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Abstract. We consider Whittaker model of the discrete series representations of
the real symplectic group of degree 2. We obtain an integral formula for the radial part
of the extreme vector of the minimal K-type of the Whittaker model.

Introduction. We shall prove an explicit integral formula for the Whittaker
function associated to the highest weight vector in the representation space of the
minimal X-type of a discrete series representation with the maximal Gelfand-Kirillov
dimension for the real symplectic groups Sp(2; R) of rank 2.

Let us explain the basic idea of this paper. Consider the case G = SL2(R). Put

and let

(\ x\
η' v o l / e x p ( 2 π i ' c * ) (c e R )

be a non-trivial unitary character of N. Let C™(N\G) be the space of C°°-functions φ
satisfying φ{ng) = η(n)φ(g) for all (n, g)eNxG.

For an irreducible unitary representation (π, Hπ) of G, we denote by H™ the space
of smooth vectors in G. When (π, Hπ) is a principal series representation of SL2(R),
the image of a vector in H™ with respect to the unique continuous intertwining operator
from H™ to C™(N\G) is represented by the modified Bessel function, i.e. the Whittaker
function, if it is restricted to the split torus

A =
a 0

0 a - i
aeR,a>0

However when (π, Hπ) is a discrete series representation of formal degree k—l
oίSL2(R), then the image of minimal Λ t̂ype vector of Hn with respect to the intertwining
operator from H™ to CJ°(JV\G) (if it exists), is written by a constant times a

ke~2πlcl'a2
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on A (cf. Jacquet-Langlands [J-L]).
Thus as special functions on A, the functions realizing the Whittaker model of the

discrete series representations of SL2(R) are "degenerate" elementary functions, much
simpler than those of the principal series representations.

We hope similar phenomena occur in higher rank groups. The purpose of this
paper is to confirm this for the case G = Sp(2; R).

Let η: JV->C* be a non-degenerate character of the standard maximal unipotent
subgroup N of G. In general for generic principal series representations π of G, the
dimension of the intertwing space Hom(9)X)(π, CJ°(JV\G)) between (g, ^-modules (i.e.
the space of algebraic Whittaker functionals) equals 8, the order of the Weyl group.
However when π belongs to the discrete series representations which are large in the
sense of Kostant-Vogan, the dimension of algebraic Whittaker functionals is reduced
to 4. We consider the restriction map

res:

to the minimal K-type τ J of π% and find differential equations which characterize the
image of the above restriction map (Lemma (6.2), Proposition (7.2), Lemma (8.1)).
These formulae constitute a holonomic system of rank 4. Because the obtained formulae
happen to be very simple, we can find an integral expression for one solution, which
gives a solution rapidly decreasing at infinity (§9).

Let us explain the contents of this paper. We recall basic notation for the structure
of Sp(2; R) and associated Lie algebras in §1, and we review the Harish-Chandra
parametrization of the representations of discrete series for Sp(2; R) in §2. We recall
some basic results on the representations of (7(2) (^K) in §3, and the definition of
non-degenerate characters of the maximal unipotent subgroup of Sp(2; R) in §4. In
§5—§8, we write down explicitly the system of partial differential equations characterizing
the radial part of the Whittaker functions of the minimal AΓ-type of a discrete series
representation, using the Schmid operator. In this step we follow the method of
Yamashita [Y-I], [Y-Π] who discussed the case G = SU(2, 2). Actually the author
noticed the fact that it is possible to obtain a simple integral formula for Whittaker
functions of the discrete series of Sp(2; R) by reading these papers.

New parts different from [Y-I], [Y-II] are Proposition (8.1) and §9. §9 contains
the main result of this paper: an explicit integral expression for the Whittaker function
of the highest weight vector of the minimal Λ̂ -type of a discrete series representation
of 5/7(2;/?).

The author thanks Professors Toshio Oshima and Nolan Wallach for educational
conversations on the representation theory of real reductive groups on various occasions,
to Professor Hisayoshi Matsumoto for communications on the theory of Whittaker
models, and to Professor Tetsuji Miwa for assistance in solving partial differential
equations. The author thanks Mr. Makoto Matsumoto for careful reading of the first
draft of the manuscript. Finally he thanks Professor Masaki Kashiwara for discussion
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to clarify the meaning of the multiplicity one theorem.

1. Basic notation, and the structure of Lie groups and algebras. In this section,
we determine basic notation on the symplectic group of degree 2, its maximal compact
subgroup and associated Lie algebras.

{Lie groups.} Let M4(R) be the space of real 4x4 matrices. Put

where 12 is a unit matrix of size 2. The symplectic group Sp(2; R) of degree 2 is given by

Sp(2:R) = {geM4(R)\tgJg = J,

Here xg denotes the transpose of g, and det(#) the determinant of g. A maximal compact
subgroup K of G = Sp(2; R) is given by

which is isomorphic to the unitary group

U(2) = {geGL(2;C)\tg g = )

of size 2 via a homomorphism

A B

-B A

{Lie algebras.} The Lie algebra of G is given by

g = βp(2; R) = {Xe M4(/?) | JX+ XXJ= 0} ,

and that of K is given by

The Cartan involution for ! is given by

Θ(X)=-XX for

Hence the subspace

B
1 -A

given a Cartan decomposition cj = ϊ©p. The linear map

Ά =A, 'B=B; A, BeM2(R)
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defines an isomorphism of Lie algebras from ϊ to the unitary Lie algebra

u(2) = {CeM 2(C)| tC+C=0}

of degree 2.

An Λ-basis of u(2) is given by

1 0

0 1
1

,o -\j V-i 0/ v Vi o,

Let u(2)c = u(2)(g)ΛCbe the complexification of u(2). Then a basis of u(2)c is given by

0

o o -

I 02 V ' \0 0

Then {H\ X, X) is an sI2-triple, i.e.

IH',X]=2X; lH',X-\=-2X; [ΛΓ,J?]=//'.

Via the isomorphism ϊ c z> uc, the preimage of the above basis of u c is given by

z=(-v-i - 1

- 1

1 \
1

H'=(-J-i)

Y=

0
- 1

1
0

0
- 1

1
0

r-
- 1

\ - 1

- 1

V i

1 \

1 \
-1

From now on we use the convention that unwritten components of a matrix are zero.
Now we fix a compact Cartan subalgebra ί) of g by

Write T+ =^ΛZ and T_ =yf^ΪH', and set

T,=^(T+ + T_) and
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Put

Then T1 = yJ-lH'ί, Tϊ = sj-\Ή'2, and

1 \
0

H'2=j(Z-Hr).

- 1
0

, τ2-

- 1

o \
1

el).

{Root system.} We consider a root space decomposition of g with respect to I).
For a linear form β: ϊ)->C, we write β(Ti) = βieC. For each j?eί)* = Hom(ί), C), set

Then the roots of (g, ί)) is given by

= yΓϊ{±(2,0), ±(0,2), ±(1, 1), ±(1, -1)} .

We determine a root vector Xβ in cĵ , i.e. a generator of qβ as in Table 1.

(2,0)

TABLE 1.

(1,1) (0,2) (1,-1)

f

\

1

i

0

0

i

- 1

0

0

1 i

- 1
- 1

0

0

1

ί

0

0

i

- 1

(

\

- 1

— i

1

i

/

- 1

-i

1

1

— i

0

0

— i

- 1

0

0

1

— i

1

— i

— i

- 1

— i

- 1

0

0

1

— i

0

0

— i

- 1

- I

i

1

— i

— i

- 1

i

1

Then

and set

and



266 T. ODA

P- —
X, -iX,

X1GM2(Q}.

Then g c = ϊ c © p + θ p _ . For each root β = (βl9 β2), we put \\β\\ =y/\β1 \2 + \β2 | 2 . Then
||/Ϊ||2 = 4 O Γ = 2 .

Then set

forms an orthonormal basis of p = pR with respect to the Killing form for some con-

stant c. Here Σ+ = {(2, 0), (1,1), (0,2)} is the set of non-compact positive roots.

Σc

+ = {(1,-1)} is the set of compact positive roots. ΣC = Σ + u( — Γc

+) and Σn =

Σf u( —Zπ

+) are the set of compact roots and the set of non-compact roots, respec-

tively.

{Root system of{% α) andIwasawa decomposition.} We choose a maximal abelian

subalgebra α of p given by

α =
0 -A

Here diag(/ l512) is a diagonal matrix with (1, l)-entry tλ and (2, 2)-entry t2. Set

1 \

- 1

0

and

( °
1

\

\

0

Then {Hί, H2) forms a basis of α.

Let {ex = (1, 0), e2 = (0, 1)} be a standard basis of the 2-dimensional Euclidean plane

R2. Then the root system Ψ of (g, α) is given by

A positive root system Ψ+ is fixed by

Ψ+ = {2el9 2e2, e1 + e2, ex -e2) .

Then n = ΣaeΨ+Qa is a nilradical of a minimal parabolic subalgebra. We choose

generators Ea of gα (αe !F+) as follows:

/

\

1

0

0

0

\

j

E

/ 0

1

1

0

)
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/

\

0
0

0
1

\ 0
0

1
0

0
— 1

0
0

The Iwasawa decomposition associated to (α, n) is given by g = ϊ © α 0 n. In gc, the
Iwasawa decomposition of the root vectors {Xβ; βεΣ} are given in the following Lemma,
which we obtain by direct computation.

LEMMA (1.1).

^(0,2) — H'2 - i £ 2 e 2 ;

2. Parametrization of the representation of the discrete series. Consider a com-

pact Cartan subgroup of G

exp(ϊ)) =

COS0!

COS0?

— sin θ2

\

sinθ 2

cos θ2 /

θl9θ2eR

corresponding to ί). Then the characters are given by

— sin θ2
COS02 /

exp{y/~Ξϊ(m1θ1+m2θ2)} e C* .

Here m1,m2 are some integers. The derivation of these characters determines an integral
structure of ί)* = Hom(ί), C), the weight lattice.

The set of compact positive roots is given by Γc

+ = {(1, —1)}. Hence the set of
dominants weight is given by {(λu λ2)eZ®2\λι^λ2}. In order to parametrize the
representation of the discrete series of Sp(2; R), we first enumerate all the positiye root
systems compatible to Σc

+. There are four such positive root systems:

(I) Σ+ = {(1,-l),(2,0),(l, l),(0,2)};

(II) Σ$ = {(1, - 1), (1, 1), (2, 0), (0, -2)}
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(III) Σi£ = {(l, -l),(2,0),(0, - 2 ) , ( - l , -1)} ;

(IV) Σι% = {(\, - l ) , ( - 2 , 0 ) , ( - l , - l),(0, -2)} .

Let / b e a variable running over the set of indices {I, II, III, IV}. Then we write
Σjn = Σj — Σc

+ for the set of non-compact positive roots for each index /.
Define a subset Ξj of dominant weights by

Ξj = {Λ = (Λ1, Λ2) dominant with respect to Σ? \ (Λ, 0>>O, ^βeΣjn} .

Then the set \Jι^=ιΞj gives the Harish-Chandra parametrization of the representation
of the discrete series for Sp(2; R). Let πΛ be the associated representation of G for
Λe\J ι?=ιΞj. The AΓ-types of πΛ\κ are described by the formula of Blattner proved final-
ly by Hecht-Schmid [HS]. Among others the minimal K-type of πΛ is given by
Λ<min = Λ~Pc + /V Hence pc or pn is a half of the sum of compact positive roots or
non-compact positive roots, respectively. The Blattner parameter λmin is listed in Table 2.

type J I

(A1 + \9A2
+ 2) iAx

TABLE

II

+ U 2 )

2.

iAx

III

, Λ 2 - 1)

IV

2-1)

3. Representations of the maximal compact subgroup. For our later computation,

we recall some basic facts about the representation of the maximal compact subgroup
K or its complexification Kc. Since K is identified with the unitary group (7(2) of degree
2, Kc is isomorphic to GL(2, C). Recall a basis of u(2)c given in Section 1:

Vo 1/ \o -1/ \o oy \i o

The irreducible finite-dimensional representations of the Lie algebra gl(2, C) are

parametrized by a set

{λ = (λl9 λ2)εZ®2\λι^λ2, i.e. λ is dominant} .

For each dominant weight λ, we set d=λ1—λ2^0. Then the dimension of the re-
presentation space Vλ associated to λ is d+1. We can choose a basis {t;k|0^fc^ J} in
Vλ so that the associated representation τλ is given by

')vk = (2k-d)vk;

Since H\={Z+H')I2 and H'2 = (Z-H')/2, we have
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τλ{H\)vk = {k + λ2)υk and τ ^ K ^ - f c + ̂ K .

If it is necessary to refer explicitly to the dominant weight λ, we denote vk by vλk.

For the adjoint representation of K on p + , we have an isomorphism p+ = J^.o)*

and the correspondence of the basis is given by

(^(0,2)? ^Ql,l) ' ^(2,0)) *""* \V0> Vl-> V2)

Similarly for p_, we have p_ = V(0_2),
 a n d t n e identification of the basis is

0Q-2,0)? ^Q-1,-1)? ^(0,-2)) •""* (y0? ~VU Vl). '

Let us consider the tensor product K λ ® p + . Then it has a decomposition into

irreducible factors:

^ Λ ® P + = ^ λ ® ^(2,0) = ^ ( λ i + 2 , λ 2 ) ® ^ ( λ ! + l , λ 2 + l ) ® ^ ( λ i λ2 + 2)

Let P ( 2 ' 0 ) , P ( 1 4 ) , and P ( 0 ' 2 ) be the projectors from F λ (χ)p + to the factors KU l + 2 f A 2 ),

+ i), and F ( Λ l > λ 2 + 2 ), respectively. We denote vi2^k (A: = 0, 1, 2) by wk (^ = 0, 1, 2).

LEMMA (3.1). Set μ = (λ1 + 2, λ2). Then up to scalars, the projector P{2'0) is given by

D ( 2 0 1 . _ . (d+l-k)(d+2-k)
(in) J P ( 2 ' 0 ) ( ^ ® w ) = ^ ^ '

LEMMA (3.2). Setv = (λ1 + l,λ2 + l). Then up to scalars, the projector P a u is given

by

(0) Pn 1)(vλ<d®w2) = 0

(1) P

(ϋ) P<

(iii) />(

L E M M A (3.3). Setπ = (λι, λz + 2). Then up to scalars, the projector Pi0 2) is given by

(i) P

(ii) i>

(iii) />

(iv) p

The proofs of the above lemmas are easy. It is enough to find the highest weight
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vectors in Vλ®p+ corresponding to the factors Vμ9 Vv9 and Vκ9 respectively. The other

steps of the proofs are settled by induction.

4. Characters of the unipotent radical. Put N=exp(n). Then N is written as

N=

\

1

0 1

1

-n0

0
1

\

j

f

\

^2 n2

n2

"3

\

/

R

nO9nl9n2,n3e

The commutator group [TV, iV] of N is given by

/

\

I2 n2

n2

0

^2

\

/

nl9 n2eR

Hence a unitary character η of N is written as

(

K

1

0

n0

1

1

— n0

0

1

n2 n3

for some real numbers c 0 , c3eR.

We denote by the same letter η9 the derivative of η

η: n^>C.

Since n/[n9 xx] = REeι_e2®RE2e29 η is determined by the purely imaginary numbers

no = n(Eeί-e2) and η3 = η(E2e2).

ASSUMPTION (4.1). Throughout this paper, we assume that η is non-degenerate, i.e.

and

5. Characterization of the minimal X-type. Let η: 7V=exp(n)-»C* be a unitary

character. Then we denote by C™(N\G) the space

) = {4>: G^C|C°°-function,

By the right regular action of G, C™(N\G) has structures of a smooth G-module, and

a (gc, ΛΓ)-module.

For any finite-dimensional X-module (τ, V), we put
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= {F: G-+ V\ C00-function, Fingk'1) = η(n)τ(k)F(g), V(n, g,k)sNxGxK} .

Let (πΛ, EΛ) be the representation of the discrete series with Harish-Chandra parameter
A, and let (πj, £*) be its contragredient representation.

Assume that there exists a continuous homomorphism W\ (π*[, £*)-• C™(N\G)
of smooth G-modules. Then the restriction of W to the minimal Â -type τ J of π\ gives
an element FweC™τλ(N\G/K) such that

> for all v*eVf.

Here < *, * > is the canonical pairing on V\ x Vλ.
There is a characterization of the minimal K-type function F by means of a

differential operator acting on C™τji(N\G/K).
Let g = ϊ θ p be a Cartan decomposition of g, and Ad = Adpc the adjoint

representation of K on p c. Then we have a canonical covariant differential operator
Vλi, from CZτλ(N\GIK) to C^tΛ9Aά(N\GIK):

where (X f̂ is any fixed orthonormal basis of p with respect to the Killing form of g, and

f = 0

Let (τλ , Vλ) be the sum of irreducible ^-submodules of Vλ (x) p c with highest
weights of the form λ-β, β being a non-compact root in Σ+. Denote by Pλ a surjective
ΛT-homomorphism from Vλ ® p c to Vχ . We define 3lntλ as the composite of V,,>λ with Pλ:

We have the following:

PROPOSITION (5.1). Yamashita [Y-I, Proposition (2.1)].
Lei π^ όe α representation of discrete series with Harish-Chandra parameter A of

Sp(2, R). Set λ = Λ-pc + ρn. Then the linear map

F w ^ ,

w injective, and if A is far from the walls of the Weyl chambers, it is bijective.

By the results of Kostant [K, §6], we have

dimcHom(gc,X)(π*, C?(N\G)) + d i m c H o π ^ ^ π ^ C?(N\G)) = 0 or = | W\ .

Here | W\ = 8 is the order of the Weyl group of Sp(2, R).
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Since holomorphic discrete series and antiholomorphic discrete series are not large

in the sense of Vogan [V], if πΛ e S, u ΞI V, we have

HomiQCtK)(n*,C?(N\G)) = {0} .

In subsequent sections, we show that if A e Ξn u SIΠ, then

using the above proposition (cf. Proposition (8.2)).

6. Radial part of differential operators. Put A = exp(a), i.e.

A = a2 aί9 a2eR, a1>0,a2>0

Then we have the Iwasawa decomposition G = NAK of Sp(2; R). The value of

FeC%tΛ(N\G/K) is determined by its restriction φ = F\A to A.

We compute the radial parts R(Vη,λ) and R(<2>ηλ) of Wηtλ and @ηλ, respectively.

As an orthogonal basis of p, we take

c\\β
(Xfi-X-β)

with some C>0 depending on the Killing form. Then

βeΣ+ βeΣ+

\\β\\2RXβF®X-β.
+

We write

-Rx_βF®Xβ

In order to write R(V*λ), it is better to introduce some "macro" symbols. We set dt = RH.

restricted to A (i = 1, 2), and define linear differential operators Sef and Sf ± on C°°(A, FΛj

by

y : : T ) 0 (i= 1, 2)

PROPOSITION (6.1). The operators

pressed as
9 Vj)-+Cm(A, are ex-
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(i)

+τλ®Adp+(H'2)-2)(φ®X(oa))

(ii) * ( V ^ = (2>t - τλ ® Adp _ (H\) - 4)(φ ® X(. 2 > 0 ))

ϊ - τλ ® Adp _ (H'2) - 2)(φ ® X(Oi _ 2 ))

PROOF. In order to prove (i), we note that

and

(τΛ(tf 1) i O U ® ̂ (2,0) = τΛ ® Adp + ( ^ X ψ ® X(2,0)) - φ ® [_H\, Z ( 2 > 0 ) ]

= τλ ® Adp +(H\)(φ ® X{2_0)) - 2(φ ® X(2Λ)).

The case of (ii) is similar. q.e.d.

For a non-compact positive root β=(βι, β2) in Σ+, let Pβ be the projector from
V^®p+ to KΛ+/), and P~^ the projector from Vλ®p_ to FA_p.

Then, similarly as in Yamashita [Y-I, Lemma (5.2)] we can show the following:

LEMMA (6.2). Let λ be the minimal K-type of the discrete series representation πΛ

with Harish-Chandra parameter A.

(i) When A ε Sπ, R(S> ηΛ)φ = 0 if and only if

(ii) When A e Ξm, R{2>n,λ)φ = 0 if and only if

7. Difference-differential equations. In this section, we write the system of
differential equations in the last lemma of the previous section explicitly in terms of
the components of φ.

Let λ = (λu λ2) be the minimal ΛΓ-type of the discrete series representation πΛ. Then
in Vλ, we choose a basis {vk\θ<k<d} defined in Section 3. Here d=λ1—λ2. Then
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φ: A ->> Vλ is written as

d

φ(a)= X cfc(fl)ι?k

with coefficients ck(ά): A-^C.

The following lemma is a consequence of an easy computation.

LEMMA (7.1). (i) The condition P ( 1 '1 )(Λ(V^λ)0) = O is equivalent to the system:

( C 2

+ ) k k(&ϊ +λ2 + d-k-l)ck_1(a) + (d-2k)y-ck(a)

+ (k-d)(&2 +λi-k-l)ck + 1(a) = 0 (0<k<d).

(ii) The condition P(~'lf~ί)(R(V+λ)φ) = 0 is equivalent to the system:

( C 2 " ) k {k-d)(<?l-λ2 + k-d-l)ck+ί(a) + (2k-d)y+ck(a)

+ k(&} -λ1+k-l)ck.1(a) = 0 (0<k<d).

(iii) The condition P(O'2)(R(V+λ)φ) = 0 is equivalent to the system:

( C 3

+ ) f c (^Γ +λ2-k-2)ck(a)-2<7-ck+ί(a)

+ (&2 +λ1-k-2)ck + 2(a) = 0 (0<k<d-2).

(iv) The condition Pi0'~2)(R(V~λ)φ) = 0 is equivalent to the system:

(C 3 -) k (J?ΐ -λ2-2d+k)ck+2(a) + 2<?+ck + ί(a)

+ (&ί-λ1+k)ck(a) = 0 (0<k<d-2).

Here we understand that, in the above formulas, c_1(β) = cd+1(α) = 0.

Since η is trivial on the commutator subgroup IN, TV], we have

From now on we drop the supersripts + from <£ * and 9>± to denote them simply by

££! and 5^. Thus we have the following:

PROPOSITION (7.2). ί/ndier the same assumption as in Lemma (6.2) (i), φ{a) =

Σl=ock(a)vk satisfies the following system of partial differential equations:

+λ1-k-2)ck+2(a)=Q (0<k<d-2).

(C3-) t
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( C 2 - ) * + 1

2 ) = 0 (-1 <k<d-1).

8. Reduction of the system of partial differential equations. In this section we

reduce the system of partial differential equations of the previous proposition to a

simpler holonomic system, when η is non-degenerate.

In the first place, we see that the functions ck(a) is determined by the coefficient

of the highest weight vector cd(a).

Indeed, when k = 0, or k = d

(C2-)o

(C2")d

Moreover for l^k^d—l, the computation of (fc+ IXC3 )k — (C2 ) k + 1 yields

Noting λ2 + d=λ1 together with ( C ^ Q , we have

Hence co(α), c^a),..., cd_i(α) are determined downward recursively by cd(a).

The system of the equations (C 2) are now replaced by the above (E)k and

Thus the system of the equations of Proposition (7.2) in Section 7 is equivalent to a

system of equations:

(F-l) ( ^ 1 - A 1

(F-2) ( ^ 1 - A 1

(F-3) <?cd(a) + (if2

+ - λ x + d- l)cd_ M = 0

(F-4) (<?1+λ2-d)cd-2(a)-2ycd_M + (2?ϊ+λi-d)cd(a) = 0.

In order to make the above equations simpler, we replace unknown functions ck(ά)

by hk(a) defined by relations

Now we introduce the Euler operators d( (i— 1, 2) by d^a^d/dcii) for each 1= 1,

2. Then the system of equations (F-l)-(F-4) is replaced by

(G-l) δ1Λd
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(G-2) (dt-

(G-3) y(^)hd(a

(G-4) (c

χ j p r p q>' — ( q> + _
Γ1C1C C/ — ^ o ί 2 =

(G-l) and (G-3) are equivalent to a single equation:

(H-l) (d1d2-#?2)hd(a) = 0.

(G-l), (G-2) and (G-4) are equivalent to a single equation:

(*) (d1+2λ2-l)(dί-l)d1\ -L

Here we used the assumption that η is non-degenerate, i.e.

, and

Apply the operator d2 to the above equation (*), and use (H-l) to replace dγd2hd{a)

by £f2hd(a). Then we have

(H-2) {d

Finally, we have the following:

LEMMA (8.1). The system of equations of Proposition (7.2) is equivalent to

(H-l) (β1δ2-^2)A l l(fl) = O

and

(H-2)

We can easily check that the system (H-l), (H-2) is a holonomic system of rank 4

defined over (R>0)
2 = {(au a2)eR2\al9 a2>0}. Hence dim c Kerφ^ Λ) = 4. The contra-

gredient representation π\ of πΛ (Λ G ΞU) is written as π j = πΛ. with some A' e Ξιn. Using

the difference-differential equations (C2), (CJ) and (C^"), we can similarly show that

dimcKer(Z)^A0 = 4 for the minimal AΓ-type λ' of πΛ..

Since Kostant's result implies (cf. §5)

^ dimc Ker(Dηtλ) + dimc Ker(/),iA0 = 8 ,
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we have the following:

PROPOSITION (8.2). Assume that η is generic, i.e.

ηo = η(Eeί_e2)ϊ0 and η3 = η(E2e2)Φ0.

Then for the discrete series representation πΛ corresponding to Λe Ξn u SΠI, we have

dim c Hom ( g c , X ) (π Λ , C™(N\G)) = 4.

9. Integral formula for the Whittaker function. Let us recall the multiplicity one
theorem (cf. Shalika [Sh]). In the intertwining space

^ π * , C?(N\G))

there is a subspace consisting of those intertwing operators which take values in the
space jtfη(N\G) of functions with moderate growth (cf. [W, (8.1)]) in C™(N\G). Then
by the enhanced version of the multiplicity one theorem (Wallach [W, Theorem (8.8)]
plus Kostant [K, Theorem (6.7.2)]), we have

dimHom(ίM0(π, ^(ΛΓ\G)) + dimHom(MQ(π*, sfη(N\G))<\ , if πeS Π uΞ Π I .

We want to show that the above inequality is an equality. Namely there occur two
cases:

(A) Hom(9)X)(π*, ^η(N\G))*C, and H o m ^ π ^ ^η(N\G)) = {0}

or

(B) H o n W π % s/η(N\G)) = {0}, and Hom ( g,X )(^, st£N\G)) £ C.

This dichotomy is controlled'by the parity of the imaginary part of the purely imaginary
number η3 = η(E2e2)φ0. We show this by construction of an explicit integral formula
for the image Fw e Ker(Z\λ) c C™τχ(N\G/K) of the intertwining operator W with
coefficients of moderate growth, which corresponds to a non-zero element W in
Hom(9>X)(π*, s/η(N\G)).

Let us recall the confluent hypergeometric equation given by Whittaker ([W-W,
Chap. 16]):

2dz2 I 4 z z

When Re(k—l/2—m)<0, for zφ( — 00, 0), a unique solution, which rapidly decreases

if z-> + 00, is given by

Wkm(z) = — r * ( )

* mV Γ(\/2-k + m) Jo
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The following is the main result of this paper.

THEOREM (9.1). Assume that η: N->C* is non-degenerate, i.e. ηo =

(i) For AeΞlλ,

(HomiQ,K)(π*,^η(N\G))^C if

1 Hom(g,X)(π , s*η(N\G)) = {0} , if Im(ιy3) > 0 .

(ii) Assume that ΛeΞn and Im(fy3)<0, and let W be an intertwining operator

in Hom ( g X ) (π*, s/η(N\G)) unique up to scalar multiple. Then the function hd(a1, a2)

associated to φ(a) = FW\A(a) = Σd.=oci(a)vi (FweKtr(@ητJ) has-an integral representa-

tion

) . Γ
Jo

PROOF. It is easy to check that the integral represents a solution of the differential

equations (H-l) and (H-2), by derivation of the integrand and partial integration.

Replace t by axt in the above integral expression of hd(μγ, a2). Then

— a2 t\ WOt.λλ—-a2't
o \a2 J \a2

ί
ίί 32/^T V a) v

If Im(^ 3)<0, then —1/32^—lf/3<0 and 8^—lf/o^/3<0. Also since AeΞn, λ2 is a

negative integer. Hence the integrand is rapidly decreasing when /-> + oo, and when

/-•0. Therefore the above integral converges, and as a function in (al9 a2), it is rapidly

decreasing when a1/a2^>co and 02->oo. Put

cd(a) = a^ + 1 -daλϊ

and ck(α) for 0<k<d— 1 by the recurrence relation (E)k of §8.

Then ck(a) (0<k<d) are also rapidly decreasing functions in (a1/a2,a2). Write

Φ(a) = ΣLo ck(Φkε C™(A9 Vλ). Then for any vector υ* of the dual space Vf, (φ(a)9 v*)

is also a rapidly decreasing function. A fortiori, φ(a), i.e. F(g) = η(n)τλ(k)~1φ(a) is slowly

increasing in g = nakeG. This F defines an element J^in Hom( f l t JC)(^*, sf-η(N\G)).

Now Wallach's version of multiplicity one [W, §8] implies that the operators W

in Hom ( g X ) (π5, s/η(N\G)) such that PΓ(ί ) are slowly increasing on G for any veπΛ,

form a linear subspace of dimension at most one.

Hence Hom ( f l tX)(πJ, J ^ , ( J V \ G ) ) # { 0 } , if Im(>/3)<0. If Im(fy3)>0, by a similar

argument, we can show that Hom ( g K ) (π κ , s/η(N\G))φ{0}. Since
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dimc Hom(g>K)(π *, s/η(N\G)) + dimc H o m ^ ^ , s/η(N\G)) < 1

if η is non-degenerate, this proves (i). The part (ii) follows immediately from the
uniqueness of the Whittaker model.

REMARK. In the general cases, the condition of (i) is described in terms of the
wave front set by Matsumoto [M, §3].

When G = SU(2, 2), we have a similar integral expression for the Whittaker function
of the highest weight vector of the minimal K-type of a discrete series representation.
Details will be discussed elsewhere is this case.
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