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Abstract. This paper characterizes various spaces of translation operators and
multipliers on Banach-valued function spaces. A relationship between invariant oper-
ators and multiplier operators is established. It explores a necessary and sufficient
condition for each invariant operator to be a multiplier.

1. Introduction and preliminaries. Throughout we let G be a locally compact
abelian group with Haar measure dt, A a commutative Banach algebra, Γand A' Banach
spaces. Denote by Ll(G, A) the space of all Bochner integrable ^-valued functions
defined on G. It is a commutative Banach algebra under convolution. LP(G, X) is the
space of all X- valued measurable functions defined on G whose A^-norms are in usual Lp

space. It is a Banach space for each /?, 1 ̂ p^ oo.
A bounded linear operator T from a Banach function space E(G, Y) to another

F(G, X) is invariant if T commutes with the translation operators τa (aeG). Throughout
this paper, the space of all invariant operators from E(G, Y) to F(G, X) is denoted by

(E(G, Y), F(G, X)) .

Our purpose in this paper is to characterize the space of invariant operators under some
appropriate conditions.

If X and Tare ^-modules, it is known (see Rieffel [12] and also Lai [7], [8]) that

(1.1) HomΛJT, Y*}^(X®AY)* ,

in which a linear operator ΓeHom^A", Y*) corresponding to a continuous linear
functional ψ on X®A Y is given by

(Tx)(y) = \lι(x®y) for all xeX , yeY.

Here HomA(X, Y*) is the space of all ,4 -module homomorphisms from A^ to Y*, the
topological dual space of Y, that is, each TeHomA(X, Y*) satisfies

T(ax) = aT(x) for all a e A , x e X ,
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where T is a continuous linear operator from X to 7*; X®A Y denotes the ^(-module
tensor product space of X and Y.

If Xis a Banach ^-module, then LP(G, X), 1 ̂ /?^ oo, is a Banach L^G, Λ)-module.

In [7] and [8], Lai has characterized various spaces of module homomorphisms for
Banach-valued function spaces defined on a locally compact Abelian group G under
certain appropriate conditions. The module homomorphism space is generally called the
multiplier space. It is well-known that, in the scalar-valued function spaces over G, a

bounded linear operator is a multiplier if and only if it is an invariant operator. For
example,

(1.2) HomL1(G)(LHG), L\G))*(L\G), L\G})^M(G) ,

where M(G) denotes the space of bounded regular measures on G, that is, if T is a
bounded linear operator on Ll(G), then the following statements are equivalent:

(a) Γ(/* 0) = 77* g =f* Tg for all f,ge L\G\

(b) τsT= Tτs for sεG, where τj(t)=f(ts-l)=f(t-s).
(c) There is a unique measure μ e M(G) such that

7y=μ*/ for any feLl(G).

Moreover, it is also known that

(1.3)

where F(G) = LP(G) (!</?< GO) or C0(G), the space of continuous functions on G

vanishing at infinity, and the relationship between both sides of = is given by the
following equivalent statements: Let Γbe a bounded linear operator of Ll(G) to F(G).
Then τsΓ= 7τs for all seG if and only if there exists a function geF(G) such that Tf=
f* g for all/E L^(G). For all of these properties, one can consult Larsen [10]. However, in

the Banach-valued function spaces, an invariant operator need not be a multiplier. In
[13], Tewari, Dutta and Vaiya proved the following theorem.

THEOREM A ([13; Theorem 3]). If aim A>\ and A has unit of norm 1, then there is
a bounded linear invariant operator T of L^(G, A) such that

TφHomA(L\G9A)9L*(G9A)).

Using this result, they disprove Akinyele's results about the equivalence between
the multiplier and invariant operator on Ll(G, A). In [13], they proved that

(1-4) HomL1(GiA)(L\G, A), L\G, A))*M(G, A)

provided A has an identity of norm 1. This result is extended by Lai [8] as in the
following theorems.

THEOREM B ([8; Theorem 9]). If A has an identity of norm 1 and X is a Banach A-
module, then the following statements are equivalent:
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(a) TeKomLι(GtA}(L\G, A\ L\G, X)\
(b) There exists a unique μeM(G, X) such that

Tf=f*μ for all fεL\G,A).

Moreover,

(1-5) Hom^^LXG, A\ L\G, X))*M(G, X} .

Evidently, i f X = A , (1.5) is reduced to (1.4).

THEOREM C ([8; Theorem 6]). Let Xbe a Banach A-module and A have an identity
of norm 1. If the topologίcal dual and bidual spaces X* and X** of X have the Radon-
Nikodym property in the wide sense with respect to G, then the following statements are
equivalent:

(a) Γ€HomL1(GiX)(L
1(G, A\ L*(G, X)\ \<p< oo.

(b) There exists a unique geLp(G, X) such that

Tf=f*g for all feLl(G,A).

Moreover,

(1.6) HomL1(GM)(L
1(G, A), Z/(G, X))^L*(G, X) , \<p< ao .

Recently, Quek [l i} Theorem 9] proved that if X has the Radon-Nikodym property
in the wide sense, then the isometric isomorphism of (1.6) in Theorem C holds. Quek's
result improves Theorem C, since if X is embedded as a closed subspace of Jf** in the
norm topology, Theorem 2 of Diestel and Uhl [1; p. 81] implies that Xhas the Radon-
Nikodym property in the wide sense whenever Jf** does.

As the remark in [13; p. 229] indicated, it would be interesting to characterize the set
of all bounded linear invariant operators on various Banach-valued function spaces
over G. In this paper, we shall characterize various spaces of translation operators and
multipliers under some appropriate conditions. Moreover, we establish a relationship
between invariant operators and multipliers, and reduce a necessary and sufficient
condition for each invariant operator to be a multiplier. Finally, we summarize our
results as follows. Throughout we let X and Y be Banach spaces and A a commutative
Banach algebra. Then we have:

(i) A bounded linear operator from L\G) to F(G9 X) ( = LP(G, X) (1 ̂ p^ oo)
or C0(G, X)) is invariant if and only if it is a multiplier.

(ii) The space (Ll(G, Y},LP(G,X)) (\<p<co) is isometrically isomorphic to
jS?(y, Z/(G, X)), the space of bounded linear operators of Y to LP(G, X).

(iii) If p= 1 in (ii), then

(L\G, 7), L\G, X))*X(Y9 M(G, X)) ,

where M(G, X) is the space of A"- valued bounded regular measures on G.
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(iv) If L\G, X) is an order-free L\G, Λ)-module, that is, (peL\G, X) and
L\G, A)*φ = {0} imply φ = 0, then

, A), Ll(G, X))^HomA(A, M(G, X)) .

(v) If X and X* have the Radon-Nikodym property in the wide sense and
LP(G, X), 1 <p< oo, is an order-free L1(G, Λ)-module, then

(GM)(L1(G, A), L*(G9 X))*HomA(A, L*(G, X)) .

(vi) As in Theorem A, we can find a bounded linear invariant operator T

of Ll(G,A) to F(G,X) ( = LP(G,X) (l^/?^oo) or C0(G, X)) such that Tφ
HomA(L1(G, A), F(G, X)) provided that A has a faithful algebra representation on
X, that is, aeA and aX={Q} imply a = 0. However, if X is an order-free Banach A-

module, then

Hom^^LXG, A\ P(G, X))<=HomA(Ll(G, A), F(G, X)) .

(vii) Let A have unit of norm 1 and X be a unit linked Banach ^-module. Then
each invariant operator T . Ll(G, A)^F(G9 X) is a multiplier if and only ifA = C, where
F(G9 X) = LP(G, X) (1 ̂ p^ oo) or C0(G, X).

The authors would like to thank the referees for their valuable comments.

2. Invariant operators. We will prove first that if A = C in (1.5) and (1.6) then
every invariant operator of Ll(G) to LP(G, X), 1 ̂ p < oo, will be a multiplier. Actually
we have the following theorem.

THEOREM 1. Let X be a Banach space. A bounded linear operator T:
L1(G)^>F(G, X) is an invariant operator if and only if it is a multiplier, where
F(G, X) = LP(G, X) (1 ̂ p^ oo ) or C0(G, X).

To prove this theorem we need the following result which was informed by Seiji

Watanabe.

LEMMA 1. Let (S, B, μ) be a positive measure space (not necessarily finite), X a
Banach space and xί9 x2 two strongly measurable X-valued functions on S. Suppose that
x*(xί(s)) = x*(x2(s)) μ-almost everywhere for each bounded linear functional c* on X.
Then xί(s) = x2(s) μ-almost everywhere.

PROOF OF THEOREM 1. Let T be an invariant operator from L\G) to F(G, X).

For any .x*e^*, define a mapping Tx*\ L1(G)^>F(G) = F(G, C) by

Tx*f=x*oTf for all feLl(G).

Then Tx* becomes a bounded linear invariant operator. Indeed, T^ is clearly bounded
and linear. Now let τs, sεG, be a translation operator. We have
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1 ) = x*o τs(7/)(0 = x* o T(τJ)(t) = T*

for MfeLl(G) and f eG, that is,

This shows that Γx* is invariant whenever Γ is.
By (1.3) and [10, Theorem 3.1.1], we see that the invariant operators and multipliers

are equivalent in the case of scalar- valued function spaces. It follows that for any

x* o Γ(/* g) = Γx,(/* g) =/* T^g =/* (x* o Tg) = x* o (/* Tg)

for all/, g e LJ(G). Hence by Lemma 1 , Γ(/* 0) =/* 70 for all/, 0 e ̂ (G). Note that every
function in F(G, A") is strongly measurable. Hence

The "if part" of the theorem is trivial. Indeed, for/ geL1(G), te G, and a multiplier

Γ,

(^)(/* g) = Γ(/* τ^) = T(τtg */) = (τ^) * Tf= τt(g * 7/) = τt(T(g */)) = (τtΓ)(/* g) .

Note also that V (G) * L1(G) = L1(G) by Cohen's factorization theorem. Therefore every
multiplier is invariant. q.e.d.

Applying Theorem 1, we can establish the following theorem for invariant
operators.

THEOREM 2. Let X and Y be Banach spaces. Then the following two statements are
equivalent:

(i) Te(Ll(G,Y),L\G,X)).
(ii) There exists a unique L e Jδ?( Γ, M(G, X)), a bounded linear operator of Y to

M(G, X), such that

T(f®y)=f*Ly for all /eZ^G), yeY.

Moreover,

(2.1) (L\G, Y), L\G, X))*&(Y, M(G, X)) .

PROOF. (i)=>(ii). Let Te(L\G,Y),L\G,X)). For each yeY, we define
T,:L\G)-+Ll(G,X)\>y

Tyf=T(fy) for all feL\G).

Evidently, Ty is translation invariant whenever T is, so that Tye(Ll(G\Lί(G,X)).

Applying Theorem 1 , we see that Ty is a multiplier, that is,
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It follows from Theorem B, by taking A = C, that there exists a μyeM(G, X) such that

Tyf=f*μy for all fεL*(G)

and \\Ty\\ = ||μy||. Note that \\Ty\\ < ||^||y||Γ||. Thus the mapping 7->M(G, X\ denned by
L: y-+μy, is bounded linear such that

T(fy)=f*L(y) with

(ii)=>(i). Conversely, if LeJ^(Γ, M(G, X)), we define a mapping Γ[:

Ll(G)x Y^Ll(G9X)by

Tl(f,y}=f*L(y} for all feL*(G), yeY.

Then T1

L is a bilinear continuous operator, and by the universal property of tensor

product, there exists a linear map

TL: L\G)®γ Y=L\G, Y)-+L\G, X)

such that

TL(f®y)=f*L(y) for all /eL^G), ye Y

and satisfying \\TL\\ ^ \\L\\. This TL is translation invariant since

) = τs(/* L(^)) = τs/* L(^) = ΓL(τs/j) = TLτs(fy) = TLτs(f®y}

for all seG, ye Y,feLl(G). Hence TLe(Ll(G, Y), L\G, X)). By the first paragraph in
the proof, we obtain ||ΓL|| = ||L||.

Finally, the one-to-one correspondence between (Ll(G, Y), L^(G, X)) and
<£( 7, M(G, X)) is obvious. Therefore we obtain

(LHG, F), LXG, ^))^^(Γ, M(G, X)) . q.e.d.

According to Theorem C with A = C and Theorem 1 , the invariant operators of

L^G, Y) to LP(G, X) for 1 </? < oo can be characterized as in the proof of Theorem 2.

THEOREM 3. Let Xand Ybe Banach spaces. IfXandX* have the Radon-Nikodym
property in the wide sense with respect to G, then the following two statements are equiv-

alent:

(i) Te(Lί(G9Y)9L^(G9X)).
(ii) There exists Leg>(Y, LP(G, X)\ 1 <p < oo, such that

T(f®y)=T(fy)=f*L(y) for all feL\G), yeY.

Moreover,

(L\G, Y), L'(G, AΓ))SJSP(r, L"(G, X)) .
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REMARK 1 . (i) Note that if Y = C, then Theorems 2 and 3 reduce to Theorem 1 .

(ii) If Y= C=X, then the spaces in Theorems 2 and 3 coincide with the spaces of

usual multipliers, that is,

* L'(G) .

3. Multipliers of vector-valued function spaces. Let Y= A in Theorems 2 and 3 be
a commutative Banach algebra. Then we have the following characterizations.

THEOREM 4. Let A be a commutative Banach algebra (not necessarily with

identity) and X a Banach A-module. Suppose that Ll(G, X) is an order-free Ll(G, A)-
module. Then

(3.1) HomL1(GM)(L1(G, A\ L\G, X))^HomA(A, M(G, X)) .

PROOF. Let ΓeHomLι(GM)(L1(G, A\ L\G, X)). Then for any teG and

g * (7τ,)/= T(g * τ,(/)) = Ί\τt(g) */) = τ,(0) * Tf= τt(g *Tf) = g* τt(Tf) ,

and hence L\G9 A)*(Tτt-τtT)f={0} for all teG andfeL\G9A). Since L^G, X) is
order-free, it follows that Γis invariant, that is, Te(Ll(G, A), Ll(G, X)). According to

Theorem 2 with Y=A, there exists a unique Le^(A, M(G, X)) such that

(a) T(fa) =f* L(ά) for all fe L\G\ aeA.

Here L(d) 6 Λf(G, A") and /* L(α) is an ^-valued Bochner integrable function over G,
since Ll(G) acts on M(G, Λ") under convolution and/*L(α) vanishes on the singular

part of Λf(G, A"). Hence it is an element of Ll(G, X) and the relationship between Γand

L in (a) is well posed.
Moreover, for/, geLl(G), a, be A,

T(fa * gb) =

and

T(fa * ̂ *) =/fl * T(gb) = (f*g)* aL(b) .

Note also that L1(G)*L1(G) = L1(G) by Cohen's factorization theorem and that

Λf(G, Jf) is an order-free L1(G)-module by Theorem B with A = C.It follows that

L(ab) = aL(b) for all a, be A.

This shows that L is an A-moάule homomorphism, that is,

LeHomA(A9M(G,X)).

Conversely, for LeHom^(^4, M(G, X))9 we define
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(b) TL(fa) =f* L(a) for all /e Ll(G), aeA.
Then/fl e Ll(G, A) and TL is a bounded linear mapping from Ll(G, A) to Ll(G, X), since
Lί(G)*M(G9 JT) is contained in the space L\G, X). We show that TL is an L\G, A)-
module homomorphism. Indeed, for any/, geL1(G) and a, be A, we have

TL(gb */«) = TL((g *f)ba) = (g */) * L(ba) = (g */) * bL(a) = gb * (/* L(a)} = gb * TL(fa) .

Since {gb : beA, geL1(G)} is total in L\G, A), it follows that TL is an L\G, ^)-module
homomorphism.

It is easy to show || Γ|| = ||L|| for Γand L in the relations (a) and (b). Therefore the
isometric isomorphism of (3.1) is proved. q.e.d.

By the same argument as in Theorem 4, we have the following theorem.

THEOREM 5. Let A be a commutative Banach algebra and X a Banach A-module.

Suppose that X and X* have the Radon-Nikodym property in the wide sense with respect
to G and that LP(G, X) is an order-free L\G, A)-module. Then

(3.2) Hom^^LHG, A\ LP(G, X))*HomA(A, L*(G, X)) for \<p< oo .

If A has unit of norm 1 and X is a unit linked Banach ^-module, that is,
ex = x for all xεX, where e is a unit of A, then M(G, X) and LP(G, X) become unit
linked ^-modules. Thus M(G, X) and LP(G, X) are isometrically isomorphic to

Horn^Λ, Λf(G, X)) and Hom^Λ, LP(G, X)\ respectively.
Thus we have the following:

REMARK 2. If A has an identity of norm 1 and if X is unit linked in Theorems 4
and 5, then

(3.1) is isometrically isomorphic to M(G, X), and
(3.2) is isometrically isomorphic to LP(G, X).

4. Necessary condition for an invariant operator to be a multiplier. This section
gives a main characterization for an invariant operator to be a multiplier in Banach
function spaces. Although a multiplier is an invariant operator, the converse is not true.
For example, one can consult Theorem A. We will prove the following theorem.

THEOREM 6. Let A be a commutative Banach algebra of dimension greater than
one with an identity of norm 1, and let X be a unit linked Banach A-module such that the

corresponding representation is faithful (i.e., aeA and aX= {0} =>fl = 0). Then there
exists a bounded linear invariant operator T of Ll(G, A) to F(G, X) such that

where F(G, X) = LP(G, X) (1 ̂ p^ oo) or C0(G, X).

PROOF. Since A has an identity, say e, there exists a nonzero multiplicative linear
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functional χ on A. Define ψ: A^A by ψ(a) = χ(a)e for all aeA. Then ψ is a bounded
linear operator on A. Since d i m Λ > l , we have {χ(a)e: aeA}^A. Thus there is an

element be A such that ψ(b)^b. For any xeXznd φeF(G) = F(G, C), set

, at A .

Then μx φ is a bounded linear operator of A to F(G, JQ. It is easy to see that the mapping

L\G) x A B ( f , a)->f* μxtφ(a) ε F(G, X}

is bounded linear, so it follows from the universal property of tensor product that there
exists a bounded linear map Txφ:L

l(G}®yA-+F(G,X) such that Txφ(f®ά) =

/*/**.*(«) for all/eL^G) and aeA. Let us identify L\G, A) with L\G)®yA. Then

> A\ F(G> *))• Indeed, let tεG. For any/eL^G) and aeA,

= T X t φ ( ( τ t f ) a ) = TXtφ(τt(fa)) .

Since {fa: aeA,feL1(G)} is total in Ll(G, A), it follows that Tx φ is invariant.

Suppose now that r^eHom^L^G, A\ F(G, X)) for all xeXznd φeF(G). Then

(/* φ)(b - ψ(b))x = (/* φ)bx - (/* φ)ψ(b)x = *((/* φ)x) -/*

) = bTXtφ(fe) -

and hence

\\f*Φ\\F(G)\\(b-ψ(b))x\\x = 0

for all/eL^G), φεF(G) and xe^T. However, note that L1(G)*F(G)^ {0}. Therefore
(b — ψ(b))x = Q for all xεX. Since the corresponding representation is faithful, it follows
that b-\//(b) = Q, a contradiction. Thus TXQ φoφ"ΆomA(L\G, A), F(G, X)) for some

φ0εF(G). Then T=T φ is a desired operator. q.e.d.

REMARK 3. Note that

G, A), P(G, X))*HomLί(G,A}(L\G, A), P(G,

in general. If X=A, /?=!, then Theorem 6 is reduced to Theorem A. Also under
the same condition as in Theorem 6, we can show, by the same method, that there

is a bounded linear invariant operator T of ^(G, A) to F(G, X) such that
^)(L1(G, A), F(G, X)) where P(G, X) = LP(G, X) (1 £p^ oo) or C0(G, X).

However we have the following inclusion relation.

THEOREM 7. Let Abe a commutative Banach algebra with identity e of norm 1 and
X an order-free Banach A-module. Then

HomL1(GM)(L1(G, A\ F(G, X))^HomA(L\G, A\ F(G,
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where F(G, X) = LP(G, X) (1 ̂ p^ oo) or C0(G, X\

PROOF. Let TeYίomL^A}(L\G,A\F(G,X)\ Fix aeA and φεL\G,A), and

set ξ=T(aφ) — aTφ. We have only to show that ξ = 0. To do so, let /be any element of

Ll(G). Then

/* (eξ) = (fe) * ξ = (fe) * T(aφ) - (fa) * Tφ = Γ((/e) * (*0)) - T((fa) * φ) = 0 ,

and hence for any x* eX*, we have

almost everywhere. Since ^(G) is faithful, it follows that x* oeξ = Q for all Λ^eA"*. By

Lemma 1, eξ(t) = Q a.e. and hence Aξ(t)={0} a.e. Since A^is order-free, it follows that

ξ(f) = 0 a.e., that is, ξ = Q. q.e.d.

REMARK 4. If A"=^, /? = 1, then Theorem 7 is reduced to Corollary 5.2 in [13].

In view of Remark 3, we ask under what conditions

(L\G, A), F(G, X)) = HomLl(G,A)(L\G, A), F(G, X)) .

The answer is that A must be isometrically isomorphic to the complex field C.

THEOREM 8. Let A be a commutative Banach algebra with identity of norm 1, X be
a unit linked, order-free, Banach A-module and A a faithful representation on X. Then each

invariant operator T: Ll(G, A)^>F(G, X} is a multiplier if and only if A^C, where

, X) (1 ^/>g oo) or C0(G, X).

PROOF. The proof of this theorem follows immediately from Theorem 1 and
Remark 3.
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