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ESTIMATES FOR OPERATORS IN WEIGHTED
//^-SPACES
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Abstract. We give conditions on pairs of weight functions for which a certain
operator defined on Ω^R2+ is bounded between weighted Lorentz spaces. The result is
applied to obtain weighted estimates for the Laplace transform.

Introduction. Let / and w be nonnegative functions on R +. Then the distribution

function of / relative to the measure w(x)dx is defined by

fw(s)=\ w(x)dx = w({x:\f(x)\>s}),
J{x:\f(x)\>s)

where s>0 and the decreasing rearrangement of | / 1 relative to w(x)dx is obtained by

fw(ή = inf{s:fw(s)<t} (see e.g. [4; 6, Chapter V]). Further if 0</?, q<oo, then the

weighted Lorentz spaces Lp'q(yή are defined by

where

(i) II/I
(Φ)\ ίt^r(t)γr'dt\ , 0<p,

o

sup tlίpfw(t), 0 <p < oo , q = oo .
ί > 0

In case either 1 <p<co and l<q<oo or p = q=oo, LPA(w) is a Banach space with norm

equivalent to the quasi-norm | |/ | |L P, g ( w ) .

Clearly if w=\ then Lp'q(w) = Lp'q, where LPΛ are the usual Lorentz spaces. We

denote by LP

W{Ω), 0</?<oo, the space of weighted measurable functions / for which

II / lli£(β)= II W ^ / H L P ^ ) is finite, where || | | L P ( β ) denotes the usual Lebesgue norm. Note

If 1 < / 7 < O O , 1 < # < O O and 1//?+ l/p' = l = l/q+l/qf, then

(2) C-'WfW^^K sup fgwdx <C\\f\\LP,q
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(see e.g. [2, inequality (2.3)]).
Throughout, p' denotes the conjugate index of/? and is related to p by p+p' =pp'

with pr= + oo if p= 1. Similarly for other letters. Further, constants are denoted by C
and may be different at different appearances but are always independent of the function
in question. Z denotes the set of integers.

ACKNOWLEDGEMENTS. The author would like to express his gratitude to Prof. H.
Heinig, of Mathematics and Statistics Department, McMaster University, Ontario,
Canada, for suggesting the problem in weighted inequalities, while supervising the
author's doctoral study.

LEMMA 1. Suppose 0<p, q<co. Then
(a) \\f\\Unw) = qtffw(s)'"psq-1ds.
(b) Iff is non-increasing on R+ and ifg(x) = $*w(s)ds< oo, whenever w(x)>0, then

Part (a) is due to Sawyer [5, Lemma 1] and Part (b) follows essentially along the
same lines as in [5, Lemma 1].

PROOF. Part (a) follows, on evaluating the two integral of qsq~1(q/p)tqlP~1 over
the set {(£, s): 0 < 5 <fw(t), 0 < i). By permuting the s integration first we obtain the right
hand side of (1) to the g-th power, i.e.,

qsq-1(q/p)tq/p-1dsdt = q\ j * " 1 ! (q/p)ί9fp-1

J{(t,s):O<s<f">(t),O<t} Jo \Jo

Hence, Part (a) follows.
(b) is established by evaluating the two iterated integrals of

(3) qχq

over the set M={(x, y):0<x<f(y);0<y}. Performing the x integration over M on (3)
first yields the right hand side of (b)

I \q\ χq-1dxUq/p)g(y)q/p-1w(y)dy=(q/p)\ f{yfg{y)qlp-

and performing the y integration first yields the right hand side of (a)
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(4) \ \q\ χθ-1dx\(q/p)g(yf"'-1w(y)dy

=(q2/P)
Jo

where

But M={(x,y):x>0, 0<y<S(x)} where S(x) = inf{y:f(y)<x}. Therefore, the right

hand side of (4) is equal to

(5) (q2/p) Γxi-'dx ί g(y)q/p-My)dy
J θ J(O,S(x))

Λoo rs(x)/ ry \q/p-i / Γy \ r°
= (q2/p)\ xq~1dx\ I w(ήdt\ di w(t)dt\ = q\

Jo Jo VJo / VJo / Jo

But

(θ) /wW = w({y:/(y)>^)= w(y)dy =

So that, from (5) and (6) we obtain

(* oo

f(x)qg(x)q/p-1w(x)dx.
o Jo

This completes the proof of the lemma.

Now, we state and prove the weighted Lorentz inequality for the ^-operator for

1 <s<r<q<co, 0</?<oo.

THEOREM 2. Suppose \<s<r<q<co, 0<p<oo. Define

(Kf)(x)=Γk(x,y)f(y)dy,
Jo

0<k(x, y)<Ch(y\ for x, y on R+, so that there exists a sequence {xj}jeZ satisfying

for all f(x)>0 with ||/HL» ,S(I;)<OO. tfw^ v are non-negative weight functions on R+, then

(7) \\Kf\\LP,q{w)<C\\f\\^Hv),
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implies

a
w(t)dt

o
Conversely, the condition

(9) sup( w(t)dt) P\\
x>o\Jo /

implies (7).

PROOF. Let us prove (7) implies (8). Let / be a non-negative function. Then

(Kf)w(ξ)= \ w(t)dt> ί w(t)dt
J{te(0,oo):(kf)(t)>ξ} J{te(O,x):(Kf)(t)>ξ}

which implies

(10) (Kf)w(ξ)>Γw(t)dt, for
Jo

Inequalities (7) and (10) together with Lemma 1 yield

J,.β(w) = C - 1 M qt*-\Kf)i>(t)dt\

(Kf)(x) / Γx \q/p -ll

( J H q""d \

l/q

(k(x9 t)/v(t))f(t)v(t)dt .
\ J o / \Jo /

Thus

sup w(ί)dί
*>°\Jo

which proves that (7) implies (8).

Conversely, fix / > 0 in Lr's(v\ s<r and choose {xj} such that

for all jeZ. Then, {Xj}jeZ ^s a n increasing sequence of positive numbers (note that

(Kf)(x) is decreasing)

= (k(xβ t)-k(xj+u t))f(t)dt.
Jo
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By Holder's inequality and Lemma 1 we obtain

< (Φ) Σ (KfΆxj-1) \Xjg(χ)q/p-1w(χ)dχ
j Jo

Q Xj \q/P C f oo -\q

vφMx) IJ Wxp t) - k(xj+19 t)Jh(t)/v(t)Mt)/h(t))f(t)dή
Q IJ

\q/P

W(x)dx) ||

Since k(xp x) — k(xj+1, x)<k(xp x) we obtain

Γ f °° / Γ Y'/r' Ί 1 / s '
< s'ts' M (/c(x, , x)//φφ(x)dx I dί =||Λ/»||χ^.. w,Jf.)w«

LJo \ J{xe(0,oo):(/ι(x)M*))>ί} / J

From this estimate, (9) and Minkowski's inequality the previous inequality (11) shows
that

Γ f oo / Γ \s/r -λφ

= CΣ\ st'-Ί (k(xpx)-k(xj+ux))(v(x)/h(x))dx) dt\
J LJo \ J{x6(0,oo):/(x)>ί} / J

Γ Γ f °° / Γ ~\φ-\q/r
<C\Σ\ M^Ί (k(xp x)-k(xj+ ί9 x)){v{x)/h(x))dx)s/rdt

L J L J o \ J{jce(0,oo):/(x)>ί} J J

Γ Γ °o / [ \s/r -ίφ

^C\ ^ " Ί Σ(Kxpx)-Kxj+ux))(v(x)/h(x))dx) dt\
LJo \J{xeR+:f(x)>t}J / J

s c [ ί v ' ( ί *"•
LJO \J{xεfi+;/(jc)>ί}

where the second, the third and the last inequalities follow from r<q, Minkowski's
inequality and

respectively. This completes the proof of the theorem.

We now state and prove the 2-dimensional weighted Lebesgue inequality for the
A!-operator for 1 <p<q<co.
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THEOREM 3. Suppose \<p<q<co and that k(x, y) = Y\ f= ikj(xi9 #), h(x) =

Πf=iht(χι)> O^k^y^KChiiyά i=l2 Define

(Kf)(x)=\ k(x,y)f(y)dy,

so that there exists a sequence {Xj}jeZ satisfying

u x2)= Γk2(x29 y2)f(yl9 y2)dy2

o

where

0

for allf(yγ, y2)>0 with (J R 2 w(x)f(x)pdx)ίlp < oo . Suppose further that w(x) = w(xu x2) is
a non-negative function defined on R2

+ and satisfies

G , V/qί f °° „ 1 . \

w(xu x1)
qlpdxi ki(s, xt)hf /p(xt)w(xl9 x2) ~pdxi) = C<oo

o / \Jo /

for i= 1, 2. Then

(13)

PROOF. Suppose first that (12) holds. Then
(14) I w(x)«/"(/C/nx)ίix=| ^xY'\\\kί{xί,y1)k2{x2,yM(yι,yMy2dyΛdx

JR\ JR% LJO JO J

where

Γ 0 0

(^2/)(yi» ^2)= ^2(^2, ^ / ( ^ l . ^2)^2

Jo

Now, fix/>0 in LP

W{R2

+) and a positive increasing sequence {xj}jeZ

 a n ( l define

Γk1(xj9y1)(K2f)(y1,x2)dy1=2-s.
Jo

Then
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(15) 2-<;+1) = 2-;-2-«+ 1>= Γ(kι(xpy1)-k1(xJ+1,y1))(K2f)(y1,x2)dy1

Jo

By combining (14) and (15) one obtains

w(x)qlp{Kf)q(x)dx

Λ Pk1(xj-uy1){K2f)(yux2)dyί \ \ wq/p(x1,x2)dx1 )dx2

o \ J LJo

oo / rXj

0 J \J 0

χ2))\\r^2j ){yi, χ2)/"i [yί))w{yi, χ2)u<yι ι ux2.

J
Holder's inequality is applied to the second integral of the previous integral and one

gets

q/p'

f w(x)^(Kmx)dx < 2^ ί °°Σ ( \XJwqlP(xl9 x2)dxί)
JR% JO J VJo /

Γ f »

x M [fci(x/, 3Ί)-fci(^ + i, JΊ)](Aί/ p(JΊ)M3Ί, ^2))

x Γ f "EM** ) Ί ) - ^ ( ^ +1,
Again since k^Xp y1) — k(xj+ί, y^^k^Xp yt) and on applying (12)

sup'
s>0

for fixed x2 one gets

(16)
1
 R2

+ Jo LJo L i

~VιlP

x ((K2f)(yu x2)lh\lp(y1))pw(y1, x2)dy1 dx2

Jo LJo



208 S. A. A. EMARA

where the last inequality follows from

Again choose a positive increasing sequence {Xj}jeZ

 s u c ^

Then

= Γίk2(xj9y2)^k2(xJ+l9y2)]nyl9y2)dy2 .
Jo

By Minkowski's inequality (orp<q applied to the last integral of (16) and on proceeding

as in the beginning of the proof we obtain

oo / Λoo \p/q \q/p

(K2myux2)w^(yux2)dx2) dyx
Rz

+ V JO \Jθ /

2> yi)f(yi> yi)dy21 wq/p(yι, χ2)dχ21 dy1

Σ Γ J "W*/, y2) - k2(χj+ »

Next, from Holder's inequality, it follows that

Pl9 \IIP

(17)
JR\ LJo L i \Jo

Γ Λoo -\q/p'

LJo

χ \β2\Xb y2)—i
LJo

<c Σί w^'
LJo L J VJo

LJo 2 2 J+1'2 1J 2 J J
Here, we used k2(xp y2) — k2(xj+li y2)<k2(xp y2) in the second integral of the last
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inequality.

On applying (12),

α's \ί/q/ Γao \l/p'

wq/p(yu x2)dx2 k2{s, y2)hp

2

lp(y2)wι ~p\yu y2)dy2 <C,

o / VJo /for fixed y1 and

Σ Ik2(χj, y2) - k2(χj+i, j>2)] < h2{y2)
j

to the above inequality (17) one obtains

w{xflp{Kf)q{x)dx<C[ w(yu

JRI VJo Jo
lyΛ =C( ^

)R\ VJO JO / \)R\

which proves the theorem.

Here, we apply Theorems 2 and 3 to the Laplace transforms

(18) (Lf)(x)=Γe-χtf(t)dt, x>0
Jo

and

(19) (Lf)(x) =\ e~<x>yyf(y)dy , xeRI ,)=ί
respectively, where <x, y} = Xιy± +x2yi, χ» yteR + ,z= 1? 2, complementing those results

obtained in [1], [3].

THEOREM 4. Suppose 1 <s<r<q<co, 0<p<oo. If w, v are non-negative weight

functions on R+, then

(20) I I ^ / I I L P . « ( W ) < C | | / | | ^ . . ( I ; ) , for all / > 0

implies

x>0

Conversely, the condition

UP

sup( I w(ήdt) \\e~

α
oimplies (20).

The proof follows from Theorem 2 and (18) with K=L.
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THEOREM 5. Suppose 1 <p <q<oo.Ifw and v are non-negative weights and satisfy

a 's \ί/q/roo \l/p'

w(xl5 x2)
qlpdxi e~SXiw(xu x2)

1~p'dxi = C< oo ,
o / VJo /

/=1,2. Then,
\i/β / f \I/P

w(x)^(L/)Wx < C w(x)/(x)*dx .
/ \JR2

+ )
Again, the proof follows from (19) and Theorem 3 with K=L.
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