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GENERALIZED MOTION OF NONCOMPACT HYPERSURFACES
WITH VELOCITY HAVING ARBITRARY GROWTH ON THE
CURVATURE TENSOR
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Abstract. In this note we study the generalized motion of noncompact hyper-
surfaces with normal velocity depending on the normal direction and the curvature
tensor. This work extends the by-now-classical works of Evans and Spruck (for mean
curvature) and Chen, Giga and Goto (for general motions with sublinear curvature
dependence), because it allows general dependence on the curvature tensor. It also allows
a general treatment of the generalized evolution including noncompact hypersurfaces.
A number of results regarding no interior, convexity, etc. are also presented.

Introduction. During the past few years there has been a substantial progress in
understanding the evolution of surfaces, moving with normal velocity depending on the
curvature tensor and the normal direction, past the first time singularities occur. The
so-called level set approach, which is based on characterizing the surfaces as a level set
(for definiteness the zero level set) of the solution of certain fully nonlinear degenerate
parabolic PDE’s, was developed successfully by Evans and Spruck [ES] for motions
by mean curvature and by Chen, Giga and Goto [CGG] for more general evolutions,
in which, however, the normal velocity depends, at most linearly, on the curvature
tensor. The basic tool of [ES] and [CGG] is the theory of viscosity solutions. We refer
to the User’s Guide by Crandall, Ishii and Lions [CIL] for a general discussion of the
theory of viscosity solutions and its scope, to [ES] and [CGG] for the origin of the
level set approach and to Soner [Son] and Barles, Soner and Souganidis [BSS] for
alternative formulations, extensions, discussions, etc. Some of the most striking justifi-
cations of the generalized motion of hypersurfaces were provided by its use towards
obtaining rigorous results regarding the asymptotic behavior of reaction-diffusion
equations (see, for example, Evans, Soner and Souganidis [ESS] and Barles, Soner and
Souganidis [BSS]) and, more recently, the hydrodynamic limits of particle systems in
Katsoulakis and Souganidis [KS1], [KS2] (see also Souganidis [Sou]).

The purpose of this note is to extend the results of [CGG] to cases where the
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normal velocity is a general continuous function of the normal vector and the curvature
tensor. Such evolutions arise very naturally in geometry, since they include, for ex-
ample, the Gaussian curvature, as well as in applications like image processing (see,
for example, Lions [L] and Alvarez, Guichard, Lions and Morel [AGLM]), etc. The
main difficulty in studying such evolutions is that they give rise to PDE’s with singu-
larities of order higher than the one’s considered by [ES], [CGG], etc. To overcome
this difficulty, we extend the class of admissible test functions in the definition of vis-
cosity solutions and then prove a comparison principle as well as an existence result
in this class. A new feature of the level set approach here is that our uniqueness result
concerning the zero level sets of solutions of nonlinear PDE’s is sharp enough to treat
the generalized evolutions of noncompact hypersurfaces. As a result, our arguments are
slightly more natural than those in Ilmanen [I] concerning generalized evolutions of
noncompact hypersurfaces. 7

The paper is organized as follows: In Section 1 we formulate the problem, give
the definitions and recall basic facts from the theory of viscosity solutions adapted to
our setting. We also recall the definition of the level set approach to the generalized
motion of hypersurfaces. Finally, we present a number of examples of motions of
hypersurfaces which can be put in our framework. In Section 2 we state and prove
our main results, namely, a comparison principle for viscosity solutions as well as a
general existence result. Finally, in Section 3 we state a number of results regarding the
regularity properties of the generalized evolution.

At about the time when this work was completed, Goto [G] proved similar results
but in the case of compact interfaces. Goto’s approach, which is different from ours,
is based on introduction of a notion of finite speed of propagation for the evolution.

The authors would like to thank the referee for pointing out an error in the original
version of proof of Theorem 1.7 and for making suggestions for us to improve English
expressions in this paper.

1. Formulation of the problem, definitions and basic facts. We consider the non-
linear equation

(1.1) u+F(Du, D*u)=0 in Q;=0x(0,T),

where T>0, Q is an open subset of R", u,, Du and D*u denote the time derivative, the
spatial gradient and the spatial Hessian of the unknown function u: Q x [0, T]->R
respectively, F: RN x S"—R is a given function and SV denotes the space of Nx N
symmetric matrices.

Throughout the paper we will be assuming that

(1.2) FeC(J,), where Jo=(RV\ {0})xS",
(1.3) {F is elliptic, i.e., for all pe R"\ {0} and X, Ye S¥,
' if X <Y, then F(p, X)>F(p, Y),
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and, finally,

(1.4) {Fis geometric, i.e., for any 1>0, pueR and (p, X)eJ,,

F(ip, AX + up® p)=AF(p, X) .

An immediate consequence of (1.2) is that there exists a function ¢ e C((0, c0)) such
that

(1.5) —c(|p)<F(p,D<F(p, —D)<c(lp))  (peR"\{0}).

As mentioned in the Introduction, the correct class of weak solutions of the
equation (1.1) is the class of viscosity solutions. Here we need to adapt their definition
for the possible singularities of F at p=0.

To this end, denote by # the set of functions f'e C%([0, c0)) such that f(0)= f'(0)=
f"(0)=0 and f"(r)>0 for r>0 which satisfy

L)

r~0 |p|

p—0

f'(pl)
Ipl
It is obvious that & is a cone in C?([0, c0)) with vertex at the origin, i.e., if f, ge # and

a>0, then f+ge & and af € Z. In the sequel, we may write % (F) for & to indicate
which F we are concerned with.

We note that & # & provided F satisfies (1.2) and (1.3). Indeed, without any loss

of generality, we may assume that the function ¢, given by (1.5), is actually in C*((0, 00))
and satisfies

¢>0 and (1/¢y>0 in (0,1] and limc¢(r)=c0 and lim(1/c)(r)=0.
rlo rio

Next define f: [0, 1]>R by

r <
f(] ) J‘O C(S) ds ! <rsl,

0 if r=0.
It follows that, if |[p|<1, then
“ipl= =212 oy <SP g <UD g < LD <,
Ipl Ipl Ip| Ipl
hence
tim 292D g, 1y=tim LUV g _py—o.
o |p| =0 |p|

An extension of fto [0, o) in an appropriate fashion yields an fe #(F).
Now let @ be an open subset of Qr and we introduce the class of admissible test



230 H. ISHII AND P. E. SOUGANIDIS

functions. For future reference we will call this class .&/(F) to denote its dependence on
the specific F under consideration.

DEFINITION 1.1. A function ¢ € C*(0) is admissible if for any 2= (%, f) in O such
that Dp(2) =0, there is a constant § >0 and functions fe # and w e C([0, o0)) satisfying
lim, |, @(r)/r =0 such that, for all (x, t)e B(Z, )

lo(x, ) — (@) — @A)t —E) IS flx—X+o( t—1]).

Next recall that the upper semicontinuous envelope u* and the lower semicontinuous

envelope u, of a function u: O—>R u {+ oo} are defined by

u*(z)=lilrf)1 sup{u()| |1{—z|<r} and wu (z)=liminf{u()||{—z|<r},
r rl0

respectively.

DEFINITION 1.2. (i) A function u: O—-R U {— o0} is a viscosity subsolution of
(1.1) in O if u* <00 in O and for all ¢ € o/(F) and all local finite maximum points z of
u*—o,

{(P:(Z)-FF(D(P(Z), D*¢(z))<0  if Do(z)#0,
@(2)<0 otherwise .

(ii) A functionu: O—Ru {0} is a viscosity supersolution of (1.1)in O if u, > — oo

in O and for all ¢ € #(F) and all local finite minimum points z of u, — ¢,
{¢,(Z)+F(D<P(Z), D%*p(z)) =0  if Dg(z)#0,
@(2)=0 otherwise .

(iii) A viscosity solution of (1.1) in O is defined to be a function which is both a
viscosity subsolution and supersolution of (1.1) in 0.

The word admissible may sound confusing. The introduction of the class of ad-
missible test functions does not lessen but rather strengthen the usual requirements for
functions to be viscosity solutions.

It is immediate that if ue C%(0) satisfies

{ u(z)+ F(Du(z), D*u(z)) <0  if Du(z)#0,

u(z) <0 if Du(z)=0,
or

{u,(z) + F(Du(z), D*u(z))>0 if Du(z)#0,

ulz)=0 if Du(z)=0,

then u is, respectively, a viscosity subsolution or a viscosity supersolution of (1.1) in 0.
In the sequel we are only concerned with viscosity subsolution, supersolutions and
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solutions of (1.1). For brevity we will simply call them sub-, super- and solutions of
(1.1), respectively.

Next we discuss a number of properties of viscosity solutions. When necessary we
also briefly sketch their proofs.

PROPOSITION 1.3. Let Fand F, (ne N) satisfy (1.2)—(1.4). Assume that F,,— F locally
uniformly in J, and that F(F)c % (F,) for all ne N and that for any fe % (F),

Fn(p’ 1)20 <resp_, llm Sup f’l(l pl)

[
s 1Pl

tim inf £ II(I ”l L

p—0
n-—oo

F,(p, —I)SO) .

Let u, (ne N) be subsolutions (resp., supersolutions) of

du,
ot

and define i, u: O—-Ru {+ 0} by

+F,(Du,, D*>u)=0 in 0,

i(z) =lim sup{u,,(()l |[{—z|<r, n>i} ;
rlo r

u(z)=lim inf{u,,({)l IL—z|<r, n>i} .
rl0 r

Assume that u(z)< oo (resp., u(z)> — o) for all ze O. Then i (resp., u) is a subsolution
(resp., a supersolution) of (1.1) in 0O.

Proor. We only prove the subsolution case; the case of supersolution follows
exactly in the same way.

Let e /(F) and assume that #—¢ has a strict local finite maximum at some

2=(x, ) e . If Dp(3)+#0, we conclude as in the standard case in the theory of viscosity
solutions.

It only remains to show that ¢,(2) <0 when D¢()=0. Since ¢ is admissible, there
are 0>0, fe & and we C(R) with w(r)=o0(r) as r—0 such that

lo(x, ) — (£, ) —@X, DNt —-D|< f(| x—X]) +w(t—1)

for all (x, t)e B(Z, §). Without loss of generality we assume that we C'(R) and w(0)=
'(0)=0 and also that w(r)>0 for r#0.

Next choose a sequence {w,} = C*(R) such that w,(r)—w(r) and w(r)—'(r) locally
uniformly in R as n— oo and set

Y(x, )= @)t - D) +2f(| x— X)) +20(t—1),
Va(x, )= 2t — D) +2f(| x— %) +20,(t 1) .

It is immediate that y, e o/(F) and, moreover, @— has a local strict maximum at Z.
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Since ,— locally uniformly in @, we may assume that u* —, attains a local finite
maximum at some point (x,, ¢,), where (x,, ¢,)—Z as n—o0. Since u, is a subsolution,
we have

Xp—X 2f(|xn—x|) I)SO

w.(f)+2wi.(t,.—f)+F<2f'(lx,.—)?l) i x—%]

| xn
if x,#%, and @,(2) +2w,(t,— ) <0 if x,=X. Letting n— o0, we get ¢,(%)<0. O

The next two propositions, which are classical in the theory of viscosity solutions,
(see, for example, [CIL]), follow by adapting their proofs as above; we therefore state
them without proof.

PROPOSITION 1.4.  Assume that (1.2)—(1.4) hold. Let & be a collection of subsolu-
tions of (1.1) in O. Set

u(z)=sup{v(z)|ve ¥}  for zeO.

If u is locally bounded above in 0, i.e., u* < oo in O, then u is a subsolution of (1.1) in 0.
A similar assertion holds for supersolutions of (1.1) in O.

PROPOSITION 1.5. Assume that (1.2)—(1.4) hold. Let g and h be a subsolution and
a supersolution of (1.1) in O, respectively, and assume that g and h are locally bounded
in O and satisfy g<h in O. Finally define u: O—>R by

u(z)=sup{u(z)|v is a subsolution of (1.1) in O, g<v<hin O}  for zeO.
Then u is a solution of (1.1) in 0.
A straightforward adaptation of the proof of an analogous results of [CGG] yields:

PROPOSITION 1.6. Assume (1.2)—(1.4) and let 6 be a nondecreasing continuous
Sfunction on R and u a subsolution (resp., supersolution) of (1.1) in (. Then Oou is a
subsolution (resp., supersolution) of (1.1) in 0.

REMARK. In the above and below we agree to understand that

Oou(z)= lim 6(r) if u(z)= 400, respectively .

r—+
Before stating our main results, we need to introduce the following notation:
0,0r=Rx{0})u (@R x[0,T)) and Z;=Qx[0,T).

THEOREM 1.7. Assume that (1.2)—(1.4) hold. Let ue USC(Z1) and ve LSC(% 1) be
a subsolution and a supersolution of (1.1), respectively. Assume that

(1.6) lilnol sup{u(z)—v(0)|(z, ) €(0,Qr x R1) U (R7 % 0,Q1), | 2| <r} <0.
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Then u<v in A1 and moreover,

(1.7) lim sup{u(z)—v({)|z, { € Ry, | z—(|<r} <0.
rlo

Now we consider the initial value problem

(1.8) {u,+F(Du, D*w)=0 in Qy,
’ u=g on RVx{0},

where g is a given function on RY and Q; denotes the set RN x (0, T). As before we write
Rr=RVx[0,T).

Finally, we denote by BUC(D) and UC(D) the sets of bounded uniformly continuous
functions on D and uniformly continuous functions on D, respectively.

THEOREM 1.8. Assume that g BUC(RY) and that (1.2)—(1.4) hold. Then there is a
unique solution ue BUC(%y) of (1.8).

Next we recall briefly the level set approach to motions of hypersurfaces. For the
details we refer to [ES], [CGG], [BSS], etc.

To this end, we denote by & the collection of triples (I, D*, D”) consisting of a
closed subset I and two open subsets D* of R" such that

(1.9 TuD*uD =R" and I,D*,D~ are mutually disjoint .

We note that a triple (I, D*, D) of a closed subset I and two open subsets D* of RY
satisfies (1.9) if and only if there is a function ge BUC(RY) such that

I'={xeR"|g(x)=0},
(1.10) D*={xeR"|g(x)>0},
D~ ={xeR"|g(x)<0}.
Fix a (I'y, D¢, Dy)e& and choose a function ge BUC(R") satisfying (1.10) with

(T'y, D&, Dg) in place of (I', D*, D”). Theorem 1.8 yields the existence of a unique
solution ue BUC(#;) of (1.8). For each te(0, T) define I',, D;' and D, by

(1.11) I'={xeR"|u(x, )=0},
and
(1.12) Df={xeR"|u(x,t)=0} .

Then, by the arbitrariness of 7>0 and the uniqueness of the solution u of (1.8), the
definition of (I',, D;*, D;”) can be extended for all £>0.

An important issue here is whether the triples (I',, D,', D,;”) depend on the choice
of g or not. The following theorem answers this question:



234 H. ISHII AND P. E. SOUGANIDIS

THEOREM 1.9. Assume that (1.2)~(1.4) hold and let g,, g, € BUC(RY) satisfy

{9,>0}={g9,>0}, {9,<0}={g,<0} (and hence {g,=0}={g,=0}).

Let uy, u, e BUC(Z7) be the solutions of (1.8), respectively, with g, and g, in place of g.
Then

{u; >0} ={u,>0}, {u;<0}={u,<0} and {u;=0}={u,=0}.

In the above and henceforth we use the notational convention: for a function:
D—R and ye R, we write

{f=v}, {f<v}, etc.

for

{xeD|f(x)=y}, {xeD|f(x)<y}, etc.

From Theorem 1.9 we see that for each ¢ >0 the procedure described above defines
a mapping

(1.13) E;: 3(lo, Dy, Dg)—(I', D, D, )€6.
Moreover, it is easily seen that the collection {E, | t>0} has the semigroup property:
(1.14) Ey=ids;, E,cE,=E,,, for t,s>0.

We continue with an alternative way to define a generalized evolution of fronts or
hypersurfaces. This approach, which is of course equivalent to the level set approach
under certain conditions, is based on using the signed distance function to the front and
was introduced by Soner [Son] for mean curvature evolution and further developed
by Barles, Soner and Souganidis [BSS] for more general motions.

We say that (I',, D;", D)€ & is a generalized evolution of (I'y, Dg, Dg)e & if and
only if the signed distance function '

dist(x, I',) if xeD}ur,,

d(x, )=
b 1) {—dist(x, r) if xeD;,

is such that

(1.15) {de is a supersolution of (1.1),

d A0 is a subsolution of (1.1),

where d v 0=max(d, 0) and d A 0=min(d, 0).

We conclude this section by listing a number of examples which are included in
the theory developed here.

In the whole generality we consider the motion of surfaces I', with normal velocity

(1.16) V=f(k,Ksy ..., KNn_1, 1) on I,,
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where 7 is the normal vector and k, < - - - <ky_, are the principal curvatures of I',. It
follows from Giga and Goto ([GG]) that the geometric pde in the level set approach
describing (1.16) is given by (1.1) with

(1.17) F(p, X)= —|P|f<k1(P, X), ..., kn-1(p, X), —ﬁ) ,

where k,(p, X)<k,(p, X)< - - <ky_,(p, X) are the eigenvalues of the linear mapping
on the orthogonal complement of the vector p (assuming p+#0) in RY induced by the

matrix
1
ﬁ<1_L®L>X
Ipl lpl — Ipl

(Note that I—p® p/| p|? is the orthogonal projection of R" onto the orthogonal com-
plement of p.)

It is immediate that F’s defined by (1.17) satisfy (1.2) and (1.4), the first as long
as fin (1.16) is a continuous function. A sufficient condition for F to be degenerate
elliptic is the following:

(1.18) {For i=1,...,N—1,peS" ' and each (A;,..., 4i—1, dis1s..., Ay_)ERY 2
’ the function 4;— f(4,, ..., Ay_;, p) is nondecreasing in R .

Let us just mention some examples where f(A,,..., Ay_1, P)=Ff(Ay, ..., Ay_y) IS
independent of p. The case where

f(ll""’lN“‘l)=11+'"+A,N__1

corresponds to motions of surfaces by their mean curvature; then

F(p, X)=—tr(1— ’I®|2”>X.
p

Condition (1.18) is satisfied and, moreover,
[F(p, X) <Xl forall (p, X)eJ,,

from which follows that F*(0, 0)=F (0, 0)=0. This is the case covered by the theory of
[ES] and [CGG].

We obtain a simple generalization of a motion of surfaces by mean curvature by
setting

JQyp ooy Ay-)=9g(Ay+ - +Ay-1) with geC(R).

1
Fp. X)=~|p|g( tr(I—”®f)X).
Ipl lp|

Then
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If g is nondecreasing in R, then F satisfies (1.2), (1.3) and (1.4). If, for instance, g(r)=r*
and o> 1 is an odd natural number, then
(1.19) F*0,0)=c0 and F0,0)=—o0;

this is a situation where the theory of [ES] and [CGG] is not applicable.
We obtain another example by replacing mean curvature by Gaussian curvature

SO ooy Ano)=41 Ayt
Then

F(p, X)=—|p|det<L(1— p®2”>x+ p®zp).
Ipl Ipl Ipl

This Fdoes not satisfy (1.3), however. A related F which satisfies (1.3) isintroduced by
f(il’ AR A‘N—l):'lr R )“;—1 .

More generally, let N> 1 and P,, withme {1, ..., N—1} denote the m-th elementary
symmetric polynomial of the variables 4, ..., 4y_,. It is well-known (see [M], [T], for
instance) that for m>1 there is a closed convex cone K,, in R¥~! with vertex at the
origin such that f=P,, satisfies (1.18) as long as (4, ..., 4y_;) €K, such that K, >
[0, c0)¥~*and such that P,(4,, ..., Ay_,)>0in theinterior K; and P,,(, ..., Ay—1)=0
on 0K, In particular, if m=N —1, then K, =[0, co)¥~'. Define P,,e C(R¥~!) by
P,(Ay ..., Axy_1) if (A,...,Ay_1)€EK,,

POy sy )=
s w-1) {0 otherwise .

Again, if m=N-1, then P, (4, ..., Ay_)=A7 -+ -4 _,. Corresponding to f=P,, we
have
F(p, X)= —|p| Pks(p, X), ..., ky—1(p, X)),
where the k; are as in (1.17), which satisfies (1.2)—(1.4).
A little more complicated examples of f’s are given by the ratio of P,, and P, with
0<l/<m<N. That is,
P (A ..., Ay_1)
f('q'la'“’)'N—l): Pl(j'l,-”,AN—l)
0 otherwise .

if (..o Ay_1)€K,,

It is known (see [M]) that f satisfies (1.18). Thus the function

F(p’ X): _Iplf(kl(p’ X): ceey kN—l(p9 X))
on J, satisfies (1.2)—(1.4). Also, if ge C(R) is nondecreasing, then
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F(pa X)z_lplgof(kl(p’ X),“‘,kN—l(p’X))

on J, satisfies (1.2)—(1.4). If N>3,I=N—2and m=N—1 and if k,, ..., ky_; denote
the principal curvatures of a surface I', then

N-1 1 \~1!
f(Kl:r""KN—l)=< Z ‘_‘)
i=1 K;

represents the harmonic curvature of I'.

2. Proofs of main theorems and generalizations.

ProOOF OF THEOREM 1.7. In view of Proposition 1.6, we may assume that u and

v are bounded on #;. It is convenient to extend the domain of definition of u, v to Oy
by setting

u(x, T)=1iff)1 sup{u(y, s)| (v, ) e Br, | y—x|+|s—T|<r},
and
v(x, T)=lim inf{u(y, s) | (y, )€ Ry, |y—x|+|s—T|<r}.
rio

The function u is still upper semicontinuous and bounded in Q. Similarly, v is lower
semicontinuous and bounded in Q,. Moreover, u and v are, respectively, a subsolution
and a supersolution of (1.1) in 2 x (0,-T] in the following sense: If ¢ € C2(0) is admissible
for some open neighborhood @ of Q x (0, T] and u— ¢ (resp., v—¢) has a local maxi-
mum (resp., minimum) at some ze€ Q2 x (0, T], then

{%(Z) +F(Do(2), D*p(z)) <0 if Do(z)#0,
¢d2)<0 otherwise ,

(resp.,
{¢,(Z)+F(D¢(Z), D*¢(z)) 20  if Dg(z)#0,
@{2)=0 otherwise.)

Below we only check the claim for u; the argument for v is similar. To do so, we may
assume that u—¢ has a strict maximum at z=(y, T) with ye Q. Then, for any ne N
large enough, the function (x, t)>u(x, t)— @(x, t)— 1/[n(T —t)] attains a local maximum
at a point z,=(y,, t,) € Qr, where z,—z as n— 0. Since u is a subsolution of (1.1) in Q,
for all ne N large enough, we have

@(z,) + F(Do(z,), D*¢(z,)) < ¢ dz,) + [T(Tit—)]z + F(Do(z,), D*¢(z,)) <0

if Do(z) #0 and @(z,) < @,(z,) + 1/[M(T —t,)]*> <0 otherwise. Sending n— oo, we conclude
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that u is a subsolution of (1.1) in 2 x (0, T].
Now, we set

00=1rilrf)1 sup{u(z) —u(0)|(z, D e 0%, | z—{| <7},

and will show that 6, <0. To this end, we assume that 6, >0, and will get a contradiction.
Fix any ¢>0 so that

01 =lim Sup{u(x’ t)_l’(y, S)—SI—GSI(X, LY, S)EQ%, |x—.V| Vv l t——slsr} >0.
rl0
Let fe #(F) and let >0 be a constant to be fixed later on. We define a function @ on
07 by
P(x, t5y, s)=u(x, 1) —v(y, s)—af(| x —y ) — ot —s)* —et —es,
and set 0 =supp;®. Note that

OZéEhm Sup{(P(x, t; Yy, S)I(xa t)’ (y’ S)EQT’ IX"‘ylsr}Zol .
rl0

Let M >0 be a constant satisfying
uiz)—v()<M forall z, (eQr,

and observe that if &(x, ¢; y, s)>0, then
M>of(|x—y|)+oa(t—s)>+et+es,

ie.,

1/2
Q.1 |x—y|sf_l<%), It—slS(%) )

Also, in view of (1.6), there is y>0 such that
~ = _ ~ 0
sup{®(z; {) | (z, ()€ (9,01 x Or) V(D1 % 9,07), |2~ <7} 371 .

Here and henceforth 0,0, denotes the set (2 x {0}) u (92 x [0, T]). Fix a>0 so that
[ M) v (M/a)'/? <y. Tt follows from (2.1) that if z, {e Q1 and &(z; {)>6,/2, then
2.2) z,{eQx(0,T].

Assume that §= 0. In view of the definition of , there is a sequence {(x,, £, Yy» Sn)}
< Q% such that

0 1 1
D(x,, s Vo s,,)>—1 v<01——> and |x,—y,|<—.
2 n n
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Here we may assume that {z,} and {s,} converge to some points #, §€ [0, T, respectively.
We write f=a+ 1 for notational simplicity. Noting that lim,_, ., f(r)= co, we can choose
a maximum point (¢, 7,) of the function

(x, )= u(x, )= Bf( x—y,) —aft—s,)* —(t—f)>*—et  on O,
and a maximum point (1,, o,) of the function
¥, )= —v(y, )= Bf (| x,—y ) —olt,—5)* —(s—5)*—~es  on Or.
If follows that
UXps 1) = OV S0) = BS (| X = Y ) — 0ty —5,)* — (t,— 1)* — et
< T) = 0V 82— B (1 Eu—Yu ) — T, —5,)* —(1,— F)* —e1,,.
Accordingly we have
JUE—yu) + (=) <O—B(x,, ty; Vo )+ f(| Xp— Ya ) +(ta— 1)
and
P(Xps L Yoo Su) < Do Tn3 Yo S+ [ Xg— Y )+t — 1) .

The former of the above inequalities yields that &,—y,—0 and t,—f as n—oc0. In view
of the latter we may assume that &(&,, ,; y,, 5,)>0,/2 for all n. In the same way, we

deduce that x,—#,—0 and ¢,—§ as n— o0 and we may assume that &(x,, t,; #,, 6,) >
0,/2 for all n.

Note that (2.2) yields (&, 7,) € 2 x (0, T] for all ne N large enough. If (§,, t,) € Q X
(0, T] and if we set

(p(x9 t)__'ﬂf(lx—yn|)+a(t—sn)2+(t—i)2+8’ and pnzén_yn9
then, since u is a subsolution of (1.1) in Q x (0, T],
1
02 /(& 1)+ F(ﬂf’(l P2, Bf (s |)—~—1>
| Pl | Pul
Bf'(1pal)

=2u(1,—S8,)+2(t,—f)+e+ F@p,I),

if p,#0, and
0>2a(t,—s,)+2(t,— ) +e¢,
if p,=0. Sending n— 00, we obtain
0=>20(f—8)+e=>2a(f—35)+¢.
Since v is a supersolution, we similarly obtain

0<20(f—5)—¢.
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Subtrac‘ting this from the above, we get 0>2¢, which is a contradiction.
If 6< 6, then choose p>0 so that
0,=sup{®(x, t; y, 5)|(x, 2), (1, )€ Or, | x—y|<p} <0,
and define ¥ on Q7 by
Y(x,t;y,8)=D(x, t;y,5)—|x|>—5|y|? (6>0).

It is clear that ¥ attains a maximum at some point (%, 7, §, §) € Q7. Observe also that
6<6,. We henceforth assume that § is sufficiently small so that supg,,: ¥ >0,, which
yields

45("29 f,j}s SA)ZsupW>92 ’
07

and in turn (%, £, §, §)e (2 x (0, T])?, by (2.2). The above together with (2.1) guarantees
that

p<|X—p|<f~H(M/w).
Moreover, since 0< ¥(%, f; 7, §) <M —§|%|>—6 |y |, we have 6(|£|+|p[)—0as 0.
We set
ux, )=u(x, )= x> and vy, s)=0v(y,s)+3|y?
and recall (cf. [CIL]) that there is X e S™ such that
<af’(|ﬁ I)—ll;—l, 20(f—$) +e¢, X)e?’z'*ua()%, ),

and

a

(af’(lﬁl) l‘lf‘ » 20(1—$) —e, X)Eg_‘z’_va(ﬁ, 5),
p

where p=x— . Here we rely on [CIL] for the definitions of %%, If we set

wix, t,y,8)=af(x—y|)+at—s)®+et+es,
then

D?*w(x, t, y, S)S“[<f“(lx—)’|)+M>v2]< I —I ) ’
|x—yl -1 I

where I denotes the identity matrix of order N + 1. Therefore we may assume that

IIXIISCa<f”(IﬁI)+%+1>,

where C is an absolute constant. Since p<|p|< f~'(M/a), we have | X||<C,, where
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C, is a constant depending only on «, M, p and f. It follows that

(ocf’(lﬁl) I;l +26%, 2a(f—§)+, X+251>e?72'+u()2, 0,
and
(ocf’(lﬁl) |§| 269, 2a(i—§)—e, X—251)69_’2’_v(ﬁ, 5).

Using the fact that | j| > p, we may also assume, choosing é small enough, that
! 2 ﬁ 2 ! 2 ﬁ A
af(lpl)—l,—l'*‘zax#oa and “f(|P|)ﬁ_25J’¢0~
P 4

Now the definition of viscosity solution yields

2a(f—§)+e+F<af’(|13 |)%+25x, X+ 251)30 ,
p
and
2oc(i—s‘)—£+F<af’(|ﬁ|)%—26ﬁ, X—261>20 .
p

Sending 6|0, we get

2.3) 2a(f—§)+a+F<a (p |)T’;—|, Y)sO ,

and

2.4) 2a(7—§)—e+F<af’(|p"|)|“:%l, Y)ZO ,

for some pe R¥\ {0}, 7, 5[0, T) and Y e S". Subtracting one of the above inequalities
from the other, we again obtain a contradiction. O

For u: Qr—Ru {— 00, oo} define K*u(Q) and K~ u(Q) by
K*u(Q7)={(p, X)eJo|(p, b, X)e P**u(x,t)  for some (x,t,b)eQrxR}.

Using this notation, if we note that

<af’(lﬁ l)l%, Y) cK w07 n K oQy),

where the left hand side is from (2.3) or, equivalently, from (2.4), then we conclude:

THEOREM 2.1. Let F and G satisfy (1.2)—(1.4). Let ue USC(#y) and ve LSC(%7)
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be a subsolution of (1.1) and a supersolution of (1.1) with G in place of F, respectively.
Assume that

F(p, X)>G(p, X)  forall (p,X)eK*u(Qr)n K v(Qr)
and that (1.6) holds. Then u<v in Qr and, moreover, (1.7) holds.

PROOF OF THEOREM 1.8. In view of Proposition 1.5, in order to show the existence
of solutions it suffices to construct appropriate sub- and super-solutions of (1.8).
It is not hard to see that there is a function fe # such that

sup f'(r)<oo .

r>0
Fix such a function fe &. Then
sup f(lpl)
peRN Pl

| Fp, )| v|F(p, —1)|

(|p| Tnl )‘ ' <|T| ‘ﬁ’)l“

For each 0<e<1 we choose A(g)>0 and B(g)>0 so that for all pe R",

lg(x)—g)|<e+Al)f(x—yl)

—Supf(lpl)

and

Ae)

fl(lpl) | F(p, )| v | F(p, —I)| < B(e) .

|
We define the functions V* on 2, by

VEx, t;6 ))=g0)tet AE)f(x—y) £ Be)t,  (veR")
which turn out to be super- and sub-solutions of (1.1), respectively. Moreover, for
all x,yeRY, 0<t<T, and O<e<1, we have V7 (x,t;¢& y)<g(x)<V™*(x,t;¢,¥), and
Sup0<::< l,yeRNV-(x’ 0’ &, y)=g(x)=inf0<s< 1,y5RNV+(xa 09 &, Y) D

A natural generalization of Theorems 1.7 and 1.8 is the following:

THEOREM 2.2. Assume that ge UC(Gyg) for each R>0, where Gg={|g| <R}, and
that (1.2)—(1.4) hold. Then there is a unique solution u of (1.8) such that ue UC(Uyg) for
all R>0, where Ug={|u|<R}.

Theorem 2.2 follows from the following lemma:

LemMMA 2.3. Let ue BUC(%;) be a solution of (1.1) in Qr=R" x (0, T) and ac R.
Assume that u(x,0)<a (resp., u(x, 0)>a) for all xe R¥. Then u(z)<a (resp., u(z)>a) for
all ze Rr.
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Proor. Fix fe & so that f'(r)<1 for all r>0 and set
S'(pl
Ip|
For ¢>0 and ye RY we define w,e(C2nUC)Z;) by
wix,t)=a+e(—BT+Bt+ f(|x—yl)) .

B=sup
0

p#

|F(p, )| v|F(p, —1)] .

It is easily seen that w, is a supersolution of (1.1). Choose R>0 so that f(R)> BT and
observe that the assumption on u( -, 0) yields

u(x,0)<a<w(x,0) for xeR"\ B(0,R).
Finally let £¢>0 be so small that
u(x, 0)<wyx, 0) for xeB(0, R).
Applying Theorem 1.7, we conclude that u<w, in %, and thus
u(y, )y<w/y,t)=a+eB(t—T)<a

for all te[0, T). Since ye R" is arbitrary, we see that u(z)<a for all ze Z;.
An argument parallel to the above shows that if u(x, 0)>a for all xe R", then
u(z)>a for all ze R .

We need the following lemma for the proof of Theorem 1.9:
LEMMA 2.4. Assume that (1.2)—(1.4) hold. Let g, g,€ BUC(R™) be such that
9.x)1g(x)  forall xeR¥ as n—co.

Finally let u, and u be the solutions of (1.8), with initial data g, and g, respectively. Then
u,(2)Tu(z) forall zeR;y as n—oo.
ProoF. The choice of the g,’s and Theorem 1.7 yield
U, <u,, <u in %;.

Define v: #;— R by

v(z)= lim u,(z) =sup u,(z) (zeZy).
n— o neN

Since u,€ C(#7) for all ne N, it is clear that ve LSC(Z£1). Using the monotonicity of
the sequence {v,}, we obtain
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u,(z)= lriﬁ)l inf{u,(0)| e Ry, |{—z|<r}
Sl,ifg inf{uk(C) |(eRsy, |C—z|<T, k>—i—}
Slrifg inf{v() | e Ry, |~z | <r}=1(2)
for any ze Z; and ne N. This shows that

o(z)=lim inf{un(C)|Ce%T, |(—z|<r, n>l} .
rio r

Therefore, from Proposition 1.3 we see that v is a supersolution of (1.1).

Fix any ¢>0 and ye R". Fix fe # so that supjg ./’ <o0. The proof of Lemma
2.3 yields the existence of constants A(g)>0 and B(¢)>0, which are independent of y,
such that the function w: #£,— R defined by

w(x, t)=9g(y)—2e— Ale) f(| x—y [) — Ble)t

is a subsolution of (1.8) and such that g(x)—&>w(x, 0) for all xe R".

Dini’s theorem yields that g,—g locally uniformly in RY as n—c0. We may assume
in view of Proposition 1.6 that the g,’s are uniformly bounded below on R". Hence,
there is an /e N such that

g.>w(+,0) in RV forall n>l.

But then Theorem 1.7 yields that u,>w for all n>1, from which it follows that v>w
in #. Therefore,

u(x, t)—ov(y, s) <u(x, t) —w(y, s) <u(x, t)—g(y) + 2¢ + B(e) s

for all (x, t)e 1 and 0 <5< T. Since ue BUC(%) and u=g on R" x {0}, we can choose
0€(0, ¢/B(g)) so that if (x,t)e Ry, | x—y|<6 and t<6, then u(x, t)—g(y)<e. Now, if
(x,t)eRy, | x—y|<6, t<6 and 0<s<0, then u(x, t)—v(y, s)<4e¢. Noting that ¢>0 and
ye RN are arbitrary, we thus conclude that

lim sup{u(x, 1) —v(y, s)|(x, ), (v, )€ B, | x—y| <1, tvs<r}<0.
rlo

Using again Theorem 1.7, we see that u<v in %#. O
PROOF OF THEOREM 1.9. By symmetry it is enough to check that
Df ={zeR;|u,(z)>0}=D5 ={ze Ry |uy(z)>0} .

Recall that if uis a solution of (1.1), then, for any continuous nondecreasing function
0: R—R, the function f-u is also a solution of (1.1). Noting that u;" =0ou; for i=1, 2,
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where

>
9(r)={r for r>0,
0 for r<0,

we observe that u;" (i=1, 2) is the solution of (1.8) with g;* in place of g.
For ne N, set

h,=gi A(ng3)

and let v, be the solution of (1.8) with h, in place of g. It is clear that h,(x)Tg{ (x) for
all xe R" as n—»oo. From Lemma 2.4 we see that v,(z)Tu] (z) for all zeZ; as n—o0.
Since h,<ng; and nu; =(nf)ou, is a solution of (1.8) with g replaced by ng; , Theorem
1.7 yields that v,<nuj in %;.

Now let ze Dy . Then u;(z)>0 and hence v,(z)>0 for some ne N. Therefore from
the inequality that v, <nu; in #;, we conclude that uj (z)>0, i.e., ze D5 . O

3. Some properties of the generalized evolutions. In this section we list a number
of properties of the generalized evolutions obtained by the level set approach. Since
their proofs are more or less direct adaptations of the corresponding results of [ES],
[CGG], [BSS], etc., we omit most of them.

We begin by recalling that some examples of the velocity law (1.16) give PDE’s
(1.1) which do not satisfy (1.3) and are needed to be modified, so that the corresponding
PDE’s (1.1) satisfy (1.3). A natural question is whether we can impose some condition
on I'y, so that the generalized evolution obtained by the level set approach does not
depend on such modifications and hence it is in fact generated by the original velocity
law. This is the first topic of the following discussions.

PROPOSITION 3.1. Assume that (1.2)—(1.4) hold. Let ge BUC(R") satisfy
3.1 F(Dg,D*¢)<y  in {|g|<d}

in the viscosity sense for some ye R, >0. Let ue BUC(Z7) be the solution of (1.8). Then,
for each x e R", the function: t+—u(x, t)+ 7yt is nondecreasing on any subinterval of the set
{te(0, T)| |u(x, t)|<&}. Moreover, if |u(x,t)|<d, (p,a, X)e P**u(x, t) and p#0, then
a+y>0 and F(p, X)<y.

To be precise, let us give the definition of viscosity subsolutions (just when they
are continuous for simplicity) of

(3.2 F(Dv, D?*v)=y(x) in Q,

where Q is an open subset of RY and yeC(Q) is a given function. A function ¢ € C(Q)
is admissible if the function @ € C*(Q x (0, T)) given by @(x, t) = ¢(x) is an admissible test
function, i.e., ¢ € #(F). Now, a function ve C(Q) is a viscosity subsolution (and will be
simply called a subsolution) of (3.2), provided whenever ¢ € C%(Q2) is admissible and
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v— ¢ attains a local maximum at some %€ Q, then

{F (Do(%), D*p(x)<y(x)  if De(%)#0,
0<y(%) if Dp(%)=0.

It is easily seen that if ge C(Q) satisfies (3.1) (in the viscosity sense), then the function
ve C(Qr) defined by v(x, t)=g(x)+ 7yt solves (1.1).

Although the above proposition can be proved along the lines of the proof of
Theorem 7.3 in [BSS], below we present a simpler one, which does not need local
existence of smooth solutions. Before we give the proof of the proposition we state
some immediate consequences.

COROLLARY 3.2. Under the hypotheses of Proposition 3.1 let F, g and u be as in
the proposition. Let G be a function on J, which satisfies the conditions (1.2)—(1.4).
Assume that for any (p, X)e€J,,

Glp, X)=F(p,X) if Flp,X)<y,
and
G(p, X)>y if Fp,X)>vy.
Let ve BUC(Z7) be the solution of (1.8) with G in place of F. Then
{lul<d}={lvl<d}, {u=6}={v=6}, {u<—-06}={v<-4}
and
ux, ty=v(x,t)  forall (x,t)e{|u|<d}.

Let F, Ge C(J,) satisfy the conditions (1.3) and (1.4). As in (1.13), F and G define
the generalized evolutions Ef : £—& and ES: £—&, with t>0, respectively.

COROLLARY 3.3. In addition to (1.2)—(1.4), let F and G satisfy
{F<y}={G<y} (and hence, {F>y}={G>y}),
and
F(p, X)=G(p, X)  forall (p,X)e{F<y}.

Let (I', D*, D™)€ & Assume that there is a solution g BUC(R") of (3.1) for some 6>0
such that

(3.3) D*={g>0}, D ={g<0} and I'={g=0}.
Then
EF(r,D*,D7)=ES&I',D*,D~)  forall t>0.

The following is a typical sufficient condition to check if, for given (I, D*, D")€é,
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there is a solution ge BUC(R¥) of (3.1) which satisfies (3.3): I' is a compact C? hyper-
surface and the signed distance function d satisfies

F(Dd(x), D*d(x))<y—¢  forall xerl

pointwise for some ¢>0. Indeed, since de C*({|d|<4}) and Dd(x)#0 for all xe {|d|<d}
for some 4> 0, by continuity d solves (3.1) in the classical sense for some 6 >0.

Now, let P, be the m-th elementary symmetric polynomial of the variables
Aty ..., Ay_, and K,,= R¥ ! the closed convex cone with vertex at the origin as in the
discussions of Section 1 concerning examples of functions which determine normal
velocity. Let m> 1. Define F, e C(J,) by F,(p, X)=—|p|P,(k,(p, X), ..., ky_(p, X)),
where P,, and the k;’s are the functions defined in Section 1. If (I', D*, D™)e & is such
that there is a fuction ge BUC(R") for which (3.3) holds and which satisfies

(3.4) FDg,D*g)<—y in {lg|<d}

in the viscosity sense for some y>0 and some 4 >0, then from Corollary 3.3 we sce
that (1.8) with F=F, naturally determines a generalized evolution in & issued from
(I',D*, D). In other words, this generalized evolution issued from (I', D¥, D~) does
not depend on how to extend P,,,|K,,, to J,. (Note that if Pe C(J,) is an extension of
Pm|Km to J, which satisfies (1.18), then P<P,.) Instead of P,, if we extend P,,,IK,,, to
J, in a way so that the resulting function P, satisfies P,(1)<0 for all Ae R¥ "1\ K,
if we can find a solution ge BUC(R") of (3.4) with y=0 for which (3.3) holds and if
we put F (p, X)=—|p| P (kip, X), ..., ky_(p, X)) for (p, X)eJ,, then Corollary 3.3
tells us that (1.8) with F=F,, defines naturally a generalized evolution in & issued from
(I', D*, D7). For instance, if we define

P (A if Aek,,,

P.()=
n(#) {—dist(,l, K,) if AeRVTINK,,

similar remarks are valid also for the ratio P,/P, with m>1.
Let Py_, be as above and define Fyy_, € C(J,) by

FN—1(/1)= —|P|ﬁN—1(k1(P, X), ..., ky-1(p, X)) .

Then the convexity of g guarantees the condition (3.1) with F=F,_, and y=0. Let
(I', D*, D™)e & be such that D~ is a nonempty convex set and I' =D~ . For each yeTI’
choose Ee RY ™1, with | £|=1, such that (x—y)- £ <0 forall xe D™, and define g,: R">R
by g,(x)=(x—y)-&. Then g,, with yerI, solves (3.1) with F=F,_, and y=0 in R".
Therefore, if we set g(x)=sup{g,(x)|ye T}, then g solves (3.1) with F=Fy_, and y=0
in RY and satisfies (3.3). Thus, in this case the condition that D~ is a nonempty
convex set and I'=0D"~ gives a sufficient condition for the existence of ge BUC(RY)
which satisfies (3.1) and (3.3).

PROOF OF PROPOSITION 3.1. Fix e€(0, d), consider the function 6: R— R given by
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s if |s|<e,
0(s)=1¢ if s>g,
—¢ if s<-—g,

and observe that the function
ux, )=0(g(x)—yt) in RYx(0,h)

solves (1.1) in @y =R" x (0, T) provided h>0 and |y|h<é—e.

Let @i=0ou; since @ solves (1.1) and #<v on R" x {0}, Theorem 1.7 yields v<ii on
RV x [0, hAT).

Finally, fix any he(0, T) so that |y|h<J—e. Noting that the function w: Z;—>R
given by

W(x, t): O(H(X, t)—'))h)

solves (1.1), we conclude that if Z(x, t)=1(x, t+h), then w<Z on RY x [0, T — h).

In view of the definition of 0, the last inequality yields

u(x, t)y—yh<u(x,t+h), ie., u(x,t)+yt<u(x,t+h)+y({t+h)

if |u(x, t)|<d and | h|«1.

Now let (x, t)e {|u| <8} and (p, a, X)e 2% *u(x, t) with p#0. The monotonicity in
t we have just proved implies that a+7>0. Since u is a solution of (1.8), we have
a+ F(p, X)<0. We thus conclude that F(p, X)<y. O

ProOF OF COROLLARY 3.2. Fix £¢€(0, 8) and define 8 € C(R) as above. Define 4, i e
BUC(Z£r) by #i=0-u and i=0-v. By Proposition 3.1 we see that if we set K={(p, X)e
Jo|F(p, X)<v}, then

K*#Qr)cK and K*#Qp)c<K.
Applying Theorem 2.2, we see that #=7 on Q. Noting that this implies
{u=e}={v>e} and {u<-—e}={v<—¢}, with ¢€(0,9),
we conclude the proof. O

ProoOF OF COROLLARY 3.3. Fix a solution g€ BUC(R¥) of (3.1) so that (3.3) holds.
Let u,ve BUC(#) be the solutions of {(1.8) with F=F and F =G, respectively. It is
immediate from Corollary 3.2 that

{u>0}={v>0}, {u<0}={v<0} and {u=0}={v=0},
ie., Er,D*,D™)=E&I,D*,D") for all t>0. O

A very important issue related to the level set approach is whether the level sets
of solutions of (1.1) will develop the interior or not. The background of this issue is
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beyond the scope of this paper. We refer interested readers to [ES], [CGG], [BSS],
etc., for relevant discussions.

Next we state a result which gives a general sufficient condition for no-interior.
We omit its proof since it goes along the lines of the proofs of Proposition 3.1 above
and Theorem 7.3 of [BSS].

To formulate the result we need to make the following additional assumption on F:

(3.5  F(uQ'p, i*0'X0)=u"F(p, X) for all u>0, (p, X)eJ, and QeO(N),

where me R is a constant, Q' denotes the adjoint of Q@ and O(N) denotes the group of
N x N orthogonal matrices.

PROPOSITION 3.4. Assume that (1.2)—(1.4) and (3.5) hold. Let (I', D', D;”), with
t>0, be a generalized evolution determined by (1.1). Assume that T, is of class C* and

compact and that there exist nonnegative constants c; (i=1, 2, 3), a skew symmetric matrix
H and x4 € R" such that

(3.6)  c,(x—x0): Dd(x)+ c,H(x — x)* Dd(x) — ¢, F(Dd(x), D*d(x))#0 on T,

where d is the signed distance to I'y. Then the set |, ,(I',x {t}) has empty interior in
R" % (0, ).

We conclude by giving a sufficient condition for solutions u(x, t) of (1.1) to be
concave in x. A corresponding assertion concerning convexity of solutions will be easily
deduced from the result. This result is proved exactly as in Giga, Goto, Ishii and Sato
[GGIS] with appropriate modifications to take care of the singularities. We therefore
omit the proof.

We need the following assumption:

3.7 F(p, X) is convex in X for all pe R\ {0} .

PROPOSITION 3.5. Assume Q=R", (1.2)~(1.4) and (3.7), and let u be a solution of
(1.8) with g concave in RN. Moreover, assume that for each R >0, u is uniformly continuous
in {(x, t)e By || u(x, t)| <R}. Then for each te(0, T) the function u(-,t) is concave in R".
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