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Let G be a simply connected semisimple linear algebraic group over
an algebraically closed field K of characteristic » > 0, B a Borel subgroup
of G, and T a maximal torus of B. Let G, be the n-th Frobenius kernel
of G, and G,B the closed subgroup scheme of G generated by G, and B.
Then we have induction functors Z, = Indg-%, Ind§ ; and Ind§. The first
one of these functors is exact, but the others are only left exact, so we
can further construct their right derived functors H; = R‘Indj , and
Hi = R'Ind¢ for all + = 0. Thanks to the transitivity of inductions we
obtain that H° = H%Z,, or more generally, H' = HioZ..

Let X(T) be the character group of T. Let e X(T), canonically
regarded as a 1-dimensional B-module. In this paper we shall reveal a
connection between the G,-socle series of Z:,(x) and the G-socle series of
H°(\). Our main result (cf. (2.1)) is a generalization of a similar result
of Andersen (cf. [3, (4.4)]). As an application of the main result, we
shall also discuss the G-socle series of H°(\) for non-generic ) in the
B, case.

This research was carried out while the first author was a visiting
scholar at East China Normal University. He would like to express his
appreciation to his advisor Professor Cao Xi-hua. Moreover, we are greatly
indebted to the referee for giving us some useful suggestions and telling
us the fact that the same result with different proof was obtained inde-
pendently by John B. Sullivan in his preprint “the Euler character and
cancellation theorem for Weyl modules”, Feb. 1987.

1. Preliminaries. Let R be the root system of G with respect 7,
and W its Weyl group. Choose the set of positive roots, denoted by R.,
such that B corresponds to —R,, and denote the set of simple roots by
S. Let E be the Euclidean space, spanned by R with W-invariant inner
product {, >. Then we can identify X(7') with the abstract weight lattice
of R. Let X(T), be the set of dominant weights with respect to the
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choice of R,. Set
X(T)={\eX(T).|{\ a”) < p, for all a€ S},

where a® = 2a/{a, a) is the coroot of @. Then each € X(T) can be
uniquely written as » =\’ + p™\! with \'e X (T), A e X(T). It is well-
known that X(T), (resp. X(T), X,(T)) parametrizes the isomorphism classes
of simple G-modules (resp. G,B-modules, G, -modules), and we shall denote by
L) (resp. L,0\), L,(\)) the simple G-module (resp. G,B-module, G,-module)
with highest weight .

Also, we set
C,={&eFEl0<{x+p a) <mp, for all acR,},

where p is half the sum of positive roots, and let C, be the Euclidean
closure of C,.
The following facts are well-known:

(1.1) ProposiTiION. (1) If A€ X(T),, then
LOW)lg,s = L) LODI)™
L) g, = L,OAY® -+ DL,(\) (dim L(\") copies) ;

(2) If neX(T), then L,0\)s, = L.OY);
(8) If n, veX(T), then

L.+ o) = L,Q@p™,
2.0 + p) = 2,00 Q™ .

Here by (n) we mean the m-th Frobenius twist . Note that if FE is
a B-module, then E™ is a G,B-module.

(1.2) ProproSITION. (1) If neX(T), then
HQ\) #0=xeX(T), = HQ)=0 forall 1>0;

(2) If AeX(T).NC, then H°(\) = L(\);

(8) If veX(T),, then Soc H()\) (the largest semisimple submodule
of H'(\)) s L(\) and the other composition factors of H°(\) have highest
weights strictly smaller than .

(1.3) PROPOSITION. If E is a B-module, then Hi(E™) = H'(E)™.
Therefore, for xn€ X(T), we have

HY(L.(\) = LA Q@ H'ONH™ .

In particular, if \'e X(T),NC,, the?i H?,(E,,()\.)) = L(\) and H‘(f;n(x)) =0
Sfor all > 0; i+f n¢ X(T),, then H(L,(\)) = 0.
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2. Main theorem. If H is an affine group scheme and M is an H-
module, we can inductively define the socle series of M: Let Soc,, M =
Soc, M, the largest semisimple submodule of M, and, if 7 > 1, let Soci, M
be the full inverse image of Soc,(M/Soct*M) in M. If M is finite di-
mensional, then Soci, M = Soci;* M = -.- for large ¢. From the definition
we see immediately that Soci M/Soci;* M is a semisimple H-module. Con-
versely, it is not difficult to show that if

0=McCcMcMc---cM" =M
is an H-submodule filtration of M with semisimple quotients, then Mic
Soci, M. A composition factor of Soci M/Soci* M is called a composition
factor of M with socle level 4.

In particular, if e X(T), we set Si(\) = Socénﬁﬂ(x). Note that we
take the G,.-(not the G,B-)socle series. Similarly, if A € X(T),, we shall
set S‘(\) = SoctH(\). The fact that G,<|G.B ensures that Si(\) is a
G, B-submodule of ZAH(A,). The main theorem we shall prove is the following:

(2.1) THEOREM. Let \€ X(T), with the following property:
() If L. () with pe X(T), is a composition factor of Z,(\), then
;ﬁ‘ eC,.
Then HL(S:(\) = S'(\) for all 1.
Note that the condition (x) on )\ is much weaker than that in [3,
(4.4)]. In particular, our result is applicable for “non-generic” .
We have to prove some lemmas first.

(2.2) LEMMA. Let neX(T)., V., and V, be mon-zero submodules of
H°(\). Then
K, if V.CV;;

H V,V,) = .
omq( ) 0, otherwise .

PrOOF. Clearly we only need to prove Homy(V, H°(\)) = K. From
the reciprocity of inductions (cf. [5, (12.1.3)] or [8, (38.5)]) we obtain that

Homy(V,, H(\)) = Homg(V,, M) .
Then the lemma follows from the fact that ) is the highest weight in V,
with multiplicity 1. q.e.d.
(2.3) COROLLARY. Let neX(T), and Ev,: H'(\) — Z,(\) be the evalu-
ation. Let V be a submodule of H°(\). Then V is a submodule of
H\(Ev,(V)).
PROOF. The result is trivial if V = 0. Otherwise ) is a weight of

V, and the restriction of Ev, to the weight space of weight X\ is non-zero.
Hence Ew,|, is non-zero. From the reciprocity
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Homg 3(V, Ev,(V)) = Homy(V, H}(Ev,(V)))
we obtain a non-zero G-homomorphism V — H:(Ev,(V)). Since HY(Ev,(V))

is also a submodule of H°()\), V is a submodule of HY(Ewv,(V)), by (2.2).
g.e.d.

(2.4) LEMMA. Let E be a G,B-module, and it is semisimple as a
G.,-module. Then

E= 11 L)QEW™,
where E(y) is a B-module, for each pe X,(T).
Proor. cf. [3, (4.1)]. q.e.d.

PRrOOF OF (2.1). Step I: we shall show H 9(SE))SH(\). It is enough
to show that H(Si0W))/HYS(\)) is semisimple as a G-module. Let E, =
S:\)/S5*(\). Applying the functor H? to the short exact sequence

0—- S50 — Si) — E,— 0,
we obtain the following exact sequence:
0 — H3(Si () — HASLW) — HYE))

Therefore, it is enough to show that HY(Z,) is semisimple as a G-module.
By (2.4), we can decompose E; as follows:

E= 11 L(HKQE™,
HEX,(T)

where E(¢)’s are B-modules. Then (1.3) together with the tensor identity
(ef. [6, (12.1.6)] or [8, (8.6)]) gives

HYB) = I L)@ HEm)™ .

Because of the condition () all dominant weights in E,(y) are in C,, so
an easy induction on dimension shows that any composition factor of
H(E(t)) has the form L(v) with ve X(T),NC,. Thanks to the linkage
principle (cf. [2]), there is no non-trivial extension between these L(v)’s.
Hence H'(E,(t)) is semisimple as a G-module, and so is Hy(E,), by Steinberg’s
tensor product theorem (cf. [6, (6.2.2)] or [9, Th. 41]).

Step II: we shall prove S‘(A) = H(Si(\)) by induction on 7. The
case 1 =1 is trivial, for S:v) = L,\) and S'\) = L(\). Now we as-
sume that HI(S:(\) = S‘(\). From the naturality of evaluations we see
that Ew,|si; is exactly the evaluationA frorri H%(§Z.(x,)) into §£,()\,), SO
Ev,(S‘0\)CSi(\), hence (Ev,(S*'(\) + Si(\)/Si(n) is a quotient module
of Ev,(S**'(\))/Ev,(S'(\)). On the other hand, the composite G,B-homo-
morphism
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ST > Ev, (S (V) > Ev, (87 (\)/ Eva(S'(\))

sends S*’(\) to zero, so it factors through S:+'(\)/S*(\), which is a semi-
simple G-module and thus a semisimple G,-module, by (1.1). It follows
that Ev,(S"'(\))/Ev,(S'(\)) is semisimple as a G,-module, and so is its
quotient module (Ew,(S“t'(\)) + Si(\))/Si(\). Therefore,

Ev, (S (W) C S50
Then (2.3) together with the left exactness of inductions gives
S+ C Ha(Ev,(S™(\)) € Ha(SE ()
which, together with Step I, ensures that
S = Hy(S5P()) - q.e.d.

3. Socle series patterns. We can illustrate the socle series of Z,(\)
or H°(\) in the following way: if pxe X(T) (resp. pe X(T),) such that
[ZAn(),): L] =7 >0 (resp. [H'(\): L(#)] = r > 0), we attach r integers
to the point g e E, each integer pointing out the socle level of a factor
that is isomorphic with ﬁ"(p) (resp. L(g)). A is the only point in E to
which a single integer 1 is attached. Such a set of points in E together
with the integers attached to each point is called the socle series pattern
of Z,(\) (resp. H°(\)).

Note that from (1.1) we see that if ), v € X(T), then

Sin + o) = Si @'y

hence
3.1 [Si A+ p)SE O + p): Lo(pe + pr)] = [SEV/S50: L]
for all ;e X(T). This means thatA the socle series pattern of Z,(\ + p")
is exactly a translation of that of Z,(\). In this sense we say that Z,(\)
and Z(x + p"y) have the same socle series pattern, or the socle series
patterns of Z,(\)’s are invariant under p"X(T)-translations.

Recall that we call a weight A € X(T), n-generic if every composition

factor of Z,(A) has the form L. (¢) with £ eC,nX(T),. From our main
results (2.1) and (1.8) we know that if A is m-generic, then

(3.2) [S‘OVIS0n): Le)] = [SL00/S00): Lu(ga)]
for all e X(T) (if p¢ X(T), we understand that the number on the left

hand side is 0). Therefore, the socle series pattern of H°(\) is the same

as that of Z,0\).
If both A and )\ + p"w (A, v€ X(T),) are m-generic, then the socle
series pattern of H°(\ + p"v) is a translation of that of H°(\). However,
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generally speaking, there is no p"X(T)-translation invariance for the socle
series patterns of H°(\)’s. The best thing we can say in this direction
is the following weaker result:

(3.3) THEOREM (Translation and cancellation principle for socle series
patterns). Let A be a dominant weight satisfying (x) and v € X(T), such
that A + p™v is n-generic. Then

[S' /S0 L] = [S' (O + p™)/S7H (0 + p™v): L + p™))
Jor all pe X(T)..
Proor. Thanks to (2.1), we have the following exact sequence:
| 0 — 81 (n) — S() — HASIW/S ()
From this, and by (1.8), (8.1) and (8.2) we deduce that

[S'OV/SH00: L(e)] < [HASI/ST00): L] < [Si)/S5 )z Luan)]
= [S:0v + p)[STTH (0 + p): Lt + p™)]
= [S*(\n + p™)/S* '\ + p™v): L + p™)] . q.e.d.

Thanks to (3.3), in order to obtain the socle series pattern of H°()\),
A as in (3.3), one can translate the socle series pattern of H°(\ + p™v) for
some n-genetic ) + p"v by —p"y, then cancel all non-dominant points (and
all integers attached to these points) and perhaps some dominant points
or some integers attached to dominant points. Another interesting thing
is that after the cancellation, the left integers in the pattern are still
consecutive, starting from 1. In other words, if all composition factors
with socle level ¢ are cancelled in the above-mentioned procedure, then
all composition factors with socle level =7 are cancelled, too. This follows
immediately from (2.1) and (3.3).

It is also well-known that if » e X(T), is p-regular (i.e. (A + o, &) #
0 mod p for all @« € R,), then the socle series pattern of H°(\) only depends
on the alcove to which )\ belongs. More precisely, if A and )\’ are p-regular
dominant weights in the same alcove, then

[S* /ST L] = [S*W)/ST'(N): L))

for all pe X(T), linked to A, where ¢ is the unique weight that is con-
tained in the alcove containing g and that is linked to A’. There is a
similar story about Zn(x,)’s. Therefore, it is more convenient to picture
the socle series patterns of H'(\)’s or Z,(\)'s for p-regular \'s by attaching
integers to alcoves other than points. In this way, the types of socle
series patterns of Z,(\)’s for p-regular )\’s, or equivalently, those of H °(\)
for m-generic and p-regular \’s, are reduced to a small number. For
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211
21 3
3 2 2 3
314 3 3 413 4|3
4 5(4 3 3
3 3 4 514
3 3 4
4 4 4 3
4
3 4
2 1
2 1 3 2
3|2 3 413
213 2 2 3(2 312
3 43 ) 2
2 3(2 3 413
4 4
3 3 3 2
5
4 5

FIGURE 1. The l-generic and p-regular socle series patterns in the B, case

example, in the B, case there are only four types of l-generic and p-
regular socle series patterns, which are shown in Figure 1 (cf. [6]).

4. Non-generic patterns in the B, case. Now we assume G to be
of the B, type, and we limit ourselves to the case n =1. In this case
the cancellation is much easier to control, for each composition factor of
H°(\), where ) satisfies (x) for n = 1, is of multiplicity 1, as shown in
Figure 1. The only thing we have to do is to determine the composition
factors of H°(\) for non-generic X.

For a G-module M, let ch M be the formal character of M. By Kempf’s
theorem we have ch H(\) = 0 for A e X(T), and i > 0. So

ch H'(\) = Z“, (—=1)*ch H(\)
for € X(T),. The left hand side of the above equality is the so-called
“KEuler character”, which has a well-known “additivity”. From it we get

ch H'(\) = 3 (—1) ch H'(\) = 3. (—1) ch HIZ,(V)

i i

= 312,00 L) 3 (=1)* eh HAL(1) -
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If we write ¢ = ¢+ pg* with ¢ e X(T), ¢ € X(T), then by (1.3), H{(I:l()u))z
L") @ H (). Hence we get

1
1 2
1 3 2
2 3|2 4|3
3|2
3
3
4
3 4
2|1
21 32
1 3 2 2 3|2
4 3 413
2 54 3
3|2 413 54
2 3 3 4
4|3 4 3
3 4
2 3 4
2 1
2 1 3 2 2 [1
3|2 3 2
2 (3 2 3|2 3|4 3
3 413 2 2 4 5 |4
3 43 3 413
2 43 ) 3 3
3 2 4 4
5 y 4
4 5 3

FIGURE 2. Non-generic patterns in the B; case
(Thick lines indicate the walls of the dominant chamber)
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ch H'(\) = 35 [Z,0): Ly(p)] 3% (—1)* eh L(p#) eh H(p#)”
= 2 (3 (CDIZ0): L + pw. )]) eh L(pf) ch HA

peX(T)y wew

211
3
2 312 211
413 413 211 3|2
3 3 2
4 5|4 3 3 413
4 3
3
4 4
2|1
2 1 3 2
3 314 3
3 413 4 5|4
2 1 2 312 3 3
312 2 3
2 3 4 4
3
2
4
3
2 1
2|1 3(2
312 213 2
2 312 3 413
3 413 413 2 312
3 3
4 514
) 3 5 3
3

FIGURE 2. (continued)
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Note that » satisfies (*) for » = 1. So the non-zero summands in the
above formula are those with p#*eC,. Hence H'(#") = L(¢). We have

2 1 211
211 3|2 3
3(2 2(3 2 314 3
2 312 3 413 4 514
413 312 3 43
3 4 3
5|4 3 4
4 5
3 4
211
3|2
2 3|2
413 413
3 3 2|1
4 514 211 3
4 2
3 3 4|3
3
1 211
1 2 3 2
1 3 2 4 3
2 3(2 413 5|4
3(2 4|3
3
2 1
3 2 1
211 413 3|2
211 3|2 32 2
2 2 3
3 2

FIGURE 2. (continued)
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(41 chHO0W = 5 (3 (~D"IZ0): L + pw. p)]) ch L(p) .
The nice thing is that [Z,(\): L,()] = [Z.(\ + pv): Ly(zt + pv)] for any
N, 4, v € X(T) (ef. (8.1)). Then using (4.1), together with Steinberg’s tensor
product theorem, one can determine the formal character of H°(\), or
equivalently, the composition factors of H°(A). Hence we have determined
the socle series pattern of H°()).

The non-generic patterns are shown in Figure 2. The patterns for
the weights in X,(T) are well-known, so they are not shown.
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