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ESTIMATES FOR OPERATORS IN WEIGHTED
LP9-SPACES
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Abstract. We give conditions on pairs of weight functions for which a certain
operator defined on Q< R? is bounded between weighted Lorentz spaces. The result is
applied to obtain weighted estimates for the Laplace transform.

Introduction. Let f and w be nonnegative functions on R*. Then the distribution
function of f relative to the measure w(x)dx is defined by

fw(s)=j w(x)dx=w({x:| f(x)|>s}),
(x:|f(x)|>s}

where s>0 and the decreasing rearrangement of | /| relative to w(x)dx is obtained by
fP@)=inf{s: f,(s)<t} (see e.g. [4; 6, Chapter V]). Further if 0<p, g<oo, then the
weighted Lorentz spaces L”%w) are defined by

LPYw)={f: | fllLo.aom < 0} ,

where
© 1/q
{(4/p)f [t”"fw(t)]"t‘ldt} ,  0<p, g<x
(1) ”f“Lp,q(w): 0
sup t'7 /™), O<p<oo, g=00.
t>0

In case either 1 <p< oo and 1 <g< o0 or p=qg=o00, L”%w) is a Banach space with norm
equivalent to the quasi-norm | £l .»,q(w)-

Clearly if w=1 then LP%w)=LP? where LP? are the usual Lorentz spaces. We
denote by L:(Q), 0<p<oo, the space of weighted measurable functions f for which
I f |20y = WS || Loq is finite, where || - || (o) denotes the usual Lebesgue norm. Note
that L&9(w)=L1(R™).

Ifl<p<oo,1<g<oo0 and 1/p+1/p'=1=1/q+1/q, then

@) C—lnf”Lp:q(w)S sup

llgllLP" 9" (wy<1

fngX SC”f”Lp,q(w)

1991 Mathematics Subject Classification. Primary 26D10; Secondary 42B10, 46E30.
Research supported in part by The American University in Cairo.



202 S. A. A. EMARA

(see e.g. [2, inequality (2.3)]).

Throughout, p’ denotes the conjugate index of p and is related to p by p+p'=pp’
with p'= + o0 if p=1. Similarly for other letters. Further, constants are denoted by C
and may be different at different appearances but are always independent of the function
in question. Z denotes the set of integers.

ACKNOWLEDGEMENTS. The author would like to express his gratitude to Prof. H.
Heinig, of Mathematics and Statistics Department, McMaster University, Ontario,
Canada, for suggesting the problem in weighted inequalities, while supervising the
author’s doctoral study.

Lemma 1. Suppose 0<p, g< . Then

@) NS Eraon=aJofuls)""s" " ds.
(b) Iff is non-increasing on R* and if g(x)= [sw(s)ds < 0o, whenever w(x)>0, then

I/ 12500 =(a/P) J wf (0)*g(x)"" ™ tw(x)dx .
0

Part (a) is due to Sawyer [5, Lemma 1] and Part (b) follows essentially along the
same lines as in [5, Lemma 1].

PrOOF. Part (a) follows, on evaluating the two integral of gs?~ '(g/p)t*?~* over
the set {(z, s): 0 <s<f™(t), 0 <t}. By permuting the s integration first we obtain the right
hand side of (1) to the g-th power, i.e.,

© Swis)
qs""l(q/p)t"/”‘ldsdt=qj sq“l(J (q/p)t‘””"ldt>ds

J;(t,s) :0<s<fw(1),0<1} 0 0

~q f $171 fols)inds
0

Hence, Part (a) follows.
(b) is established by evaluating the two iterated integrals of

A3) gx*" Y(q/p)g(»)" " w(y),

over the set M ={(x, y):0<x<f(y);0<y}. Performing the x integration over M on (3)
first yields the right hand side of (b)

Al

and performing the y integration first yields the right hand side of (a)

S» *
q J X1~ 1a’x] (@/p)g(yy'?~ 'w(y)dy = (q/p)J SV gy~ ' w(y)dy
(o]

0
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© S
4 J [qf x4~ ‘dx](q/p)g(y)"“" "w(y)dy

0 0
=(‘12/P)j x1” 1dxj X(o,f(y))(x)g(J’)q/p_ 1W(Y)dy >
0 0

where

( )_{1, if xe(0, f(y)
X, roplX) = 0, if x¢(0, f(y).

But M={(x,y):x>0,0<y<S(x)} where S(x)=inf{y:f(y)<x}. Therefore, the right
hand side of (4) is equal to

) @) f wxq-‘dxf g7 w(y)dy
0 (

0,5(x))
© Sx)y/ [y q/p-1 y ©
= (qz/P)J x1” la'xJv < J W(t)dt) d( J W(t)dl’) = qJ\ x4~ 1g(S(x))q/pdx )
0 0 0 0 0
But
S(x)
©) fu¥)=w({y: f(y)>x})= w(y)dy= J w(y)dy =g(S(x)) .
y:f(»)>x} 0

So that, from (5) and (6) we obtain

1A 1 Le00m = qf - Sux)rdx =(CI/P)J wf (x)%g(x)""~ ' w(x)dx .
0

0
This completes the proof of the lemma.

Now, we state and prove the weighted Lorentz inequality for the K-operator for
l<s<r<g<oo, 0<p<oo.

THEOREM 2. Suppose 1 <s<r<q<oo, 0<p<oo. Define
(K= f s )0y,
0<k(x, y)<Ch(y), for x, y on R*, so that there exists a sequence {x;};., satisfying
ka(xj, 0f()dt=2"7,
0

Sor all f(x)=0 with || f| .y < 0. If w, v are non-negative weight functions on R*, then

(N K | Lo.agmy < CllLS N 25wy »
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implies
x 1/p
®) SU%(J w(t)dt) k(x, *)/vllprsy=C<c0 .
x> 0
Conversely, the condition
x 1/p
) sug< J w(t)dt> 1A/0]l L e, yoymy = € < 00
x> 0

implies (7).

Proor. Let us prove (7) implies (8). Let f be a non-negative function. Then

(K)(E)= w(e)de > f (o)t
{te(0,00): (kf)(t)> &} {te(0,x): (Kf)(t)>¢&}
which implies
(10) KO > f Wodt,  for 0<E<(KNX).
0

Inequalities (7) and (10) together with Lemma 1 yield

© 1/q
1Al Lrswy = C ™ HIKSf I pany=C " [J qri” 1(Kf)i’v“’(t)dt:l

o

(KN)(x) x alp 1/q
= U (J W(‘)dt> cn"’ldt]
0 0
=C~ 1( J xw(t)dt>1/p ( Jw(k(x, 1)/v(t)) f(t)v(t)dt> )
0 0

x 1/p
Sglg( J w(t)dt> KX, *)/0ll gy = C< 00

0

Thus

which proves that (7) implies (8).
Conversely, fix />0 in L™%v), s<r and choose {x;} such that

(Kf)(x;) =ka(xj, Of(Odt=2"1
0

for all je Z. Then, {x;};.z is an increasing sequence of positive numbers (note that
(Kf)(x) is decreasing)

27Ut D =p"i o0 “=(Kf>(x,-)—(1<f><x,+1)=Jw(k(xj, ) —K(xj 1, O)f (00
0
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By Holder’s inequality and Lemma 1 we obtain

an | Kfllip,q<w)=(q/p)zr (K I(x)g(x)"~ w(x)dx

Xj-1

<(@/p) T (KT ) f 9007w
J 0

Xj q/p © q
=24y < J W(x)dx> { J Lk(xj, ) = k(X4 15 O)1(h(E)/o(O)(2)/h(2).f (t)dt}

0

Xj q/p
<2% Z < J w(x)dx) ”h/v”(l{”rs'((k(xj,-) —k(xj+ 1,'))v/h)”f”‘l{'rs((k(xj,') ~k(xj+1,)v/h) *
J

0

Since k(x;, x)—k(x;. 1, X) <k(x;, x) we obtain

I h/U”Lr’,S’((k(xj;) — k(x5 + 1,"))v/h)

0 s’ 1/s’
< [J sts 1 (f (k(xj, x)/h(x))v(x)dx) dt:| = /0]l L. ki, yormy -
0 {x€(0,00): (h(x)/v(x)) >t}

From this estimate, (9) and Minkowski’s inequality the previous inequality (11) shows
that

1 KF 12 p 00wy < CZ I N s qie, )= ke 1, pormy
J

© s/r q/s
=cz[ f s < f (e x)— (1 x»(v(x)/h(x))dx) dt}
J 0 {xe(0,00): f(x)>1}

<c|y [ f OOSts_l (J (k(xj, X)— k(x4 1, x))(v(x)/h(x))dx)s/rdt:Ir/s]q/r
{xe(0,0): f(x)>1}

L J 0

<c| FS’ ! < f Y (ke X)— k(x4 1 x))(v(x)/h(x))dx>8/rdt]q/s
— {

0 xeR*:f(x)>1} J

[~ [t s/r q/s
<C j szs—1< j v(x)dx> dt] =Clf 1% oy
LJo {xeR™* (f(x)>1}

where the second, the third and the last inequalities follow from r<g, Minkowski’s
inequality and

2 (klixj, ) — k(x4 1, X)) < Ch(x),

respectively. This completes the proof of the theorem.

We now state and prove the 2-dimensional weighted Lebesgue inequality for the
K-operator for 1 <p<g<oo.
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THEOREM 3. Suppose 1<p<q<oo and that kix,y)=[]% kix;y), h(x)=
= 1 hi(x), 0<ki(x;, ;) <Chy(y;), i=1, 2. Define

(K )x)= J k(x, y)f(y)dy ,
R}

so that there exists a sequence {x;};.5 satisfying
J ky(xj, y K2/ )Y 1s X2)dy, = 27, f ky(xj y2)f(15 y2)dy, =27/
0 0

where

(K21 x2)= J ks 92 (s 72y
0

Sor all f(y1, y,)=0 with (jnz+ w(x)f(x)Pdx)''? < oo . Suppose further that w(x)=w(x,, x,) is
a non-negative function defined on R>% and satisfies

s 1/q <)
(12) sup (J w(x,, xz)"/"dxi> (I k;(s, x)h2 P )w(x,, x,)! ""'dxi> =C<wm
s>0

0 0
fori=1,2. Then

(13) < j w(x)"P(Kf )“(x)dx) e <C (J w(x) f1 (x)”dx>1/p .
R? R?

+ +

ProoOF. Suppose first that (12) holds. Then

(14) J‘ W(x)q/p(Kf)q(x)dx =j W(x)q/p[f J ki(x1, yko(x2, ) f(31, YZ)d,V2dY1:| dx
R R 0o Jo

+ +

- f w(x)‘f“’[ f e y1>< f koo ) s y»dn)dyl]qu
R> 0 0

e} q
=J W(x)q/p[J ky(xy, YK /)15 xz)dY1] dx ,
R% 0
where

Q0

(K )(y15 x2)=J‘ ky(x2, y2)f(y1, y2)dy, .

0
Now, fix />0 in LZ(R?%) and a positive increasing sequence {x;};., and define

J ky(xj, y K2 )Ny, X2)dy, =277

0
Then
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(15) 27U D=7 _p70* 1)=J (k1(xj y1) —k1(x;4 1 yONK 2/ WY1 Xz)dy; -
0
By combining (14) and (15) one obtains

f w()P(Kf)(x)dx
R2

+

=r Z( f ey, xz)[ J e v KNy x»dyl]qul)dxz

0 J le 0

SJOO (Z [jmkl(xj— 200671 678 xz)dY1]quj Wq/p(xp xz)dx1>dx2

0 J 0 X;-1

< quj‘” Z <ijwq/p(x1= xz)dx1>< fw[k1(xja Vi) —ki(xj+ 1, y1)]
0

o J 0
X (h1P(y )w(y 1, X )NK 2/ (y15 X2)/h1P(y )Wy, xz)dJ’1> dx, .

Holder’s inequality is applied to the second integral of the previous integral and one
gets

f w(x)ﬂ/«Kf)«(x)dxszzqrz(ijwq"’(xl,xz)dx1>

o J [

© a/p’
X [J [kl(xj: J’1)—k1(xj+ 1 h)](hi/p(,"l)/w()’p xz))plw(h, xz)dh:l
0

© a/p
X [I [k1(xj> yl)_kl(xj+ L Y)IK N1 xz)/hllp(h))pw()’u xz)dJ’1] dx; .
0
Again since k(x;, y1) —k(x;+ 1, y1) <k,(xj, y;) and on applying (12)

s 1/q © 1/p’
sup < f wPw(x,, xz)dx1> < f ky(s, y)hy(1)P Pw(yy, x,)* _p,d)"1) <C,
s>0\Jo 0

for fixed x, one gets

(16) J W(x)q/p(Kf)q(x)dx < Cfm[ jm[Z(kl(xj, yl)_kl(xj+ 1 J’1))i|
R? Jj

0 0

+

a/p
X (K2f)(y1, xz)/h}/”(yl))”w(yl, xz)dh] dx,

w w© a/p
< CJ l:f (K, f)Pw(y1, xz)dh:l dx, ,
0 0
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where the last inequality follows from

Z(kl(xj, Y1)_k1(xj+ 1L YI))<Ch(y,).
J
Again choose a positive increasing sequence {x;};. such that

j k2(xj’ ,Vz)f(yn }’z)dy2=2‘f .
0
Then
2_(.i+1)=J [kl(xj’ ))2)—k2(xj+1, yz)]f'(y17 )’2)dY2 .
(4]

By Minkowski’s inequality for p < g applied to the last integral of (16) and on proceeding
as in the beginning of the proof we obtain

@ © plq a/p
j w(x)??(Kf)i(x)dx < C ( f (f (K2 (1, X2)W¥P(y 1, x2)dx2> dy1>
R? J0o 0

o X; © q rlq a/p
= C<f |: : j l:f ky(x2, 2)f (V15 Y2)dY2:| Wq/p()’p xz)dxz] dY1>
0 J Xj-1 0

< C22q<fw[Z[Jw[kz(xja Va)—ka(Xj1 1, Y2)](hé/p()’2)/w(y1’ V2))
o L 0

q X plq q/p
><(f(y1,yz)/hé“’(yz))W(yuyz)dyz](j W"“’(ypx»dxz)] dy1> :

0

Next, from Hélder’s inequality, it follows that

(17) j WO () < C[ F [Z ( J”w‘""(yl, x2>dx2>
R% o LJ 0

@ q/p’
X I:f [kz(xja Va)— kz(xj+ 1 Y2)J(hi/p(J’2)/W(,V1a ,Vz))p,W(J’p YZ)dJ’z:l

0

© a/p”|plq a/p
X [f Lko(xj y2) —kalxj+ 15 ¥2)1(f (31 Vo) h ()P Wy, )’2)dYZ] ] d)ﬁ]

0

” xJ ® q/p’
SC{ f [Z< f w”(yl,xz)dxz)[ J ka(cp Y8 Py )w! P (v, yz)dyz]
0 J 0 0

w a/p7|pla a/p
X [J [kz(xj: J’Z)_kz(xj+1,YZ)](f(Yb,Vz)/h%/p(J’z))pW(YbY2)dJ’2:| ] dY1] .
0

Here, we used ky(xj, y,)—ka(xjr1, y2) <k,(xj, y,) in the second integral of the last
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inequality.
On applying (12),

s 1/q © 1/p’
sup ( j wiP(y,, xz)dx2> < J‘ ky(s, y)h Py )w' ¥ (py, Y2)dJ’2) <C,
0

s>0 0

for fixed y, and

Z Lka(xj, y2) —ka(xj1 15 ¥2)1 < hy(y,)

j
to the above inequality (17) one obtains

© (*w q/p q/p
J ZW(x)"“’(Kf)"(x)dst(J f W(yl,yz)f"(yl,yz)dyzdn) =C< j ZW(X)f(x)”dX> ,

+ +

which proves the theorem.

Here, we apply Theorems 2 and 3 to the Laplace transforms

(18) (L)(x)= f me‘x’ f(odt, x>0
[0}
and
19 (Lf)(X)=J eV f(ydy, xeR%,
R

respectively, where {x, y> =x,y; +X,¥,, X, ;€ R, i=1, 2, complementing those results
obtained in [1], [3].

THEOREM 4. Suppose 1 <s<r<g<oo, 0<p<oo. If w, v are non-negative weight
functions on R, then

(20) ”Lf”Lqu(w)SC”f”L"xs(v) > Sorall f=0

implies

x 1/p
sup < J w(t)dt> le™™ /vl prsy=C< 0.

x>0 )

Conversely, the condition
x i/p
sup(J w(t)dt) 11/0]| .- %0y = C < 00
x>0 0

implies (20).
The proof follows from Theorem 2 and (18) with K= L.
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THEOREM 5. Suppose | <p<q<oo. If w and v are non-negative weights and satisfy

s 1/q © , 1/p’
Sup<j w(xy, xz)"/"dxi> <J e‘s""w(xl,xz)l”"dxi) =C<o0,

$>0\Jo 0

i=1,2. Then,

< J w(x)q/"(Lf)"(x)dx)l/qu< J w(x)f(x)"dx)llp.
R R%

+

Again, the proof follows from (19) and Theorem 3 with K= L.
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