, = 0. q.e.d.

PROOF OF THE THEOREM. Let V be as in the lemma above. Then
άimH°(V) = h\V) ^ 1. It is well-known (cf. [Se 1]) that there exists a
complex analytic variety Y of dimension n\g — 1) + 1 and a vector
bundle E on YxX and a point yQ 6 Y such that EyQ = V and Ey & Ez for
x Φ y in Γ. Let E(h\L)) = {ye Y\h\Ey) ^ λ°(L)}. By Remark 4.3 of
Chapter I,

dim E{h\L)) ^ n\g - 1) + 1 - h\L){h\L) - d - n + ng) .

Since V is semi-stable we may suppose that Ey is semi-stable for all
ye Y. Let E(h°(L), S) = {ye Y\h\Ey) ^ λ°(L), Ey is non-stable}. Then
ί?(fc°(L), S) S #(/t°(L)).

By the universal property of the moduli space, there exists Φ: Y—*
Jlfnfd> a morphism such that Φ(y) e Mn>d is the associated graded of Ey, if
Ey is nonstable. Let

Mld = {FGMn ) ( i |F is stable or the associated graded of V is of type
^ φ Vlf Lt a line bundle, Vx a stable bundle such
that Λ°(7χ) = 0} .

It is easy to see that Mn,dQMn>d is Zariski open and Φ(F)eilf2,d. Hence
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we may suppose that Φ(y) e M^d for all y e Y. Let Φ: E(h\L)) -> M^d be
the restriction of Φ. Then

Φ(E(h\L), S)) C Sn>d(h°(L)) ,

where

Sn>d(h\L)) = {Ve (M°,d \ Un,d)IV = L , © Fx, Λ W ^ Λ°(L), Λ°(VJ = 0} .

Set X = Xdlx Un_1>d2, where Xdl is the d rfold symmetric product of the
curve X parametrising line bundles L, h\L) ^ 1, Un_lfd2 £ Mn_lfd2, dx =
(d2/n - l) j= (d/n) = μ e iV.

Let X12 = -ZΊ U X2 where Xx and Jf2 parametrise

{(L, F) e X, P(Ext\V, L))} and {(L, F) e X, P(Extx(L, V))}, respectively .

Then

dim X12 ^ [(n - l)2(ίr - 1) + d, + (n - l)(g - 1)]

< [(Λ - D2(^ - 1) + d + (n - ϊ)ig - 1)] ^ dim EQ)

Since dim φ-\Sn,d(D) ύ dim X12, (J57(l)\ J57(l, S)) is non-empty. That is,
there exists i/e F such that £7y is stable and h°(Ey) ^ 1. q.e.d.

For d = n(g- 1), dλ = {g- 1), d2 = (rc - l)( f f - 1) let Wdl =
{L e Jg_x I h\L) ^ r + 1} where Jg_λ is the set of isomorphism classes of
line bundles of degree g — 1 on X. By the theory of special divisors
(cf. [G-H]) Wdl is non-empty on any curve X if g ^ (r + I)2.

Let X= WdlxUn_1)d2, X12 = X1[JX2, where Xx and X2 parametrise
{(L, F ) e ϊ , Ext^F, L)} and {(L, F ) e ϊ , Ext^L, F)}, respectively. For
r ^ 1, dim PΓdl ^ (g — 2) on any curve X. Therefore

dim X12 ^ [(n - D\g - 1) + (n - l)( f f - 1) + (g - 2)]

< [n\g - 1) + 1 - (r + I)2] ^ dim # ( r + 1) .

Since dim Φ'\Sntd{χ + 1)) ^ dim X12, (JS7(r + l ) \ £ r ( r + 1, S)) is non-empty.
That is, there exists y e Y such that Ey is stable and h\Ey) ^ r + 1 and
combining with Theorem 4.1 of Chapter I, we have:

COROLLARY 1.3. For d = n(g - 1), if g ^ (r + I)2, r ^ 1 ,then there
exists VeMntd such that V is stable and h\V) ^ (r + 1); moreover,

^ [n ίflr - 1) + 1 - (r + I)2].

2. Irreducibility of Wr

d.

THEOREM 2.1. For 0 < d ^ w(# — 1), ί/te subvariety Wd of the com-
pactified moduli space MnA over X is irreducible. Moreover, (Wd \ Wd(D)
is of codimension at least n — 1 in Wd, where
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W°d(l) = {Ve W°d\έ? C F, (V/&) is stable] .

PROOF. Indeed, we merely collect the various remarks made earlier
to see the proof.

( i ) Theorem 2.4 of Chapter III shows the non-emptiness of Wd.
(ii) Remark 4.2 to Theorem 4.1 of Chapter I shows that all com-

ponents of Wd are of dimension at least p(0, d, ri).
(iii) Remark 3.3 to Theorem 3.2 of Chapter I.

We add one more observation to these, namely

φ: Rn-i,d -> Un_ltd

is a geometric quotient by a suitable PGL(N) (See Chapter III for such
details; here the family consists of just one smooth curve X). In addition

ψ:Vn_1>d->R8

n_1)dxκX

is the universal quotient sheaf.
Noting that dim iϊ^F*) = (n — l)(g — 1) + d is of constant dimension

for VeR8

n_1>d, we may construct a vector bundle V on i2*_ί)d

φ: V-+R8

n-lid,

where the fibre of V over VeR8

n_1)d is H\V*) and a vector bundle F on
XxκT, T being the total space of V such that

Ψ\Xx{t}= t ,

where t is the bundle on X given by t e T as an extension of φ(t) by a
trivial line bundle (see [Se 1], p. 199).

Denote by T8 the set {t e T\(V\Xx{t}) is stable}. Note that the
non-emptiness of T8 follows from (iii) and (i). By the openness of the
stability property, T8 is Zariski open in T. Since i?*_M is a smooth
variety, T8 is irreducible. By construction, T8 dominates T7d°(l). Now
the irreducibility of Wd follows. q.e.d.

By the theory of special divisors, (cf. [G-H]), the number of linearly
independent gdl's on a general smooth curve of genus g is given by

p(l, d19 1) = g - 2(0 - dλ + 1) .

Therefore

d i m Wd(S) ^g + d - ± ,

where

Wl(S) = {Ve Wι

d S M " M | F 2 L, a line bundle such that h\L) ^ 2} .

Since dimExtXΓ, <£?2) = 2d, where T is a torsion sheaf of length d, com-
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bining with Theorem 2,5 of Chapter III, we observe

PROPOSITION 2.2. For g <; d <: (2g - 2), d an odd integer, Wι

d S M2}d

is irreducible on a general smooth curve of genus g ^ 3 and dim Wd =
(2d — 3); moreover, a generic Ve Wd contains έ?2, the trivial sheaf of
rank 2.

3. Generic element of Wd. We retain the notation of the previous
section.

φ: Ψ-+XxκT

induces a morphism,

f:T ->UntΛ.

If we denote by P(T), the total space of the projectivised bundle of φ:
V-±R8

n_1>d, we see that ψ factors through P(Γ8), the image of T* in P(T).

ψ: P(T°) -> Un.Λ .

Evidently-

dim P(T*) = (n - l)2(g - 1) + d + (n - l)(flf - 1) + dim φ

= dim Wd + dim φ ,

where dim φ is the dimension of the fibre of

If d ^ (n - l)(ff - 1), then by Theorem 3.2 of Chapter I, h°(V) = 0
for a generic F e Un_ltd, hence in Λ;. l f d and the codimension of φ~\Ul_lid) Π
P(T>) is at least 1 + (n - l)(flr - 1) - d in P(Γβ) where ULllΛ =
{VeR8

n_lfd\h\V)^l}. We note that for VeP(T°)\(P(T')C)φ-1(ULι,d)),
dim H\V) = 1. If d > ( n - l)(ff - 1) then a generic F e Un_1}d has at
most (g — 1) sections; i.e., h°(V) <̂  g — 1 and hence for a generic FeR8

n-i,d,

For a generic VeR°n_1>d and F e E x t ^ F , έ?) = H\V*) we have a long
exact sequence

associated

Let

and

to
0->.

XV) x.

-+mv)-+

H\V*)-+R

H (V)

β, F) = 7]y{s)
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η.: H\ V*) - H\<?) , η.( V) = 7](s, V)

For s Φ 0 in H\V), the dual morphism ηΐ is given by

η*:H\K) -• iro(J:(g) F) , η*(ω) = s<g>ω

and hence it is injective. Therefore η, is surjective for all non-zero s in
H\V). We define

5 = u

Since Ker)?8 is of codimension g in i r (F*) and dim iϊ o(F) <; (flf — 1), by
dimension count ίP(F*) \ iS is a non-empty, Zariski open set. Therefore
there exists FeExt^F, <s?) = ^ ( 7 * ) such that

is injective; hence h\V) = 1. We have thus shown that for some t in Γ,
F, = V\Xxκ{t} has exactly one section. Since for every t, h\Vt) ^ 1,
by the semicontinuity theorem

is a non-empty, Zariski open set, and so is Tx Π T\ We denote by
T ) the image of T.DT8 in P(Γ). The morphism

satisfies the following property:

f(W) = γ([«Ί) for [t] and [f] in

implies

φ(t) = φ(t'), φ:V->R°n_1>d

for any £ and £' lying above [£] and [ί'] in T, the total space of F. This
follows easily from the fact that Vt has exactly one section for every
t G Γx Π T\ Therefore the dimension of the fibre of ψ is the same as the
dimension of the fibre of φ.

The above discussion proves:

PROPOSITION 3.1. For 0 < d ^ n(g — 1), ίΛe constructive set

where TΓ2(1) is as m Theorem 2.1 o/ ίfee previous section, is Zariski
dense in Wl £ ikίnjd. Therefore, a generic V in Wl has exactly one
section and it generates a trivial line sub-bundle of F. Moreover, for
d<(n — l)(g — ϊ), the singular set [Wl}8 of the reduced model of Wd is of
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codimension at least two.

CHAPTER V. Open Problems. Indeed, in this article, we have
merely scratched the tip of an ice berg. Most of the questions that we
raised in the introduction remain unanswered. We believe the reductions
that follow, may throw some light on these problems.

For notational convenience, we shall stick to the case of rank 2
bundles.

1. Problem of nonemptiness. By Theorem 2.1 of Chapter III, it is
enough to produce a Zariski open set W in UdfVee(X0), the smooth open
subset consisting of all locally free sheaves of the generalised moduli
space of stable torsion free sheaves of rank 2 and degree d over Xo, a
Castelnuovo curve (more generally, any integral curve) and a stable bundle
VeW such that h\V) ^ (r + 1) and dim W = p(r, d, 2) to claim the non-
emptiness of WddM2td.

We offer the following candidate for W; We shall stick to the nota-
tion of Section 3, Chapter II. We require W to be contained in Ud(β),
where

UΛ(β) = {V G Ud,vec I π * V = V(β) =

We recall (/3):

and

Ud(β) = {(Alf A2, , A,) e Π Iso( V^GS), Vn(β)) \ (A19 . , Ag)

is a descent datum for a stable bundle on XΛ .

Given m ^ 0, an integer, we may take {1, t, •• ,£w} as a basis of the
vector space H°(έ?(m)) on P1. Thus given any seH°(έ?(m))

s(t) = Σ atf for some {αJJLo Q C .

For (8» s2) e H\6?(βJ) Θ H°(έ7(β2)) to be a section of V(β)(Alf ^ A,),
the bundle on Xo associated to the descent datum (Av Aif , Ag) e Ud(β),
it should satisfy
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for all i, 1 ^ i ^ g; here

(Note that we have trivialised the bundle V(β) on (P^ί 0 0 }) and assumed
that {ft.ffJf.xGPMoo}).

We may rewrite the equation as

ToCα, - 1) + y^diPi -?«)+••• + 7m(α^Γ - ίΓ) + Mo + M A + + M.β? = 0

c470 + c/y^ + + c/r^pΓ + Udi - 1 ) + SxWίP* - g,) + + δp(d,p? - «?) = 0,

where

βi(*) = Σ ?,** * s2(t) = Σ δ<ί* , m = βi, n = β2.
ϊ=0 ί=0

One can interpret

[(α, - 1), (dtp* - qt)f , (dtp? - q?), bi9 , btq7]

and

[c*, c ^ , , c&T, (d* - 1), WiPi - «*), , (d*P? - «?)]

as homogeneous coordinates of points in the span of

[1, Pt, Pi '' , PΓ, 0, , 0] , [1, qif ql, , q7, 0, ., 0]

[0, , 0, 1, pif , pϊ\ , [0, , 0, 1, qtf , g?]

in />π+m+1 = pd+i

Let V = (^(^(mWφfΓ^ίn)) )* , the dual of H\<?(m)) © H\έ?(n)),
which can be identified with [iϊo(<2?(m))]* 0 [#°(^(»))]*, and the curves ct

and c2 in P(V) to be

Cl: P
1 - P( 7.) £ P ( 7 ) , Vi = [ίίo(^(m))]* , ί h- [1, t, , f, 0, , 0]

v F ^ ^ ^ C P ί T ) , F2 = [ J ί ^ W ) ] * , ί^ [0 , , 0,1, * , . . . ,« " ] .

We denote by Et the linear span of {c^Pt), c^q^, cz(Pt), c2(qt)} in P(V). It
has aflϊne dimension 4.

We may parametrise the bundles F(/3)(A1; , Ag) with r + 1 linearly
independent sections in the following way:

Wl = {((A4), «„••-, sr+1) 6 ^(/3) x H\ 70S)) x x F ( 70S)) | Λs/p,)

= β^Jvi, 1 ^ i ύ 9, Vj, 1 ^ i ^ r + 1} .

Let p and q denote

ϋ
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Q Ud(β) X Π H\ V(β)) - Π H\ V{β))
1 1

the natural projections, where ΠΓ+1 H\ V{β)) is the (r + l)-fold Cartesian
product of H\V(β)). There is a natural map

q: UHWm -+Gr(d + 2 - r - l , d + 2)
1

which sends fo, , sr+1) to the (d + 2 — r — l)-plane in the dual F of
H\V(β)) determined by {sJS

Let

σ* = {ΛeGr(d + 2 - r - 1, (2 + 2) | dim(Λ
^ 1 in

Each σ* is a Shubert variety of type α ( r + 1 ) _ 2 > ( r + 1 ) _ 2 and of codimension

2[(r + 1) - 2] in Gr(d + 2 - r - l , d + 2) (cf. [G-H-P]). We have

q1 = qoq: Wr

d -> G r ( d + 2 - r - l , d + 2) .

Denote by σ Q ^l=ισ
i, the open set

σ = \xe Π σi\άimqr1(x) is minimal for qt: qrH Π a*)-* Π σ4 .
( ϊ=l \ϊ=l / < = 1 J

Define ΐ? £ Wϊ, and W £ ^(^S) as

QUESTIONS, (i) Does W have a bundle with r + 1 sections?
(ii) Is C]Lίσ

i a generically transversal intersection?

2. Problem of dimension. If n?=iff* is transversal, then one may
hope to find a component of TFJ of dimension p(r, d, 2). We believe Wr

d

is not equidimensional even on a general curve.
When the rank and degree are not coprime, there is an additional

problem of determining whether, given a one-parameter family {Xt} of
smooth curves specialising to a Castelnuovo (more generally, any integral)
curve, the Wr

d(Xt) specialises to Wr

d(XQ). What is true is that [WS(Xt)\J
Sr

d(Xt)] specialises to [W;(XQ) USr

d(XQ)], where Sr

d(X) = {Fe (Mttd\ Utti)\

h°(Gr F) ^ r + 1} (Gr F denotes the associated graded sheaf for the semi-
stable sheaf F).
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