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SERIES REPRESENTATIONS
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Abstract. We consider Whittaker model of the discrete series representations of
the real symplectic group of degree 2. We obtain an integral formula for the radial part
of the extreme vector of the minimal K-type of the Whittaker model.

Introduction. We shall prove an explicit integral formula for the Whittaker
function associated to the highest weight vector in the representation space of the
minimal K-type of a discrete series representation with the maximal Gelfand-Kirillov
dimension for the real symplectic groups Sp(2; R) of rank 2.

Let us explain the basic idea of this paper. Consider the case G=SL,(R). Put

VAo Dlest

n: <(1) )lc> — exp(2rmicx) (ceR)

and let

be a non-trivial unitary character of N. Let C,°(N\G) be the space of C~-functions ¢
satisfying @(ng)=n(n)p(g) for all (n,g)e NxG.

For an irreducible unitary representation (n, H,) of G, we denote by H the space
of smooth vectors in G. When (%, H,) is a principal series representation of SL,(R),
the image of a vector in H® with respect to the unique continuous intertwining operator

from HY to C;°(N\G) is represented by the modified Bessel function, i.e. the Whittaker
function, if it is restricted to the split torus

{5 )

However when (n, H,) is a discrete series representation of formal degree k—1
of SL,(R), then the image of minimal K-type vector of H, with respect to the intertwining
operator from H;’ to C;°(N\G) (if it exists), is written by a constant times ake~2mlcla?

aeR,a>0}.
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on A (cf. Jacquet-Langlands [J-L]).

Thus as special functions on 4, the functions realizing the Whittaker model of the
discrete series representations of SL,(R) are “‘degenerate” elementary functions, much
simpler than those of the principal series representations.

We hope similar phenomena occur in higher rank groups. The purpose of this
paper is to confirm this for the case G=Sp(2; R). .

Let : N—C* be a non-degenerate character of the standard maximal unipotent
subgroup N of G. In general for generic principal series representations n of G, the
dimension of the intertwing space Hom, x,(n, C°(N \G)) between (g, K)-modules (i.e.
the space of algebraic Whittaker functionals) equals 8, the order of the Weyl group.
However when 7 belongs to the discrete series representations which are large in the
sense of Kostant-Vogan, the dimension of algebraic Whittaker functionals is reduced
to 4. We consider the restriction map '

res: Homg g (1%, C2(N\G)) - Homy(t¥, C2(N\G))= CZ, (N\G/K)

n,Ta
to the minimal K-type t¥ of n%, and find differential equations which characterize the
image of the above restriction map (Lemma (6.2), Proposition (7.2), Lemma (8.1)).
These formulae constitute a holonomic system of rank 4. Because the obtained formulae
happen to be very simple, we can find an integral expression for one solution, which
gives a solution rapidly decreasing at infinity (§9).

Let us explain the contents of this paper. We recall basic notation for the structure
of Sp(2; R) and associated Lie algebras in §1, and we review the Harish-Chandra
parametrization of the representations of discrete series for Sp(2; R) in §2. We recall
some basic results on the representations of U(2) (=K) in §3, and the definition of
non-degenerate characters of the maximal unipotent subgroup of Sp(2; R) in §4. In
§5-§8, we write down explicitly the system of partial differential equations characterizing
the radial part of the Whittaker functions of the minimal K-type of a ‘discrete series
representation, using the Schmid operator. In this step we follow the method of
Yamashita [Y-I], [Y-II] who discussed the case G=SU(2,2). Actually the author
noticed the fact that it is possible to obtain a simple integral formula for Whittaker
functions of the discrete series of Sp(2; R) by reading these papers.

New parts different from [Y-I], [Y-II] are Proposition (8.1) and §9. §9 contains
the main result of this paper: an explicit integral expression for the Whittaker function
of the highest weight vector of the minimal K-type of a discrete series representation
of Sp(2; R).

The author thanks Professors Toshio Oshima and Nolan Wallach for educational
conversations on the representation theory of real reductive groups on various occasions,
to Professor Hisayoshi Matsumoto for communications on the theory of Whittaker
models, and to Professor Tetsuji Miwa for assistance in solving partial differential
equations. The author thanks Mr. Makoto Matsumoto for careful reading of the first
draft of the manuscript. Finally he thanks Professor Masaki Kashiwara for discussion
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to clarify the meaning of the multiplicity one theorem.

1. Basic notation, and the structure of Lie groups and algebras. In this section,
we determine basic notation on the symplectic group of degree 2, its maximal compact
subgroup and associated Lie algebras.

{Lie groups.y Let M,(R) be the space of real 4 x 4 matrices. Put

0 1,
J= M, (R),
( 1, 0>E 4(R)

where 1, is a unit matrix of size 2. The symplectic group Sp(2; R) of degree 2 is given by
Sp(2: R)={ge M, (R)|'gJg=J, det(g)=1} .
Here 'g denotes the transpose of g, and det(g) the determinant of g. A maximal compact

subgroup K of G=Sp(2; R) is given by

A B
K= eSp(2; R)| A, Be M,(R);,
{(_B A) p(2; B)| N )}
which is isomorphic to the unitary group

UQR)={geGL(2; O)|'G-g=1,}

of size 2 via a homomorphism

(—AB j)eK&—»A-}-‘/ —1Be U(2).

{Lie algebras.) The Lie algebra of G is given by
g=5p(2; R)={Xe M, (R)|JX+'XJ=0},
and that of K is given by

f={X=<_AB ﬁ)\A, BeM,(R);'A=—A, 'B=B} .
The Cartan involution for f is given by

0X)=-'X for Xeg.
Hence the subspace

v={X€9'9(X)=X}={(Z : >

—A

'A=A,'B=B; A, BeMz(R)}

given a Cartan decomposition g=f@® p. The linear map
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f9< 4 B>t—>A+,/ —1Beu(2)

—B 4
defines an isomorphism of Lie algebras from f to the unitary Lie algebra
u2)={CeM,(C)|'C+C=0}

of degree 2.
An R-basis of u(2) is given by

P(é (1)) ﬁ((l) —01) Y=(-01 (1)> Y=*/ji<(1) (1))

Let u(2)¢=u(2) ® g C be the complexification of u(2). Then a basis of u(2). is given by

Z=<1 0>, H,=<1 Y
0 1 0 -1

1 A (01 o 1o o = (00
X=?(Y—,/—1Y)—( > X=—(~Y 1Y) (1 0).

00
Then {H’, X, X} is an sl,-triple, i.e.
[H,X]=2X; [H,X]=-2X; [X,X]=H'.
Via the isomorphism I, 5 u,, the preimage of the above basis of u. is given by

1
-1

1

Z=(—/-1)

L om=—v=D 1

. ~1‘ |

From now on we use the convention that unwritten components of a matrix are zero.
Now we fix a compact Cartan subalgebra b of g by

b=R(\/—1Z2)+R(,/—1H').

Write T, =,/—1Z and T_=./—1H’, and set

1 1
Ty=2 (Ty+T.) and Ty=— (T,~T.).
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1 (Z 11)9 2 (2 li)'
2 2

Then T,=./—1H}, T,=./—1H}, and

265

{Root system.> We consider a root space decomposition of g with respect to f.
For a linear form f: h—C, we write B(T;)=p;€ C. For each feh* =Hom(}, C), set

8s={Xegc=g®C|[H, X]=p(H)X, VHeb} .
Then the roots of (g, b) is given by

Y. ={B=(B1, B2)| 85 #0, 0}
=/ —1{£(2,0), £(0,2), +(1, 1), (1, = 1)} .

We determine a root vector Xj in gy, i.e. a generator of g, as in Table 1.

TABLE 1.
-V -18 (2,0 11 0,2) 1, =1
1 i 1 i 0 0 1 —i
X, 0 0 1 i 1 i -1 i
i -1 i -1 0 0 i 1
0 0 i -1 i —1 —1i -1
1 —i 1 —i 0 0 1 i
X, 0 0 1 —i 1 —i -1 —i
—i -1 —i -1 0 0 —i 1
0 0 —i -1 —i -1 i -1
Then
fc=bc+CX(1,_1)+CX(_1‘1) Py
and set

X iX
=CX 5.0+ CX 1 1)+ CXp=X=| ! ! )
P+ (2,0) 1,1) (0,2) { (in _x,

and

XleMz(C)},
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X —iX
p_=CX_(2’0)+CX_(1’1)+CX_(O‘Z)-':{X:( .1 1) Xl eMz(C)}
—IXI _Xl
Then gc=fc@p . @ p_. For each root f=(B,, B,), we put ||l =/|B1|*+|B|*. Then
1B1?>=4 or =2.
Then set

{c-IBIXp+X_p), e/ —1IBIXs—X_p) (BeZ))}

forms an orthonormal basis of p=pg with respect to the Killing form for some con-
stant ¢. Here X7 ={(2,0), (1,1), (0,2)} is the set of non-compact positive roots.
Zr={(1, —1)} is the set of compact positive roots. X, =2 u(—2}) and X,=
Zru(—=Z)) are the set of compact roots and the set of non-compact roots, respec-
tively.

{Root system of (g, a) and Iwasawa decomposition.) We choose a maximal abelian
subalgebra a of p given by

°={<3 —OA>

Here diag(¢,, t,) is a diagonal matrix with (1, 1)-entry ¢, and (2, 2)-entry ¢,. Set
1 0

A=diag(t,, t,) (¢, 1€ R)} .

H, = and H,=

" .

Then {H,, H,} forms a basis of a.
Let {e; =(1, 0), e,=(0, 1)} be a standard basis of the 2-dimensional Euclidean plane
R?. Then the root system ¥ of (g, a) is given by

T={i231, +2e,, te, iez} .
A positive root system ¥, is fixed by
VY, ={2e,2e,, e, +e,e,—e,}.

Then n=zae.,,+ g, is a nilradical of a minimal parabolic subalgebra. We choose
generators E, of g, (xe ¥ ) as follows:

0 0
| 5 Ee, +e,— , 5

—_— O
O

E2¢1 =
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\

The Iwasawa decomposition associated to (a, n) is given by g=f@a®n. In g, the
Iwasawa decomposition of the root vectors { X4; e 2} are given in the following Lemma,
which we obtain by direct computation.

Lemma (1.1).
Xpo=Hi+H,+2/—1E;.;  X20=—Hi+H,=2/—1E,,;
Xy=2"X42-Ep 0, +2/—1E, 10,5
Xy _y=—2X+2E, _o—2/~1E, +.,;
Xop=Hy+H,+2/—1E,,,;  Xq_3=—Hy+H,—2/—1E,,,.

(e

0 1
1 0 0

E2ez= 5 Ee;—ez= ’

0 0
-1 0

2. Parametrization of the representation of the discrete series. Consider a com-
pact Cartan subgroup of G

cos b, sin 6,

cosf, sinf,

exp(h) =

0,,0,eR
—sind,
—sin0,

cos 6,

cosf,

corresponding to . Then the characters are given by

cos 6,
cos 6,

sin 6,

sin 6,

- »—»exp{\/—;l(ml(i1 +m,0,)} e C* .
—sin 6,

—sin 02

cos 0,

cosf,

Here m,, m, are some integers. The derivation of these characters determines an integral
structure of h* =Hom(h, C), the weight lattice.

The set of compact positive roots is given by X} ={(1, —1)}. Hence the set of
dominants weight is given by {(4,, 4,)€ Z®?|4,24,}. In order to parametrize the
representation of the discrete series of Sp(2; R), we first enumerate all the positive root
systems compatible to 2. There are four such positive root systems:

(I) Zl+ = {(1’ - 1)’ (23 0)9 (la 1)5 (O’ 2)} 5
(II) Zl-: ={(1, - 1)9 (19 1)’ (2’ 0)’ (09 _2)} 5
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(I11) Zn={(1, =1),(2,0),0, =2), (=1, = 1};

Iv) Ii={1, =1),(=2,0), (-1, =1),(0, -2)} .
Let J be a variable running over the set of indices {I, II, III, IV}. Then we write
27,=Zj —Z[ for the set of non-compact positive roots for each index J.

Define a subset =Z; of dominant weights by

E,;={A4=(4,, A,) dominant with respect to X} |<{4, B>>0, Ve Z},} .

Then the set |J'_, Z; gives the Harish-Chandra parametrization of the representation
of the discrete series for Sp(2; R). Let n, be the associated representation of G for
AelJ 'Jv=l Z;. The K-types of A|  are described by the formula of Blattner proved final-
ly by Hecht-Schmid [HS]. Among others the minimal K-type of m, is given by
Amin=A4—p.+p,. Hence p, or p, is a half of the sum of compact positive roots or
non-compact positive roots, respectively. The Blattner parameter 4, is listed in Table 2.

TABLE 2.
type J I II III v
Amin (4,+1,4,+2) (1,+1,4;) A4y, 4,—1) (4,-2,4,-1)

3. Representations of the maximal compact subgroup. For our later computation,
we recall some basic facts about the representation of the maximal compact subgroup
K or its complexification K. Since K is identified with the unitary group U(2) of degree
2, K, is isomorphic to GL(2, C). Recall a basis of u(2)¢ given in Section 1:

Z-(1 0. H,=<1 0>’ X=(o 1)’ )?=<° 0>‘
0 1 0 —1 0 0 1 0

The irreducible finite-dimensional representations of the Lie algebra gl(2, C) are
parametrized by a set

{A=(4y, 4,)€ Z®%| A, 24,, i.e. A is dominant} .

For each dominant weight A, we set d=4; —4,=0. Then the dimension of the re-
presentation space ¥, associated to A is d+ 1. We can choose a basis {v,|0<k<d} in
V, so that the associated representation t, is given by

T Do=(1 + 2,)0, 5
T(H ) =2k —d)v, ;
(X))o =(k+ Doy
(X))o =(d+ 1=k, ={d—(k—1D}v,_, .

Since H, =(Z+ H')/2 and H,=(Z— H')/2, we have
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‘L';_(H’l)vk=(k+/12)vk and TA(H,z)Uk'——(_k"'ll)vk .

If it is necessary to refer explicitly to the dominant weight A, we denote v, by v, ;.
For the adjoint representation of K on p,, we have an isomorphism p, =V, o),
and the correspondence of the basis is given by

(X0,2)> X(1,1) 1"(2,0)) = (vg, v, V) .
Similarly for p_, we have p_ =V, _,), and the identification of the basis is
(X(—z,op X(—1,—1)’ X(o,—z)) > (0o, — 04, ;).

Let us consider the tensor product V,® p,. Then it has a decomposition into
irreducible factors:

Vi®p+=V:®@V2,00=Via+2,40 @ Viay+ 1,2+ )@ Viay 1,42y -
b

Let P9, p®-D and P2 be the projectors from ¥V, ®p, to the factors V;, 431,
V(Al +1,A2+1) and V(11,12+2)’ respectively. WC denOtC U(z’o)’k (k=0, 1, 2) by Wk (k=0, 1, 2).

LeEMMA (3.1). Setpu=(4;+2, A,). Thenup to scalars, the projector P*:? is given by
k+1):(k+2)

@) P(Z'O)(Uz,k ®w,)= > wk+2 5

(i1) PO,  @wy)=(k+1)(d+1—-k)v, 441 ;
d+1—-k)d+2—

(i) PO, , @ W)= k)z( 270

LemMA (3.2). Setv=(A,+1, i,+1). Then up to scalars, the projector P*V) is given
by

0) PD(v, ,@w,)=0

@ PO, @ wy)=(k+1)v, 444 (O0=k=d-1);

(ii) PN, , @ wy)=(d—2k)v, (0=k=d);

(iii) PUD©,  @we)= —(d+1—k), e, (1<k=d).

LEMMA (3.3). Setn=(A;, A,+2). Then up to scalars, the projector P‘*? is given by
@ PO, @wy) =0, (0sk=d-2);

(i) POy, @ W)= 2y, (1<k<d—1);

(iii) POD(v, , @Wo)=0p 42 (2=kgd);

(iv) POy, @w,)=POI(,®@w,)=PO(v,_, ®w,;)=0.

The proofs of the above lemmas are easy. It is enough to find the highest weight
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vectors in V; ® p, corresponding to the factors V,, V,, and V,, respectively. The other
steps of the proofs are settled by induction.

4. Characters of the unipotent radical. Put N=exp(n). Then N is written as

1 ny i n, n,
0 1 2
N= | i "3 R, Ny, Ny, n3ER
1 0
l —ny 1 ‘ L2
The commutator group [N, N] of N is given by
n, n
12 nl 2
[N, N]= 2 ny,n,eR
i,
Hence a unitary character # of N is written as
1 no 1 nl n2
0 1 2 n, N .
> exp{27i(cong + c3n3)}
1 0
—ny 1

for some real numbers ¢y, c;€R.
We denote by the same letter #, the derivative of 5

n:n->C.

Since n/[n, n]=RE,, _,,® RE,,,, n is determined by the purely imaginary numbers

No=N(Ee,-.,) and n3=n(E,,,).
AssuMPTION (4.1). Throughout this paper, we assume that # is non-degenerate, i.e.
no#0 and #n;#0.
5. Characterization of the minimal K-type. Let n: N=exp(n)—C* be a unitary
character. Then we denote by C;°(N\G) the space
CX(N\G)={¢: G—C|C=-function, ¢(ng)=n(n)p(g),¥(n,g)e Nx G} .

By the right regular action of G, C;°(N\G) has structures of a smooth G-module, and
a (g¢, K)-module.
For any finite-dimensional K-module (z, V'), we put
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Cr(N\G/K)
={F: G- V| C>-function, F(ngk™*)=n(n)t(k)F(g), ¥(n,g, k) e Nx Gx K} .

Let (n,, E,) be the representation of the discrete series with Harish-Chandra parameter
A, and let (n%, E%) be its contragredient representation.

Assume that there exists a continuous homomorphism W: (n¥%, E¥)—C>(N\G)
of smooth G-modules. Then the restriction of W to the minimal K-type t% of 7% gives
an element Fy € C;°. (N\G/K) such that

mTa
W*)=<{v* Fy(+))  forall v*eV}%.

Here {*, x) is the canonical pairing on V¥ x V,.

There is a characterization of the minimal K-type function F by means of a
differential operator acting on C;°, (N\G/K).

Let g=f@®p be a Cartan decomposition of g, and Ad=Ad,  the adjoint
representation of K on p.. Then we have a canonical covariant differential operator

V.., from CZ, (N\G/K) to CZ., g ad N\G/K):

V,F=2 Ry F(*)®X;, FeCp (N\G/K),
where (X;); is any fixed orthonormal basis of p with respect to the Killing form of g, and

d
Ry, F(g)= <717 F(g - exp(tX s))) - (9€0).

t=0

Let (t;, V;) be the sum of irreducible K-submodules of V,® p. with highest
weights of the form 4 — g, B being a non-compact root in Z*. Denote by P, a surjective

K-homomorphism from V, ® p¢ to V; . We define 9, ; as the composite of V, ; with P;:
Dyi: Cr (N\G/K) - CZ (N\G/K),

n,TA

DyaF=Py(V,, F(+)) (FeCp (N\G/K)).

We have the following:

ProposiTION (5.1). Yamashita [Y-I, Proposition (2.1)].
Let m, be a representation of discrete series with Harish-Chandra parameter A of
Sp(2, R). Set A=A—p .+ p,. Then the linear map

WeHom g(n%, Cr(N\G)) - FyeKer(2, ;)
is injective, and if A is far from the walls of the Weyl chambers, it is bijective.
By the results of Kostant [K, §6], we have
dim¢ Homy g\(n%, C°(N\G))+dim¢Homg g (m4, CP(N\G))=0 or =|W].
Here | W|=8 is the order of the Weyl group of Sp(2, R).
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Since holomorphic discrete series and antiholomorphic discrete series are not large
in the sense of Vogan [V], if n,€ E,u E|y, we have

Homy. 5, Cy(N\G)={0} .

In subsequent sections, we show that if A€ Z;u =y, then
1
dim Homy g\(n¥%, C*(N\G))=dim¢Ker(2, ;) =5 |W|=4,
using the above proposition (cf. Proposition (8.2)).

6. Radial part of differential operators. Put 4 =exp(a), i.e.

a;
a, :
a1 a,,a,€R,a,>0,a,>0
1

a;!

Then we have the Iwasawa decomposition G=NAK of Sp(2; R). The value of
FeC?, (N\G/K) is determined by its restriction ¢ =F | 4 to A.

n,TA

We compute the radial parts R(V, ;) and R(Z, ;) of V, ; and 9, ,, respectively.
As an orthogonal basis of p, we take

CIBIK+X_5). %ﬂ”l(xp—x_ﬂ) (Bex?)

with some C>0 depending on the Killing form. Then

2V.,,1F=Cp2 IBI*Rx_,F® X,,+cp22+||ﬁ||21zx,,p® X_5.

ezt

We write
1 _ 1
V.T,;F=7 ZIBI - Rx_,F® Xy ; V.,,AF=7 ZIBI* Ry, F®X_4.

In order to write R(V,f 1), it is better to introduce some “macro” symbols. We set 0;= Ry,
restricted to 4 (i= 1, 2), and define linear differential operators £ and ¥ * on C*(4, V,)
by

{-S”f¢=(3.-i2\/—laizﬂ(Ezei))fb (=1,2);
yi(b = {alaZ— I’T(Ee. —ez)i\/ - 1”1‘12’1(Ee. +ez)}¢ .

PROPOSITION (6.1). The operators R(V,f D=C%(A, V))-»C>A4,V,®p.) are ex-
pressed as
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(1) RV, )9=(L1 +1,®@Ad,,(H) - (d® X3,0)
+(& +1,®Ad,, (X)) ® X1,1)
+(Z; +1:®@Ad, (H)—2)(¢ ® X(0,2))
(i) RV, )o=(Z] -1, ®Ad, (H)—NP® X(-2.0)
+('5p+_Tl®Adp_(Y))(¢®X(—l,—l))
+(Z7 —t®Ad, (H)—2)(¢® Xo,-2) -

ProoOF. In order to prove (i), we note that

Ry_ 0P ®Xpy={—H1+H,—2/~1E,, }F,,® X3.0,
={(LTo+@HY P} ®Xa s
and
(tx(H') * F),® X3,0=7; @ Ad, ,(H')(¢ ® X(2,0) — ¢ ® [H, X3,0)]
=1, ®Ad,  (H' )¢ ® X(2,0)— 2P ® X2,0) -
The case of (ii) is similar. q.ed.

For a non-compact positive root f=(B,, B,) in £, let P? be the projector from
V,®p, to V;.p and P~# the projector from V,®@p_ to V,_ P
Then, similarly as in Yamashita [Y-I, Lemma (5.2)] we can show the following:

LeEmMMA (6.2). Let A be the minimal K-type of the discrete series representation T 4
with Harish-Chandra parameter A.

(i) When AeEy, R(2, )¢=0 if and only if

PO(R(V,)$)=0;
[ PCET(R(Y, )9)=0;
PRV, )$)=0.

(ii) When AeEy, R(2,,)¢=0 if and only if

PUD(R(V;)$)=0;
[ PON(R(V,)$)=0;
PU2O(R(Y, )$)=0.

7. Difference-differential equations. In this section, we write the system of
differential equations in the last lemma of the previous section explicitly in terms of
the components of ¢.

Let A=(4,, 4,) be the minimal K-type of the discrete series representation 7. Then
in V,, we choose a basis {v,|0<k<d} defined in Section 3. Here d=4, —A,. Then
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¢: A—V, is written as

d
P(a)= kZ @y

=0

with coeflicients ¢, (a): A—>C.
The following lemma is a consequence of an easy computation.

LEMMA (7.1). (i) The condition PY(R(V, ,)$)=0 is equivalent to the system:
(CHi k(&L +A,+d—k—1)c,_(a)+(d—2k)SL ¢\ (a)
+k—d) &5+ —k—1)ci1(@)=0 0<k<d).
(ii) The condition P~ Y(R(V,},)$)=0 is equivalent to the system:
(C (k—d)&{ — Ay +k—d—1)c,s (@) +(2k—d)S " ¢ (a)
+k(L; — A +k—1)c,_1(a)=0 0<k<d).
(iii) The condition P2(R(V, )$)=0 is equivalent to the system:
(C (L1 +A—k=2)cla) =25 ¢x44(a)
+(&L5 +A —k—2)c, 4 2(a)=0 0<k<d-2).
(iv) The condition P~ 2(R(V, )¢$)=0 is equivalent to the system:
(C3k (&1 —42=2d+ k)4 (@) +2F " ¢r44(a)
+(&L5 — A +k)e(a)=0 0<k<d-2).
Here we understand that, in the above formulas, c _,(a)=c,4,(a)=0.
Since # is trivial on the commutator subgroup [N, N], we have
{QT =% =0,=a,(0/0a,)
Sr=" =(ai/a;)n(Eq,-1)) -
From now on we drop the supersripts + from #§ and &* to denote them simply by
&, and &. Thus we have the following:
PROPOSITION (7.2). Under the same assumption as in Lemma (6.2) (i), ¢(a)=
Z:=0 ci(@)v, satisfies the following system of partial differential equations:
(C3k (Z1+4,—k—=2)cla) =2+ ¢, +4(a)
+(&L5 +A —k—2)c, 4 ,(a)=0 0<k<d-2).

Cih (L1—4,—2d+ k), 2(a)+2F 44 1(a)
+(&5 — A +k)e(@)=0 (0<k<d-2).
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Coh+r  k+1=d)ZL1— A —d+ k) 2(0)+ 2k +2—-d)F * ¢4 4(a)
+(k+1)(ZSF -4, +k)c(a)=0 (—1<k<d-1).

8. Reduction of the system of partial differential equations. In this section we
reduce the system of partial differential equations of the previous proposition to a
simpler holonomic system, when 7 is non-degenerate.

In the first place, we see that the functions ¢, (a) is determined by the coefficient

of the highest weight vector c,(a).
Indeed, when k=0, or k=d

(C)o (Z,—A,—d—1)cy(@)+Fco(a)=0;

(C3)4 Fefa)+(L5; — A +d—1)c;_1(a)=0.

Moreover for 1 <k<d—1, the computation of (k+ 1)(C3),—(C3 )i+, yields
(L1—A,—d—1Dcpy (@) + Fcr1(a)=0.

Noting A, +d= 1, together with (C;),, we have

(E), (Z1—A = D@+ Ly 1(a)=0 (—1=Zk=d-1).

Hence cy(a), c,(a), ..., c;_1(a) are determined downward recursively by c,(a).
The system of the equations (C;) are now replaced by the above (E), and

(C2)a-1 @)+ (L5 —A+d—1)cy_1(a)=0.

Thus the system of the equations of Proposition (7.2) in Section 7 is equivalent to a
system of equations:

(F-1) (L1 — A —Defa)+Fey_1(@)=0;

(F-2) (&1—2A1—Dey_1(@)+Fcy_,(@)=0;

(F-3) Fea)+ (L5 —A+d—1)cy_1(a)=0;

(F-4) (&Zi+4,—d)c;_y(a)—2Fc;—1(a)+ (L5 + 4 —d)ci(a)=0.

In order to make the above equations simpler, we replace unknown functions c¢,(a)
by h(a) defined by relations

k
a : 2
ck(a) = aix +1 'daél (_1> e‘M(E(o,z))azhk(a) .
a;

Now we introduce the Euler operators 0; (i=1, 2) by 0,=a;(d/0a;) for each i=1,
2. Then the system of equations (F-1)—-(F-4) is replaced by

(G-1) 01hd@)+n(E,,-¢)ha-1(@)=0;
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(G-2) (0:—Dhy—y(@+n(E,, - )ha-2(@)=0;

(G-3) y(%)hd(a)+azh.,-l(a>=o;
2
2
(G-4) (8,+24,— 1)h,,_2(a)—25f(_zl_)h,,_1(a)+(ﬂ> (0,424, —2d— 2" )h(a)=0..
2 2

Here &' =(¥5 —%5)2=2—1n(E,,,)a’.
(G-1) and (G-3) are equivalent to a single equation:

(H-l) : (5132—.5”2)hd(a)=0.

(G-1), (G-2) and (G-4) are equivalent to a single equation:
a; \? a; \2

(*) (01424, —1)(0, — 1), §| — ) k(@) p+2| — ) 01h4(a)
a a

(o) @
+{—) (0,+24,—2F")hy(a)=0.

a
Here we used the assumption that # is non-degenerate, i.e.
r’(Eel—ez):r’O 7é0 ’ and ’1(E2e2)=’73¢0 .

Apply the operator 0, to the above equation (*), and use (H-1) to replace 0,0,k,(a)
by ¥2h,(a). Then we have

(H-2) {02+420,0,+0%3+(24,—2)(0, +0,) +(—24,+1)—25"8,}h;=0
Finally, we have the following:

LEMMA (8.1). The system of equations of Proposition (7.2) is equivalent to
H-1) (010,— F*)hy(a)=0
and
(H-2) {(0, 402+ (24, —2)(0, + 05) + (=24, + 1) =250, }hy(a) =0 .

We can easily check that the system (H-1), (H-2) is a holonomic system of rank 4
defined over (R.,)*>={(a,, a,) € R?|a,, a,>0}. Hence dim¢Ker(D, ;)=4. The contra-
gredient representation n¥ of n, (A € E) is written as n% =n ,. with some A’ € Z;. Using
the difference-differential equations (C5), (C5) and (C3), we can similarly show that
dim¢Ker(D, ;) =4 for the minimal K-type A’ of m,..

Since Kostant’s result implies (cf. §5)

8=dim Homgy, (7%, C;’(N\G))+dim Hom g x (7,4, C°(N\G))
=dim¢Ker(D, ;) +dim¢cKer(D, ;) =8,
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we have the following:
PROPOSITION (8.2). Assume that n is generic, i.e.
No=n(E, -.,)#0 and n3=n(E,.)#0.
Then for the discrete series representation m , corresponding to A€ EyU Ey,;, we have

dlmc Hom<gc,K,(7IA, C:;O(N\G)) =4.

9. Integral formula for the Whittaker function. Let us recall the multiplicity one
theorem (cf. Shalika [Sh]). In the intertwining space
Hom(g,x)(n:, C;T)(N\G))

there is a subspace consisting of those intertwing operators which take values in the
space «/,(N\G) of functions with moderate growth (cf. [W, (8.1)]) in C;>(N\G). Then
by the enhanced version of the multiplicity one theorem (Wallach [W, Theorem (8.8)]
plus Kostant [K, Theorem (6.7.2)]), we have

dim Hom,y (%, o,(N\G)) +dim Hom, g,(n*, #,(N\G))<1, if meZ uZy.

We want to show that the above inequality is an equality. Namely there occur two
cases:

(A) Homg x(n%, #,(N\G))=C, and Hom (74, &,(N\G))={0}
or
(B) Hom(g,x)(nj, o (N\G))= {0} , and Hom(gyx)(n,i, d,,(N\G)) ~C.

This dichotomy is controlled by the parity of the imaginary part of the purely imaginary
number 13 =n(E,,,) #0. We show this by construction of an explicit integral formula
for the image FyeKer(D, ;)=Cy (N\G/K) of the intertwining operator W with
coefficients of moderate growth, which corresponds to a non-zero element W in
Homg x(n%, o (N\G)).

Let us recall the confluent hypergeometric equation given by Whittaker ([W-W,
Chap. 16]):

When Re(k—1/2—m) <0, for z¢(— o0, 0), a unique solution, which rapidly decreases
if z— + o0, is given by '

e~ 1122 5k ® (k12 +m B
Wk,m(z)= — t [2m 4 — e 'dt.
T(12—k+m) Jo z
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The following is the main result of this paper.

THEOREM (9.1). Assume that n: N—C* is non-degenerate, i.e. no=n(E,, _,,)#0
and n3=n(E,,,) #0.
(i) For A€y,

{Homm,x,(nz, A(N\GH=C  if Im(ny)<0;
Hom,g x(7%, .521,,(N\G))={0} > if Im(n3)>0.

(ii)) Assume that AeZy, and Im(n;) <0, and let W be an intertwining operator
in Homg g\(n%, o, (N\G)) unique up to scalar multiple. Then the function hy(a,, a,)

associated to ¢(a)=Fy | 4(a)= Y4, ci(@v; (FyeKer(2
tion

© 12 8/ —1n2nsa? )\ dt
hilay, ay)= f t*fi‘/ZWo,_AZ(z)exp(— T A Ll )—.
0 32/ —1+n;a3 t t

ProoF. It is easy to check that the integral represents a solution of the differential
equations (H-1) and (H-2), by derivation of the integrand and partial integration.
Replace ¢ by a,t in the above integral expression of hy(a,, a,). Then

= [ q, A2—3/2 2
hia,, ay)= —raz-t Wo, -\ —az"t
o \a a,

1 a 2 2 2 -2 dt
Xexpy ——————— | t*+8/—1ngns-t ™ “p—.
32/—1n; \ 42 !
If Im(n;) <O, then —1/32,/—113<0 and 8,/—193n3<0. Also since AeZy, 4, is a
negative integer. Hence the integrand is rapidly decreasing when t— + oo, and when
t—0. Therefore the above integral converges, and as a function in (a,, a,), it is rapidly
decreasing when a,/a,— o0 and a,— 0. Put

n:.)) has-an integral representa-

d
cd=atr+tap- (4] e ha),
a
and ¢,(a) for 0<k<d—1 by the recurrence relation (E), of §8.

Then ¢, (a) (0<k<d) are also rapidly decreasing functions in (a,/a,, a,). Write
o(a) =Z:=o c(a)v e C*(A, V). Then for any vector v* of the dual space V¥, (¢(a), v*)
is also a rapidly decreasing function. 4 fortiori, ¢(a), i.e. F(g) =n(n)t,(k)~ 1 ¢(a) is slowly
increasing in g=nak € G. This F defines an element W in Homg k(7 4, o (N \G)).

Now Wallach’s version of multiplicity one [W, §8] implies that the operators W
in Homg x\(n%, &/,(N\G)) such that W(v) are slowly increasing on G for any vemn,,
form a linear subspace of dimension at most one.

Hence Hom, x\(n%, o, (N\G))#{0}, if Im(y;)<0. If Im(n;)>0, by a similar
argument, we can show that Hom, x,(n,, o ,(N\G))# {0}. Since
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dim¢ Homg x\(n%, o (N\G))+dimc Homg x)(n4, &/, (N\G)) <1

if n is non-degenerate, this proves (i). The part (ii) follows immediately from the
uniqueness of the Whittaker model.

REMARK. In the general cases, the condition of (i) is described in terms of the
wave front set by Matsumoto [M, §3].

When G =SU(2, 2), we have a similar integral expression for the Whittaker function
of the highest weight vector of the minimal K-type of a discrete series representation.
Details will be discussed elsewhere is this case.
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