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Introduction. Let M be a compact, connected, Riemannian manifold
and feC~*(M) (a smooth function on M). Then we have a spectral de-
composition of f, say f = D.:.f:, where each f, is an eigenfunction
associated with the eigenvalue ), of the Laplacian A of M. Certainly
f, is a constant and the sequence is convergent in L’-sense.

Now if M is a submanifold in the Euclidean space R™, one has its
position vector x = (x,, -+, £,). So by regarding the spectral decomposition
of each x, one gets the spectral decomposition of z (see (1.1)). If such
a spectral decomposition only involves a finite number of nonzero eigen-
values, say k, then the submanifold is said to be of k-type (see Section 1
or [56]). From this point of view the easiest spectral behavior corresponds
to the submanifolds of 1-type which are characterized, according to a
well known result due to Takahashi [12], as minimal submanifolds in some
hypersphere of R™ whose center and radius are completely determined
from the center of mass of M into R™ and the associated eigenvalue
giving the 1-type character, respectively. Therefore if one wants to
study spectral geometry of minimal submanifolds in the sphere, then it
seems reasonable to look for the spectral behavior of the products of
coordinate functions, «,-x;, and then to deal with a very special case of
the following problem: What is the eigenvalue behavior of the products
of eigenfunctions?

In this case one can organize the product of coordinate functions to
give a new isometric immersion in the Euclidean space of symmetric
matrices over R, this is nothing but the composition of the first isometric
immersion with the second standard immersion of the sphere in the
Euclidean space according to the description given by Sakamoto [11], and
then one can study its type number. This idea was used by Ros [10] to
give a characterization for minimal submanifolds in the sphere for which
the spectral behaviors of «,-x; involve exactly two different eigenvalues.
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One of the authors and Chen [2] (see also [3] for a more general case)
also exploited this idea to prove that a Clifford torus in S® and the
Veronese surface in S* are the only minimal surfaces in S™ which are
of 2-type in the space of symmetric matrices over R. To be more precise,
if V, denotes the eigenspace associated with N, then

0.1) vrx;eV+V, +V,

if and only if either

(1) ¢, =2,t =3 and the surface is the Clifford torus in S* or

(2) t, =1, t, =2 and the surface is the Veronese one in S*.

Of course, z;-x;€ V, + V, if and only if ¢ = 2 and the submanifold is
totally geodesic in the sphere.

In this paper once more we exploit this idea to get the following
step, so our Theorem 1 can be established as follows: Given a minimal
surface in the sphere S™ with coordinate functions x, in R™™. Then
0.2) v,ox; e VAV, +V, +V,
if and only if either

(1) t, =1, t, =2, t; = 3 and the surface is the equilateral tor usin
S or

(2) t,=2,t, =4, t; =6 and the surface is the Veronese one in S°.

We also take advantage of this method to derive some eigenvalue
inequalities for minimal surfaces in the sphere involving the first three
eigenvalues. The corresponding inequalities parallel the model (0.1) (see
[9] and [10]) cannot give a characterization for the Clifford torus among
all minimal surfaces in the sphere, because they only involve the first
two eigenvalues. But they give a characterization for the totally geodesic
surface and the Veronese surface (in S*) in terms of intrinsic invariants.
Therefore we shall obtain a general inequality (Theorem 2) involving an
extrinsic invariant and A, A\, \; Which allows us to give a characterization
for totally geodesic surface, Clifford torus, Veronese surface in S* and
equilateral torus, among all minimal surfaces in the sphere. Then we
regard special properties of these four surfaces to get easier eigenvalue
inequalities giving characterizations of some of them. Namely: (1) We
observe the isotropy to have one, giving a characterization for totally
geodesic surface, Veronese surface in S* and equilateral torus. (2) We
regard the parallelism of the second fundamental form, to get one which
characterizes the totally geodesic surface, the Clifford torus and the
Veronese surface in S*. (3) We look for codimension one to have one,
giving a characterization for totally geodesic surface and Clifford torus.
(See Corollaries 1, 2 and 3). Notice that while the first one involves an
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extrinsic invariant the other two only involve intrinsic invariants.

This work was done while the authors were visting the Department
of Mathematies, Michigan State University. They wish to thank the
Department for providing them with nice facilities. They also want to
express their thanks to B.Y. Chen for many valuable comments and

suggestions.

1. Some preliminaries. Let M be a compact, connected, Riemannian
manifold and A its Laplacian acting on smooth functions in C*(M). Then
A has an infinite sequence of eigenvalues: 0 = a\ <A < ovo <N <+ ¢+ 1
(the spectrum of M). For each ),, the associated eigenspace V, is finite-
dimensional. On C=(M), one considers the usual inner product (f, g) =

S f-gdV, then 3,,.,V, is orthogonal and dense in C*(M). So for each
M

feC=(M), one can talk about the spectral decomposition: f = Dz fis
A f, =\, f;, which is convergent in L’-sense. This decomposition can be
extended to R™"'-valued smooth functions on M, in a natural way.

In particular if z is an isometric immersion of M into R™' (we can
identify x with the position vector of M in R™™), then we have the
following spectral decomposition of x:

(1.1 r=x+ >0, Ax, = A2,

t=z1

where x, is a fixed point in R™" which coincides with the center of mass
of M in R™". If the spectral decomposition (1.1) is finite, then we will
say that « (or M) is of finite type. Namely, we will say that it is of
k-type if it involves exactly k& nonzero x,s. If M is of k-type and
Npyy * % Ay, are the associated eigenvalues of its Laplacian, then the set
of natural numbers {p, -:-, p,} will be called the order of M into R™".
Finite type submanifolds of R™™ are characterized by the existence of
a nonzero polynomial, say P(t), such that P(A)H = 0 (H being the mean
curvature vector of M into R™™). Among all these polynomials, there
exists a unique monic polynomial, say Q(¢), such that Q(A)H = 0. Fur-
thermore if k& = deg Q(¢), then the submanifold is of k-type. Such a
unique polynomial is given by

(1.2) Q(t) = tk -+ C]tk_l Foeeet+ ck—lt + Cy
where
k
6= =3 hpy €0 = %x,,ix,,j, e e = (=1, ey,

and \,, --*)\,, are the associated eigenvalues giving the k-type character.
Consequently, because M is assumed to be compact and Ax = —nH (n



578 M. BARROS AND F. URBANO

being the dimension of M) one can say that x: M — R™" is of k-type if
and only if

(1.8) A H + e, AH + oo+ ¢ H— Ze(x —2)=0.
n

This characterization will be used in this paper. (For more details on
this concept see [5]).

On R™ we consider the inner product {,) given by {(u, v) = u v’
for any %, v € R™, where each vector in R™ is regarded as a row matrix
and v denotes the transpose of v. Let »>0. Then the sphere S™(r) =
{u € R™|{u, uy = r*} with the induced metric has constant sectional curva-
ture 1/r*. Let SM(m) = {Pegl(m, R)|P* = P} be the space of symmetric
m X m matrices over R endowed with the metric g(P, Q) = (1/(2r*))tr(PQ)
for P, Q € SM(m). Consider the mapping f: S™(r)—SM(m + 1) defined by
fu) =u'-u. Then f is an isometric immersion which is actually the
second standard immersion of S™(r). The image f(S™(r)) is a real pro-
jective space which lies fully in an (m + m(m + 1)/2)-dimensional linear
space of SM(m + 1).

For each point u € S™(r), the normal space of S™(r) in SM(m + 1) at
% (or more precisely at f(u)) is given by
(1.4) THS™r)) = {PeSM(m + 1)|u-P = pu for some peR}.

In particular, we have f(u)e TH(S™(r)).

We will denote by D and V the Riemannian connections on SM(m +1)
and S™(r) respectively. Also ¢ and A will denote the second fundamental
form and the Weingarten map of f respectively. The following properties

of f are well known (see for instance [10]):
It has parallel second fundamental form satisfying

(1.5) 9(6(X,Y), a(V,W))
= —:;{2<X, YV, WY + (X, VXY, W) + (X, W)Y, V)},

(1.6) ApnV = —-%2—{2<X, YWV 4+ X, V)Y + (Y, V)X},

(1.7) 9(0(X,Y), f(w) = —<X,Y), 9(6(X,Y), I) =0

where X,Y,V,We T,(S™r)) and I is the identity matrix.
S™(r) is immersed by f as a minimal submanifold of a hypersphere
of SM(m + 1) centered at (+*/(m + 1))I and with radius (*m/2(m + 1))"2.

2. Some examples. In this section we give some examples of compact
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minimal surfaces in S*(1) which are of finite type in the second standard
immersion of S*(1) in SM(n + 1).

(1) Consider x: S*(1) — S*(1) totally geodesic. Then ¢ = f-x: S*(1) —
SM(4) is of 1-type and its order is {2}. This is the only minimal surface
in S*(1) which is of 1-type in SM(n + 1).

(2) Let a: M— S°(1) be the Clifford torus. Then ¢ = f.2: M—
SM(4) is of 2-type and its order is {2, 3}.

(3) Let : M— S*1) be the Veronese surface. Then ¢ = f-x: M —
SM(5) is of 2-type and its order is {1, 2}. :

(4) We define an isometric immersion y from R® into S°%1) by

2.1 y, 1) = 1—/—1—?(0% 0, sin @, cost, sinz, cos(d + 7), sin(d + 7)) .

The first fundamental form is given by g = (9,;) with ¢, = 9,, = 2/3 and
9., = 1/8. Therefore y induces an isometric immersion from 7 = R*/ A
into S%1), A being the lattice in R® generated by {(1V2/2, 1V 6/6);
(0,v2/1v3)}). Such an immersion will be denoted by x: T'— S*(1). Ac-
cording to (2.1), the Laplacian of T is given by A = —2(6%*/06* — 0*/060t +
&*/or?) and so # is minimal in S*(1). Namely it is defined in R® by means
of eigenfunctions of A associated with the eigenvalue )\, =2. It is
usually called the equilateral flat torus or the generalized Clifford torus
of index 2 (see [7], [8] for more details).

The dual lattice of A is given by

(2.2) A*={0"2h—0"2/2k; V3NV 2)k)|h, kecZ)
and so the spectrum of T is
(2.3) {2n* + 2k* — 2hk | h, ke Z} = {0, 2,6, 8,14, 18, ---}.

It is not difficult to see that the spectral behaviors of the products
of the coordinate functions of x are given by

w—tev, 1<i<6
Xy Xy; Ty Ty T5 L € Vi
2, cx; €V, +V, otherwise

where V,,V, and V, denote the eigenspaces associated with the eigenvalues
M =2, N, =6 and », = 8 respectively. As a consequence, we can say
that ¢ = f.a: T— SM(6) is a 3-type immersion of order {1, 2, 3}. Fur-
thermore its center of mass is nothing but ¢, = (1/6)I, (I, being the
identity matrix of degree six).

(5) Let z: 8*(6)— S%1) be the third standard immersion of the
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2-sphere. We will call it the Veronese surface in S%1). The coordinate
functions of x are eigenfunctions of the Laplacian of S2(1/ 6) associated
with »; and so they are harmonic homogeneous polynomials of degree
three on R® (restricted on 8?17 6)). The isometric immersion @ =
fx: 8X(V6)— SM(T) is at least of 3-type (see [2]). Its coordinate
functions are homogeneous polynomials of degree six on R® (restricted
on S*(16)) so in their spectral decomposition cannot appear odd degree
polynomials and then ¢ is of 3-type and its order is {2, 4, 6}. Furthermore
it is easy to see that its center of mass in SM(7) is ¢, = (1/7)1.

Notice that the Veronese immersion of S*(1"3) into S*1) is of 2-type
in SM(5) and its order is {2, 4}, but the induced imbedding of R P*1/3)
into S*(1) is also of 2-type in SM(5) and its order is {1, 2}. (Here R P*1/3)
denotes the real projective plane of curvature 1/3). This was the second
example. However the Veronese surface in S%1) (example five) is already
an imbedding from S*(1”°6) into S%1).

3. Spherical minimal surfaces regarded in the space of symmetric
matrices. Let x: M — S™(1) be a minimal isometric immersion of a compact
surface into the unit sphere (without loss of generality we will restrict
ourselves to the unit sphere in this paper). Consider a local field of
orthonormal frames {E, E,, &, +--&,} on S*(1) such that restricted to M,
E, E, are tangent to M. The following convention will be used for the
range of indices 4, 7, k, l,r=1,2; a, 3,7, 0=38, --+, n. We will denote
by V the Riemannian connection on M and by ¢ and A the second
fundamental form and the Weingarten map of =z respectively. The
Weingarten endomorphism associated with &, will be A,. We put

(3.1) (o(Ey E)), &) = ki, (Vo) E, Ej, By, & = hin

Therefore, o(E, E;) = >, hié, and (Vo)(E, E;, E,) = > hiut, (where Vo
denotes the usual covariant derivative of o).
We define a symmetric tensor 7T on the normal bundle of x as follows:

(3.2) T, n) =tr(4:- A) .
So the following relations are well known

12

—1_lof
(3.3) K=1 5

(3.4) S Avs, B = 125

(3.5) —%Aw:1VU|2+210|2—2|014+|T12
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where X is any local vector field tangent to M, A and K are the Laplacian
and the Gaussian curvature of M respectively and |F'| is the length of
the tensor F.

Given a point pe M, let UM, be the unit sphere on 7, M (the tangent
plane of M at p) and f: UM, — R defined by f(v) = |o(v, v)’. We choose
E e UM, to be the point at which f attains its maximum and let
E,e UM, perpendicular to E,. Then one has

(3-6) Aa(El,El)El = )\'Ex ’ Aa(El,Eg)El = BEZ

where A = f(E,) and » = 8 =0. Obviously » = g if and only if M is
isotropic at p. Furthermore, from (3.6), one can obtain

(3.7) S, AnspX = J%—X

for all Xe T, M.

Let us consider the associated immersion ¢ = f-2: M — SM(n + 1).
The mean curvature vector H of ¢ is given by

3.8) H= %z F(E, E) .

The Laplacian of H was computed in [10] (see also [3] for a more
general formula). So one uses (3.4) to obtain

(3.9) AH = (lo]’ + 6)H — iZ o(c(E,;, E;), o(E, E;) .

REMARK 1. The totally geodesic surface in S*(1) is the only minimal
surface in S"(1) which is of 1-type in SM(n + 1). Also a Clifford torus
in S%1) and the Veronese surface in S*1) are the only minimal surfaces
in S*(1) which are of 2-type in SM(n + 1) (see [2] and [3]). In both cases
the center of mass of the surface in SM(n + 1) coincides with the center
of the hypersphere of SM(n + 1) in which S*(1) minimally yields. In
this sense we will say that the surface is of mass symmetric in such a
hypersphere or by means of the second standard immersion f of the
sphere®

In order to look for minimal surfaces in S(1) which are of 3-type in
SM(n + 1), we will compute A®H in the next lemma.

LEMMA 1. Let x: M— S*(1) be a compact minimal surface in S*(1)
and H the mean curvature vector of ¢ = f-x: M— SM(n + 1). Then
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(3.10) ANH =2V |o|*+ Blo]*+ 4|o — 2|Veo|* + 36)H
+ % {25'% hihin — (B la” + 2)T(&,, £:)}0(&0 &)

- 412; {i %’,phfjhﬁzh%k + (AE, V |o PYe(E,, &)

where V |o|* denotes the gradient of |o|

ProOOF. Let p be an arbitrary point of M and {E, E,} any ortho-
normal basis in T,M. We can extend {E,, E,} to a local field of ortho-
normal frames on M, which will also be denoted by {E, E,}, in such a
way that Vg FE, =0 and V,V,E, =0 at p. In order to compute A’H
at p, we will use the Einstein summation convention for indices and
also we will adopt the following easier notation: o,; = (&, E;); (V0)i, =
(Vo) E, Ej;, E,) and (V'0);u = (Vo) E, E;, E,, E;) ((V’0) being the usual
second covariant derivative of o).

Because f has parallel second fundamental form, one uses (1.6) to get

ngﬁ(o'i:,-, O‘ii) = _Z‘;("ij:aij)Ek + 26(6)_:;,00'”, 0'“)
= —2|o['E, — 26(Ao1;jEk! 0:5) + 26((V0)iju 0:5)
+25(0(VE;,E1, E), 0,;) + 25(a(E, VEkEi)’ gi) -
Now we use the minimality of z together with Vo =0 and (1.6) to
obtain
AG(04 0:5) = _DE],DE],E (0 O45)
=2V |o*+4|¢PH— 2A‘,;(A0”Ek,,,i VEA25(V A, B +0(E,, A, By, 0.5)
+ 25(AoijEk’ '—A”jEk + (Vo')ijk) + 223((V0)ijk,a,;j)Ek
- 26:(—A(V0)¢jkEk + (V20) it 045) — 26((V0)ins —Ao{jEk + (Vo))
=2V|o| + 4|o['H + 45(A(Va)“-kEky )
+ 26(0(Ek! Ao“’Ek)’ oii) - 20—(A0“'Ek’ AaijEk)
+ 46(A47“‘Ek’ (Vo)) + 4{(V0)ijny 057 E,
— 20((V*0)1iits 045) — 20((V0)ijuy (VO)iss) «
Now we use the Ricci identity and the minimality of x to write

2 (V¥0)in = 2 — |00y + 23, 0(Ey, A, E) — >, 0(A ;B By -

Consequently we obtain

(3.11) A0, 0:5) =4V |o]P + 4|o*H + 2(|a | — 2)d (0.5 0.5)
+ 46(0(E), A, ;E), 0.5) — 46(0(Ey A, E), 0.5)
+ 45(4,; By, (Vo)) — 25(A, B A, B
— 26((V0)ijuy (VO)iz) + 45(A(Va)ijkEk? 0ii) -
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Next by means of a straightforward computation involving (8.4), we have

50(B,, A, E,), 0.;) — 50(B, A,,E), 0,) = %lolzﬁ(am i) -

(%)

Similarly, by involving (8.7), we get
(A, ;E, A
and finally, it is not difficult to see
26(A oy, o 0:5) = 6(E,;, o(E, Vo)) .
So, the equation (3.11) becomes the following:
(3.12) AG(0,, 05) =4V o+ 22| — |THH
+ 4lo* — Dd(a;, 045) + 26(E, o(E;, Vo))
+ 46(A, ;B (Vo)) — 26((N0)iins (VO)igi) -
On the other hand, we also use a direct computation to get
(3.13) A(lc|’H) = A|c|’H + |6’AH + 6V |c|? — 26(E,, 0(E,, V]c ) .

Therefore (3.10) follows from (3.5), (3.9), (3.12) and (3.13).
The following result gives a characterization for the surfaces described
in Section 2.

E,) =|TrH

aig

THEOREM 1. Let x: M — S*(1) be a minimal isometric immersion of
a compact surface in the sphere, which is assumed to be full. Then the
immersion @ = f-x 1s of 3-type if and only if either

(1) M has constant Gaussian curvature K =1/6 and x s the

Veronese surface in S*(1) or
(2) M is flat and x is an equilateral torus in S*(1).

Proor. According to Section 2, we only need to prove the necessary
condition. From (1.3), one has

(3.14) A'H = aAH + bH + c¢(p — @,)
where @, is the center of mass of @ and @ =N, + Ny, + Ny b= —(O\pA, +
Nohr + Aghy) a0d € = —NAN,/2 (Apy Ny A, are the three eigenvalues involved

in the 3-type condition).
First, we are going to prove that the Gaussian curvature K of M is
constant. We apply g(p, —) to (8.14) and use (1.7) and (3.10) to get
—2|g]P— 36 = —6a — b + % — eg(@, @) .

Therefore for any vector field X tangent to M, one gets
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—29(Vle [, X) = —cg(X, @) .
On the other haud we apply g(X, —) to (3.14) and use (3.10) to obtain
29(Vie[, X) = —cg(X, @) .

Consequently V|o|* = 0 and so (3.3) gives the constancy for K.

So from (1.4), (3.8), (3.9) and (3.10) we see that ¢, is normal to S*(1).
Because z is full one can use an argument similar to that in [10, Theorem
2.3] to prove that ¢, = (1/(n + 1))I (I being the identity matrix in
SM(n + 1)). Then

1

3.15 AH = aAH + bH — I).
( ) a + =+ c(go o >

We apply g(G(E,, &), —) to (3.15) and use (1.5), (1.7), (3.8), (3.9) and
(3.10) to get
(3.16) ) Z};ﬁhfjhirhgjk = 0 .

,3,/,

Now by choosing an orthonormal basis {E, E,} at any point p € M as

in (3.6), (3.16) at p becomes

(3-17) (7\: - B)h{u = (7\' - ‘/8>h{12 =0

and it holds for all v. Consequently, at each point p € M, we have either
(Vo)) =0 or » =8 and so M is isotropic at p. If both facts happen
at the same point p, from (3.5) one gets that K =1 or K= 1/3 and so
M 1is totally geodesic or M is the Veronese surface in S*1) and it is
impossible according to Remark 1. Because we are assuming M to be
connected, it must be parallel or isotropic. If parallel, we can use a result
of [6] to find out that M is totally geodesic or a Veronese surface in
S*1) or a Clifford torus in S%1) and so impossible from Remark 1.
Therefore, we conclude that M is isotropic and (Vo)(p) = 0 for all pe M.
Then the normal bundle 7'M of a2 admits an orthogonal bundle splitting,
say T*M = v* @ v, where v} is the first normal space at p (which is of
dimension 2). Furthermore from the isotropy it is clear that Im g(Ve)(p)C
v, and dim(span{Im Vo(p)}) < 2 for all pec M.

Now we apply ¢(a(&, &), —) to (3.15) and use (1.5), (1.7), (3.8), (3.9)
and (3.10) to obtain

(3.18) (Blol*+2—a)T(&, &)—2 Zkhljkhijk = (2|0[*+36—6a—b+c/2)<¢&, &) .
Moreover 2|o[*+ 36 —6a — b+ ¢/2 is nonzero because (Vg)(p)*=0. So if

one chooses & € v, which is perpendicular to Im g(Vo)(p), then the formula
(3.18) implies that & = 0. As a consequence n < 6.
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On the other hand one can compute the normal curvature to be K+ =
|lo /2 (see [1] for details), and then from [1, Theorem 3] we have that
K =1/6 and M is the Veronese surface in S%(1) or K=0, n =5 and x
is one of the immersions described in [7]. But among those immersions
only that corresponding to the equilateral torus is isotropiec.

4. Some integral inequalities. Let ¢: M — R™ be an isometric im-
mersion of a compact surface in the Euclidean space with mean curvature
vector H. Then we combine (1.1) with Ap = —2H, to get

—2H =3 np, and —2AH =3 \o, .
i1 =1

Consequently one has

45 (AH, AHydv = 3 Ma,
d

(AH, H)dv = 3, \a,
M t=1

4.1)
4§M<H, Hydv = 5 Ma,

—2\ (H, pydv = 2 Mg,

M

where q, = SM@D,, @dv.
Now from (4.1), we have

4S (AH, AHYw — 400, + 2 + >~a>§ (AH, Hydw

+ 40\ + AN + 7“2’“3)5 (H, Hydv + 2x1x2x3§ (H, p)dv
M M
= ; 7\'t(7\'t - 7\'1)()\4 - ?vz)(M - 7\'3)04 .
Therefore, one obtains:

LEMMA 2. Let @: M— R™ be an isometric immersion of a compact
surface in the Euclidean space with mean curvature vector H. If n\, A\,
and N, are the first three eigenvalues of the Laplacian of M, then

(4.2) 4SM<AH, AHYdv — 40v ,+ ©, + x3)§M<AH, Hydw
F A0 + Mg + xzxa)g CH, HYdw + 2x1x2x3§ CH, @>dv = 0 .
M M

Furthermore, the equality holds if and only if either:
(1) o is of 1-type and its order is {1}, {2} or {3}, or
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(2) o 1is of 2-type and its order is {1, 2}, {1, 3} or {2, 8}, or
(8) o 1is of 3-type and its order is {1, 2, 3}.
Now we have the following:

THEOREM 2. Let M be a minimal compact surface in the unit sphere
S*(1). Then

(4.3) SM | TPdy + 2SMK2dv F O+ Ny + N — IG)SMKdv

+ [14 — v N ) — (”1”6)(’“2ZG)<M‘6) ]vol(M) >0.
Moreover, the equality holds if and only if either
(1) M ss totally geodesic, or
(2) M s the Clifford torus in S*(Q1), or
(3) M 1is the Veronese surface in S*(1), or
(4) M 1is the equilateral torus in S°(1).

ProoF. Consider the isometric immersion ¢: M — SM(m + 1), ¢ = f -,
(x being the immersion of M into S*(1)). Then its mean curvature vector
H satisfies

(H,p) = —1

(H,H) =3

(AH,H) = |o* + 18

(AH, AH) = |o|*+ 12|c|* + 2| T* + 108.

In order to get it, we only need to use (1.7), (3.8), (3.9) and (3.10). Now
from (4.2) and (4.4) we have

(4.4)

(4.5)  —(\ — 6)(n, — 6)(\; — 6)vol(M) + 2SM|a|4dv + 4§M| T *dv
+2(12 — (v + e + 7\,3))SM|012dv >0.

Then (4.3) follows from (3.3) and (4.5). Certainly the four surfaces listed
in the statement of the theorem satisfy the equality in (4.3). Conversely
if the equality in (4.3) holds, then we apply Lemma 2 to get either:

(1) ¢ is of 1-type which automatically implies that x is totally
geodesic (in this case the order of ¢ is {2}), or

(2) o is of 2-type and so from [2] (see also Remark 1), (M) is the
Clifford torus in S°(1) or x(M) is the Veronese surface in S*(1) (in these
cases the order of @ is {2, 8} and {1, 2} respectively), or

(3) o is of 3-type with order {1, 2, 3} and so from Theorem 1 and
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the examples given in Section 2, we know that z(M) is the equilateral
torus in S°(1) (recall that the Veronese surface in S°%(1) has order {2, 4, 6}
in SM(7)).

After this general inequality and because the extrinsic behavior of
the examples listed in the statement of the last theorem are well known,
we can give the following consequences in which we look at special
properties, namely: isotropy, parallel second fundamental form and co-
dimension one.

COROLLARY 1. Let M be a minimal compact surface in the wunit
sphere S*(1). Then

(4.6) 2SM | Tldy = [OW_G)OWZGX’“S”G) o N g — lz]vol(M)

F (12 — (v 4\, + ’“3))5 Kdv .

Moreover the equality holds if and only if either
(1) M is totally geodesic, or
(2) M 1is the Veronese surface in S*1), or
(8) M 1is the equilateral torus in S*(1).

ProoF. It is not difficult to see that for any minimal surface in the
sphere, we have

(4.7 |o|*<2|T|* equality holding if and only if the surface is isotropic.
Now, by using (3.3), (4.7) is equivalent to
(4.8) 2K*<|TPP+4K—2equality holding if and only if the surface is isotropie.

Then (4.6) follows from (4.3) and (4.8). The equality in (4.6) holds if and
only if the equality in (4.3) holds and the surface is isotropic.

COROLLARY 2. Let M be a minimal compact surface in the umnit
sphere S*(1). Then

4.9) 4S (K—1)(A0K — 18 + Ny 4+ Ny +Ng)dv = (A, — 6)(\, — 6)(Xg — 6)vol(M)

Furthermore the equality holds if and only if either
(1) M 1s totally geodesic, or
(2) M 1is the Clifford torus in S*1), or
(8) M 1is the Veronese surface in S*(1).

Proor. From (8.5), we have

(4.10) SM | TPy < zSM<|a|4 — o Pdv
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and the equality in (4.10) holds if and only if x has parallel second
fundamental form. Now (4.9) follows from (3.3), (4.3) and (4.10). The
equality in (4.9) holds if and only if the equality in (4.3) holds and «
has parallel second fundamental form.

COROLLARY 3. Let M be a minimal compact surface in the unit
sphere S™(1). Then

(4.11) 4SM(K 16K — 184 + 2y + A)dw = (0 — 8)(hg — 6)(hg — 6)vOL(M)

Moreover the equality holds if and only if either
(1) M s totally geodesic, or
(2) M is the Clifford torus in S*1).

The proof follows from an argument similar to that in the above

corollary, by using the following fact:
|T? < |o]* and the equality holds if and only if x has codimension

one.
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