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ON SILVERMAN'S ESTIMATE OF REGULATORS

KOJI UCHIDA

(Received September 10, 1992, revised March 26, 1993)

Abstract. Silverman proved that the size of the regulator of the algebraic number
field grows at least with some power of the logarithm of the absolute value of the
dicriminant, multiplied by some constant depending only on the degree of the field. He
also stated that the exponent he obtained may be the best. But it is not the best in many
cases and we can replace it by better one.

Let K be an algebraic number field of degree n^2. Let Dκ and Rκ be the
discriminant and the regulator of K, respectively. Let r be the rank of the unit group
of K, and p be the maximum of the ranks of the unit groups of proper subfields of K.
Silverman [5] proved an inequality

Rκ>cβogdn\Dκ\γ-"

for some positive constants cn and dn depending only on the degree n. Friedman [2]
improved the estimate of constants cn and dn9 and especially he proved that dn can be
n~n. It should be noted that the above inequality is valid only when \og{dn\Dκ\)>Q.
Silverman stated that the exponent r—p will probably be best possible. However we
will find a better exponent, because the following easy examples show that this exponent
is not always the best.

EXAMPLE. Let K be Q(y/^-3, lf~m\ QfX/ϊn) or Q(^/^a, y/~m) for a fixed pos-
itive integer a. If m is a positive integer, the subfield with unit rank p is Q(Xfm) or
Q(yJ m )• When m moves over square free positive integers, the discriminant of this
subfield also grows with m. Hence the exponent should be r instead of r—p in this
case.

Let c be a constant greater than 1. Let F be a maximal subfield of K satisfying the
inequality

We can find such an F in every case, because the rational number field Q satisfies this
inequality while K does not. Then we can prove the following:
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THEOREM. Let K be an algebraic number field of degree n^2. Let Dκ and Rκ be

the discriminant and the regulator of K, respectively. Let r be the rank of the unit group

of K, and let λ be the rank of the unit group of F. Then Rκ satisfies an inequality

Rκ>cn(\ogdn\Dκ\γ-λ

for some positive constants cn and dn depending only on the degree n, if dn\ Dκ \ > 1.

We first prove some lemmas.

LEMMA 1. Let oc be an element of K which is not contained in F, and let m =

[F(oc):F]. Then the absolute norm of the relative discriminant DFiΛ)/F satisfies

Λ>\ Π \(mc-m)/[K:F]c

PROOF. Since | DF(a) | = | DF \m NF(DF{a)/F) and since DF(a) does not satisfy the

inequality (*), we have

I Dκ i i/i*:«.)r ̂  i DfM \ = \DFr NF(Dm)IF)

Let F, a and m be as above and let us also assume that α is an algebraic integer.

Then the relative discriminant of α

1

V ( D

1
α(m)

(α ( 1 ) ) m ~ 1 •• ( α ^ ) " 1 " 1

generates a multiple ideal of the relative discriminant DF(Λ)/F, where α(I) are the conjugates

of α over F. Hadamard's inequality shows

I AM I g Π 0 + 1 α ( 0 1 2 + + 1 α ( i ) I 2 ( m ^ υ ) >
i = l

and the same inequality for every conjugate of F(oc) over Q. This leads to:

LEMMA 2.

In the above, f/F(α)(α) = f ]Max(l , |α ( i ) | ) is the height ofot, where the product is over all

conjugates of F(α) over Q.

PROOF. Since NF(A(oc)) is a multiple ideal of NF(DFia)/F), this is a direct consequence

of the above inequalities and
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REMARK. This leinπϊa is a relative case of Silverman's Proposition. Remak [4]

and Friedman [2] obtained a better inequality. We adopted Silverman's simpler method.

This method derives better estimate in the CM-field case.

LEMMA 3. IfF{OL) is contained in a CM-field and ifoc is not a root of unity,

PROOF. Since F(α) is contained in a CM-field, | α ( 0 | 2 is a conjugate of | α | 2 for

every conjugate α ( i ) of α over Q. Taking the norm of

(0 2 (0|2(m-l)_ ! - | a ( 0 | 2 m

l + | α ι | + + | α | -——^-9

we obtain the desired inequality, because ]̂ [ (1 — | oc(i) | 2 ) is a non-zero rational integer

and

I Π (1 -1 α ( ί ) \2m) I ύ Π Max(l, | α(ί> \2m) = HFφ)2m .

We can now prove our theorem. We may suppose r > 0 . As in Friedman [2],

Minkowski's theory of successive minima gives

where yr is the Hermite constant, ε l 5 . . . , εr are some independent units, and

/r+l \l/2

w(β,) = ί Σ αogllβiL/J ,

where the sum is taken over the infinite primes of K. It should be noted that m(Si) and

L(εt) in [5] are slightly different. We follows Silverman's argument [5, p. 439], and get

, ϊ ) A(β|),

where h{st) is the absolute logarithmic height of εf. We see that

V 7 + ϊ yrj2 ^^/r+T (2/π)r/2Γ(2 + r/2)S(r + l) r / 2

for r ^ 4 and ^rH-1 y ^ / 2 ^ ( r + l) r / 2 for r ^ 3 by direct computation. Hence

^ (r +1)- r / 2 Π (2«/y^+ϊ) A(βί) Π
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In the above, the first product is taken over εf not in F while the second product is over

ε,- in F. The number of the second εf's is at most λ. Dobrowolsky's theorem [1] shows

that the second product is greater than a constant depending only on n. For the first

product, Lemmas 1 and 2 show

nf-m logm
log \DK\ —

2(m-l)« c

Since /W""1 — 1 =β< e- 1 ) I β ~—1 ̂ (c- l ) logw, and since (logm)/(m-l)^(logn)/(n-l),

we get

This concludes the proof of our theorem and dn can be e'^1^"^.

REMARK. We see that nc/(c — 1) is smallest when c= 1 + 1/logw. Then nc = en and

we get dn = n~en. This value of c gives the correct exponents for large m in the above

examples.

REMARK. For a subfield of a CM-field, Lemma 3 gives a better estimate

2m nc

which gives an estimate of Rκ which is valid even in the case \Dκ\<nen. However in

the case \Dκ\<nen, for example, in the cyclotomic field case, the estimate is worse than

the estimate given by Pohst [3].

We finally give a simple proof for Pohst's Lemma [3, p. 98].

LEMMA 4. Let al9..., at be real numbers greater than 1. Let bl9 ...,bmbe positive

real numbers smaller than 1. We assume that

and

Π (*!-

Then A satisfies an inequality
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PROOF. If cu . . . , cn are positive numbers smaller than 1, the inequality between
arithmetic mean and geometric mean shows

Then our assumption shows

where n = l+m. If we put X=^JA, then x satisfies an inequality

Since x>0, this shows x^( l + yj 5 )/2 and the desired inequality.
Let ε be a unit which is not a root of unity and let m be the degree of E= Q(ε).

Let ε!,..., εm be the conjugates of ε. If E is totally real or is a CM-field, we can show

by the above lemma because | Π(l εi I2 ~ *) I = I NE(^~ 1) I ^ 1

which is Pohst's lemma. When E is a CM-filed, yj m can be replaced by Λ/2m.
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