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PARTIAL THETA FUNCTION EXPANSIONS
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Introduction. In a series of recent papers, Andrews [1], [2] discussed in detail
certain groups of formulae, which he found in Ramanujan’s “Lost” Notebook (as he
preferred to call it) and has given remarkable and ingeneous proofs for some of
Ramanujan’s tricky and mysterious indentities.

In the second paper of the series he considered the idea of expanding #-functions
in terms of partial theta functions. He considered the four families of trigonometric
polynomials:

.0 0.:8(Z; 9)=2¢'"*Sin Z ﬁl(l —q™) ﬁl(l —2¢*"Cos2Z +¢*"),
(1.2) 0,:8(Z; 9)=2q"*Cos Z li—oll(l —q*" ﬁl(l +2¢*™Cos2Z +g*™) ,
(introduced by Watson [5, p. 67})
(1.3) 03:8(Z; )= fjl(l —q*") ﬁl(l +2¢*>m 1 Cos2Z+q*""?),
0 N
(1.4 04M(Z; q) =”[=Il(1 - qz")mll(l —2¢*""1Cos2Z +¢*""2) .

These trigonometric polynomials are partial products of the four classical theta
functions, first treated extensively by Jacobi. These are

(1.5) 0,(Z: q)=2 ]f[l(l —*)q*Sin Z fjl(l —2g*™Cos2Z +¢*™) ,
(1.6) 0,(Z; g)=2 lj(l —q*")q'* Cos Z Iojl(l +2¢?™ Cos2Z +q*™),
(1.7) 05(Z; ¢)= lojl(l —q*" lojl(l +2¢*™ 1 Cos2Z+q*""2),
(1.8) 0,(Z; q)= lojl(l —q*" ljl(l —2¢*™"1Cos2Z+q*™"2).

These can be alternatively expressed as



120 B. SRIVASTAVA

(1.9) 0,(Z; 9)=2 20(— 1"+ 1P Sin(2n+1)Z = ng{}o 01875 q)
(1.10) 0,(Z; q)=2 §0q<n+ U2 Cos(2n+ 1)Z = 151330 0,.0(Z; q)
(1.11) 05(Z; ¢)=1 +2§1 q" Cos 2nZ = p}ingo 05.8(Z; q)

(1.12) 0,Z; q)=1+2 i(— 1)"¢"* Cos2nZ = ]32130 0,8(Z; q) .

Consider the expansion

(1.13) NZOTN(i’j; 4, 9008z, =04z q1) , L,j=1,2,3,4.

Now the question is, if such an expansion exists, what is the form of these coefficients
T, j; 4, q,)- Ramanujan’s wonderful observation was that in a number of cases these
coefficients have very elegant closed forms, two of which we give below:

2n2

q
(I—g)(A—=g" - (1—¢*")

(1.14) T4, 4,9, q4°)=

and

qnz ﬁo(l_qu-i-l)
. T,(4,4; 4,45 = o w
(1.15) W4, 4,4,97) (1—q)1—¢¥) - 1—g* " Y1 —g*1—¢®% - - 1 —¢*")

Andrews proved Ramanujan’s results by the help of a lemma [2, p. 176].

In this paper we shall show that the lemma of Andrews can be easily extended in
a more general basic hypergeometric setting and thus giving the possibility of studying
more general expansions. Indeed if we divide by d and then make d— oo in the expansion,
subsequently proved in this paper, we get Ramanujan’s expansions.

THEOREM 1.
& (—aq; 42— a/a; 43),((2,); 4°),(tq")" [(ar); 9% tq‘:]
1 . l 6 =rPs+1
(1.16) ,,‘S‘o (@% 4%)2:((Bs); 4% ¢ 7>, (By);
2 (@ +a"Mg"((a,); ¢Pnta)Y y & (()g*N; ¢*),(tg")"
N=1 (% 4D)an((BY); 4% n=0 ((BIT*N; 4))uld?; a)uld*™ % ¢7)

where (a,) denotes the sequences o, d,, ", o, and A is a suitable constant.
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PRrOOF.
i ( —aq, q2)n( - q/a’ qz)n((ar); qz)n(tql)n — & an * lna - ntn( —aq w2t 1; qz)Zn((ar); qz)n
n=0 @ 4°)2:(Bs); 4°), n=0 @ 4)21((BY); 4

_$ 8 A R (CA Y D
n=0m=0 (4% 4*)m(@* %) 2n-m((BS); 4®)u

v NNy ()5 gH)a(tg™)"
=2 L o PG
B (@); 4% tq’l] .. ((0); ¢)nenltg?y" ™™
"’[ O L A Wy pervr o T R
— [(a,); 7% tq‘] s @ +a "M% (x); ¢H)nltaH"
LA B N (45 (B PIn
y i ((,g*™); g, (tg™)"

n=0(q% a)ua@* 2% ¢)((Ba®™) 4P

2. Applications of Theorem 1. The summation formula given in Andrews [3] is
a, b, cq; q; d/ab d/a,d/b d d d dcl1—a)l1-b)
3¢2[ ,/ q]=ﬂ[/ / - —
¢ d; d/abgq, d aqg bg ¢q abg(1—c)

By writing b for a, ¢ for b, d for ¢, ¢* for d, and ¢? for g in the above Andrews’
summation formula we get

by, da% 4% 1be| qZ/b,qZ/c;qZ] {_ 1 d(l—b)(l—c)}
@ 3¢2[ d, ¢ ]_H[ e V0 et baioa |

Using (2.1) to sum the n-series on the right of (1.16) by taking o, = b, a, = c, a3 =dg>,
B.=d, A=2 and t=1/bcq?, we get after some simplification,

2 (—ag; 4)(—a/a; a2)ub; 4)c; a°)udg?; g2),(1/be)"
@2 n;, @% 4%)24d; 47,
_| 9’/ 4*le 4 [{ 1 d(l—b)(l—c)}
_H[ &, 1/be ]X = e Thi—d)
2 (a¥+a~Mg"(b; gPnlc; 4*)nda?; g*)n(1/bc)"

) (& W@ b; OGP
(U an an ; an(L—Bg?N —cq”’)}:l
x{l (F““?)" AR v

Letting d— o0 in (2.2) we get Andrew’s Lemma [2, p. 176].
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3. Putting a= —e? and letting b— 0, c— 00 in (2.2) and using (1.4) we get

o0 2n2—2n(1 _qun)

3.1 q 0,z
G- n;o @D &9

=—d-2d Y (—1)"g*¥ Cos2NZ+2 Y. (—D*¢*V**2NCos2NZ
N=

1 N=—-oo

- —d—“d[94(2, q3)_1]+ Z (_1)Nq3NZ+2Ne2iNZ+ 2 (__I)Nq3N2+2Ne—2iNZ

N=—-w N=-o

0 0
— —d04(z; q3)+ Z (_ I)Nq3N2e2iZ(z+m)+ Z (_ I)Nq3N2e2iN(—z+nt)
N

T N=-o
= —d04(z; ¢°) + 04z +77; ¢°) +04(—z+ 775 ¢*) + 0,(— 2+ 775 ¢°)
= —d04(z;4°)— a7 ¥ ?0,(2; 4°) — g 2> 04(z; 4°)
= —dl,(z; ¢*)—2q 3 C0s2Z0,(z; ¢*)= —(d+2q 3 Cos2Z)0,(z; ¢°) .
We have used equations (4), (8), (17) of Rainville [4, pp. 316-317] to put the

expansion in an elegant form.
Dividing by d and then taking limit as d— oo, we have

00 2n2
q
Oan(z; =044z 4%),
w=0(@% Do *
which is the identity that follows from Ramanujan’s result (1.14), Andrews [2, (1.10),
p. 174].
Putting a=e?* and letting b— 0, c— o0 in (2.2) and using (1.3), we get
2n2— Zn(l _ qun)

- q
3.2
-2 ,,;0 (@% 9%)2n

Putting a=e~ 2%, b= —q and letting c— oo in (2.2) and using (1.4), we get

03.(z; @)= —(d—2q > Cos 22)05(z; q°) .

1 o n2=2n( 4. o2 __d,2n
(33— ¥ T TCTOM D, o= —(d— L2 2Cos 2z>04(z; .
(= q*)pn=0 4% a*)2a q

Putting a= e, b= —q and letting c— oo in (2.2) and using (1.3), we get

1 0 M2=20( __ .2 1—dag?" 1
oty o $ LTI, e (4= L v207 Cos2e Jostsad.
(—4:9%) on=0 (a%39)2n q

Putting a=e?*, b= —q, c=q in (2.2) and using (1.3), we get
(97500 2 (=147 *(—q 9")ulg; a*)u(l —dg™")

03.4(2; q)
(=& 09 (@ 4% o n=0 @% )2 ’

3.5)
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d 2
=— (d +— +—Cos 22)04(2; q).
q q

Putting a= —e?, b= —q, c=q in (2.2) and using (1.4), we get
& (=197 *"(—q; 4l 4*)1 —dq*")
(=1q™™( q°),(1—dq Bz )

=2, 2
3.6) ( :1 ,q)ao2 L
(=4 3°)o(—; q*) s n=0 (9% 9)2n
= —<d+ iz + iCos 22)93(2; q).
7 q

By puttingd=2¢"3, =293, 50,0, —1, —qin(3.1),d=2¢"3, -0, 0, —1in(3.2),
d=0, —1 in (3.3), d=1/g,2q"2 in (3.4), d=2/g in (3.5), d=0, —2/q in (3.6) we get

interesting results.

4. Theorem 2. We now prove

& (=Dt 1 (= /D@ tg?)" _1—a (,); tg*
@D B, Timg [(ﬂs), q%]
+ (@ N+ Mg V2 ((a))n(tgh)” .S ((otr)qN),.(t_q‘)" .
(@D2n+1(BI)n =0 (@u@* " )u(BIT™)s
ProOOF.
2 (= s 1(— g/ (DG _ & A Gt M PR () Wi
n=0 @20+ 1((BY)s n=0 (@)2n+1((B)s

—n+m_ (n2+n)/2+ l"‘q —nm+(m? - m)/z((ar))n 4

_ X @y q
Z z (q)m(q)2n+l—m((ﬂs))n

— O N (N-N)2 B (e )u(tg?)”
D P e PN T}

A)n+N—1

& _ 2 & ((a)n+n-1(tg
— N + 1-N\,(N N)/2
P Wy o 7 T

— S (N 1N (N2=N)j2 _ I () APV (770 (i =1+°C l:(oz,); tql]
2, Zo@nah e G 1= ), 42

N=1

+ i C +fx_N)q‘Nz+"”’2((fxr))zv(ttl")”>< & (()g")lta?)" ‘
N=1 @2n+1((BI)n n=0 (@@ * (B,

S. Application of Theorem 2. Using the summation formula (2.2) after putting

o, =b, ay=c, ay=dq, f,=d, t=1/bcq, we have
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(5.1)

(5.2)

(5.3)

(5.4)
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2( %)+ 1(—4/2)u(b)u(€)(dq)n(q/bC)"
(@)20+1(d),

! a’/b,q’/c|f. a4 q dq(1—b)1—c)
“H“)H[q, q/bc]{1 b e T pei—d) }

@' "+~ Mg V2(b)y(c)y(dg)n(q/be)
N=1 CNCRINCHEN,

Ms

b c be(1—dg™

y H[qz/b’ q2/c:| {1— qN+1 qN+1 +q2N+1+ qu+1(1_qu)(1__ch)} .

g, q/bc
Replacing g by ¢, we have

Z( % g%+ 1(—q%/05 4)ub; 4*)c; 4)dq*; 97)u(q? /b

n= (q q )2n+ 1(d; q )n
q*/b, ¢*/c; q ]{ ¢ ¢, dgP+(1-b)1 —6)}
1+ 1— ——— +q*+ :
( oz)ﬂ[ 72, ¢/be b ¢ 1 be(1—d)
. i (@ "+~ M)gV ¥ (b; ¢)n(c; 4P)nda?; qP)na? /be)Y
N1 (d; a)na*/b; a)w(q*/c; 4)n
y I’[[q4/b’ q“'/c; qZ:l {1 _ q2N+2 3 q2N+2 +q4N+2+ dq2N+2(1 _quN)(l _quzv)}
g2, q*/bc b c be(1 —dg?) )

Putting a =€, b—> o0, c= —q? in (5.1), we have
" & ¢ (=% qD)(1—dg*")

(—9% ) n=0 @5 a8 2n+1
=(1—d)b,(z; ¢*)+2q"* Cos z04(z; ¢°) .

0.z @)

Putting o =e?%, b=q? and letting c— o0 in (5.1), we have

1 0 (_l)n n2—n(1 qun)

0,..z;
24"* Cosz(q% q))on=0  (@*"* % qPus1 20l25 )
—1— a+d) q~ 120, (z; qZ)_ZSanZ( DVg*¥* Sin 2Nz .
2Cosz

Putting o= —e?”?, b=¢? and letting c— oo in (5.1), we have

1 & (—1)g” (1 —dg*")
0,..(z;
S P @ Y
12(1 2 2
=1- q«—(_+—)01.f(z; )+ & Y ¢*¥’Sin2Nz .
2Sinz ’ Sinz nN=1
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Putting « = —e*”, and letting b— o0, ¢c— o0 in (5.1), we have

(5.5) Z " (1—dg*")

5 0142 @)= —(dg ™' +2q~ > Cos 22)0,(z; ¢°) -
n=0(q%q 2n+1
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