To6hoku Math. J.
48 (1996), 267292

A TYPE OF UNIQUENESS OF SOLUTIONS FOR THE
DIRICHLET PROBLEM ON A CYLINDER

Dedicated to Professor Satoru Igari on his sixtieth birthday

IKUKO MIYAMOTO

(Received January 10, 1995, revised August 30, 1995)

Abstract. The aim of this paper is to prove a type of uniqueness for the Dirichlet
problem on a cylinder the special case of which is a strip in the plane. By defining
generalized Poisson integrals with certain continuous functions on the boundary of a
cylinder, we shall investigate the difference between them and harmonic functions having
the same boundary value. Given any continuous function on the boundary of a cylinder,
we shall also give a harmonic function with that function as the boundary value.

1. Introduction. Let R be the set of all real numbers. The boundary and the
closure of a set S in the n-dimensional Euclidean space R" (n>2) are denoted by S and
S, respectively. Given a domain G <= R" and a continuous function g on dG, we say that
h is a solution of the Dirichlet problem on G with g, if 4 is harmonic in G and

lim  h(P)=g(Q)
PeG,P-Q
for every Q€ dG. If G is a bounded domain and g is a bounded function on dG, then
the existence of a solution of the Dirichlet problem and its uniqueness is completely
known (see, e.g., [8, Theorem 5.21]). When G is the typical unbounded domain

T,={(X,y)eR"; XeR" !, y>0},

the solution of the Dirichlet problem on T, with a continuous function on 07T, was given
by using the (generalized) Poisson integral in Armitage [1], Finkelstein and Scheinberg
[5] and Gardiner [6], etc. But the uniqueness of solutions was not much considered
until Siegel [11] picked up this problem. Helms [9, p. 42 and p. 158] states that even
if g(X) is a bounded continuous function on 0T, the solution of the Dirichlet problem
on T, with g is not unique and to obtain the unique solution H(P) (P=(X, y)e T,) we
must specify the behavior of H(P) as y — co. After Siegel gave a type of uniqueness of
solutions, Yoshida [16] proved the same result under less restricted conditions. All
these results were extended in Yoshida and Miyamoto [17] to the case where G is a
cone. Since T, is regarded as a special cone, we can say that a cone is one of typical
unbounded domains.
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There is another typical unbounded domain which is a cylinder
rD)=DxR

with a bounded domain D < R"~!. The existence and the uniqueness of solutions of the
Dirichlet problem on I'(D) with a continuous function on 0I'(D) are worth inquiry.
In this direction, Yoshida [15] proved the following Theorem A. To state it we need
some preliminaries.

Consider the Dirichlet problem

(1.1) A,-+A)f=0 in D
f=0 on oD

for a bounded domain D= R"™! (n>2), where A, =d?/dx?. Let A(D, 1) be the least
positive eigenvalue of (1.1) and f?(X) the normalized eigenfunction corresponding to
AD, 1). In order to make the subsequent consideration simpler, we put a strong as-
sumption on D throughout this paper: If n>3, then D is a C*>*-domain (0<a<1) in
R"~! surrounded by a finite number of mutually disjoint closed hypersurfaces (for
example, see Gilberg and Trudinger [7, pp. 88-89] for the definition of C**-domains).
Let G, p)(P,, P,) be the Green function of I' (D) (P,, P,eI' (D)) and 0Gr (P, Q)/0v
the differentiation at Q € 0I',(D) along the inward normal into I"(D) (P eI, (D)).

Given a function F(X, y) on I'(D), we denote by N(F)(y) the function of y defined
by the integral

JDF(X, VX)X,
where dX denotes the (n— 1)-dimensional volume element. We write
Ho(N(F) = lim exp(— /4D, DY)N(F)y)
and
No(N(F)= lim exp(y/2(D, YN,

if they exist.

THEOREM A (Yoshida [15, Theorem 6]). Let g(Q) be a continuous function on
or (D) satisfying

(12) f " exp(— /4D, 1>|y|)<f
- b}

where doy is the surface area element of 0D at X and if n=2 and D=(y, 0), then

l9(X, y)|d0x>dy<oo ,
D
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J [g(X, y)dox=19g(y, )| +19(, y)| .
oD

Then the Poisson integral

PI(P)=c,; " j

0I'n(D)

0
9(Q) E Gr,.(D)(P , Q)do o)

is a solution of the Dirichlet problem on I (D) with g, where
{271 (n=2)
Cp=
(n—2)s, (n>3) (s, is the surface area of the unit sphere S"~ 1)

and do , is the surface area element on OI" (D) at Q. Let h(P) be any solution of the Dirichlet
problem on I' (D) with g. Then all of the limits uy(N(h)), no(N(h)) (— oo <pu(N(h)),
No(N(h) < 00), po(N(1 R 1) and no(N(1h 1) (0<po(N( A1), no(N(| h|) < 00) exist, and if

(1.3) Ho(N([h)<oo and no(N(h[) <o,

then
h(P)= PI,(P)+ (uo(N(h)) exp(s/ AD, 1)y) +no(N(h)) exp(—/ AD, Dy) fL(X)
for any P=(X, y)eI (D).

This Theorem A shows that under the conditions (1.2) and (1.3) the existence and
a type of uniqueness of solutions for the Dirichlet problem on I' (D) can be proved,
respectively.

If n=2, then I'(D) is a strip. The strip I',((0, n)) with D= (0, ) is simply denoted
by I',. With respect to the Dirichlet problem on I',, Widder obtained:

THeEOREM B (Widder [13, Theorems 1 and 3]). If g(¢t) (i=1,2) is a continuous
function on R satisfying

(1.4) jw [git) [exp(—|t|)dt < o0,

then

0

1 (= 1
H(I3; g1, g2)(x, y)=3n—f P(x, t—y)g,(t)dt +-2—;J P(n—x, t—y)g,(t)dt

~— o0

sin x
P(x,y)=——"——
cosh y—cos x

is a harmonic function in I, and a continuous function on I, shuch that

H(T'3; g1, 9,00, 9)=9:(y) and H(I'y; g1, 9)7m, y)=9g,(y) (—o0<y<o0).
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If h(x, y) is a harmonic function in I, and a continuous function on I, such that

h©0,y)=9.(0), him,y)=g,(») (—0<y<co)

and

rlh(x,y>|dx=o(e'y') (Iy]=o0),

0

then

hx, y)=H(;; g1, 9,)xy) on T,.

Though by a conformal mapping a strip is reduced to T, which was treated in
[17] as a special case, it may be of interest to treat this case independently as a special
case of cylinders.

In this paper, the first parts of Theorems A and B will be extended by defining
generalized Poisson integrals with continuous functions under less restricted conditions
than (1.2) and (1.4) (Theorem 1 and Corollary 1). We shall also prove that for any
continuous function g on 0I',(D) there is a solution of the Dirichlet problem on I',(D)
with g (Theorem 2 and Corollary 2). The results (Theorem 3 and Corollary 3) which
generalize the second parts of Theorems A and B will be connected with a type of
uniqueness of solutions for the Dirichlet problem on I',(D).

2. Statements of results. We denote the non-decreasing sequence of positive
eigenvalues of (1.1) by {A(D, k)}% ;. In this expression we write A(D, k) the same number
of times as the dimension of the corresponding eigenspace. When the normalized
eigenfunction corresponding to A(D, k) is denoted by f”, the set of sequential eigen-
functions corresponding to the same value of A(D, k) in the sequence {f,’}>, makes
an orthonormal basis for the eigenspace of the eigenvalue A(D, k). We can also say that
for each DcR"™! there is a sequence {k;} of positive integers such that k,=1,
MD, k) <AD, k1)

AMD, k)=AMD, k;+1)=AD, k;+2)="---=AD, k;;—1)
and {£2,f2+1,..., /2., -1} is an orthonormal basis for the eigenspace of the eigenvalue
AD, k) (i=1,2,3,..). It is well known that k,=2 and f2(X)>0 for any XeD (see
Courant and Hilbert [3, p. 451 and p. 458]). With respect to {k;}, the following Example
(2) shows that even in the case where D is an open disk in R?, not the simplest case

k;=i(i=1,2,3,...), but more complicated cases can appear. When D has sufficiently
smooth boundary, we know that

AD, k)~ A(D, n)k*®=1 (k— o0)

and



DIRICHLET PROBLEM ON A CYLINDER 271

Y, {fPX)}*~BD,mx"" 2 (x—o0)
AD,k)<x
uniformly with respect to X € D, where A(D, n) and B(D, n) are both constants depending
on D and n (see, e.g., Weyl [12] and Carleman [2]). Hence there exist two positive
constants M, M, such that

2.1 M k¥~ D < (D, k) (k=1,2,3,..))
and
2.2) If2(X)| <M, k12 (XeD,k=1,2,3,..)).

We remark that both

exp(x/AD, k)y) f2(X) and exp(—/AD, k)y)f/2(X) (k=1,2,3,..))

are harmonic on I',(D) and vanish continuously on oI,(D).

For a domain D and the sequence {k;} mentioned above, by I(D, k;) we denote the
set of all positive integers less than k; (i=1, 2, 3,...). Even if I(D, k,)= &, the summation
over I(D, k,) of any function S(k) of a variable k£ will be used to mean

Y S(k)=0.

keI(D,ky)

ExampLes. (1) Let D=(0,n). Then (1.1) is reduced to finding solutions f(x)
(0<x<m) such that

d’f(x)

dx?

+Af(x)=0 (0O<x<n)

and

f(0)=f(m)=0.
It is easy to see that k;=i, A(D, k)=k? and fP(x)=./2/n sinkx (k=1,2,3,...).

(2) ILet D={(x,y)eR*; x*+y*<1}. Let {a, ,}2-, be an increasing sequence of
positive real numbers a, ,, such that

J(on)=0 (n=0,1,2,..),

where J,(z) is the Bessel function of order n. If the spherical coordinates x=rcos 6,
y=rsinf (0<r<1,0<0<2n) are introduced, then J,(«, ,r)cosnd and J,(a, ,r)sinnd
(n#0,m=1,2,3,...) are two eigenfunctions coresponding to the eigenvalue A=0o?,,
(see Courant and Hilbert [3]). Since we do not know how the zeros of the Bessel func-
tions distribute, we cannot explicitly determine the sequence {k;} with respect to this D.

The Fourier coefficient
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f F(X)fP(X)dX
D

of a function F(X) on D with respect to the orthonormal sequence { £2(X)} is denoted
by c(F, k), if it exists. Now we shall define generalized Poisson kernels. Let / and m be
two non-negative integers. For two points P=(X, y)e I'(D), Q =(X*, y*)edrl' (D), we put

(2.3) W, D), 1)P, Q)
= Y exp(/AD, k)c((Hys)s, k) fAX) exp(y/ AD, k)y) exp(—+/ AD, k)y*)

keI(D,ki+1)

and

(24) ¥(I'(D), m)P, Q)
= Y exp(/UD, k)c(Hy)s, k) fE(X) exp(—/ XD, k)y)exp(y/AD, k)y*) ,

keI(D.km +1)

where
0
(Hy)(X)=c¢, " " Gr, (X, 1), (X*,0).

We remark that V(I"(D), l)(P, Q) and V(I",(D), m)(P, Q) are two harmonic functions of
Pel (D) for any fixed Q edl’,(D). We introduce two functions of PeI'(D) and Q=
(X*, y*)earl',(D)

I, D), IP,Q)  (3*20)

W(I (D), I)P, Q)= { 0 (* <0)

and
T D),m(P,Q)  (¥*<0)
W(r (D), m)(P, Q)= { 0 (*>0) .
The Poisson kernel K(I" (D), I, m)(P, Q) with respect to I',(D) is defined by

0 __
K(I' (D), I, m(P, Q)=c, * . Gr,w(P, Q)—W(I',(D), I)(P, Q)— W(I',(D), m)(P, Q) .

We note
0
K(I'(D),0,0(P, Q)=c, ! a—vGr,.(D)(P, 0).

Let p, g be two non-negative integers and I(y) a function on R. The finite or infinite
limits
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lim exp(—+/A(D, k,+ )Y)I(y) and  lLim exp(/AD, k. )Y)I(y)

y— o
are denoted by p,(I) and #,(I), respectively, when they exist.
THEOREM 1. Let [, m be two non-negative integers and g(Q) = g(X*, y*) a continuous

Sfunction on oI (D) satisfying

2.5) J exp(—+/ 4D, k:+1))’*)( J lg(X*, y*)|d6x~>dY*<00
oD

and

j exp(y/ D, ky + 1)y*)< J | g(X*, y*)| dax*>dy* <.
— 0 oD
Then

orn(D)
is a solution of the Dirichlet problem on I' (D) with g satisfying
(2.6) W(N(H(I (D), I, m; g) ) =nn(N(H(I' (D), l,m; g)]))=0.

If n=2 and D =(0, ), then we immediately obtain the following Corollary 1 which
generalizes Theorem B.

COROLLARY 1. Let I, m be two non-negative integers and let g,(y*), g,(y*) be two
continuous functions on R satisfying

2.7 f | g(y*) | exp(—(I+ 1)y*)dy* < o0

and

f |g{y*) lexp(m+1)y*)dy* <oo  (i=1,2).

Then

H(F29 l’ m; 91 gz)(xa y)

= J 91K 5, L, m)(x, y), (0, y*))dy* + f 92K 3, L m)(x, y), (7, y*))dy*

- 00

is a harmonic function in I, and a continuous function on I', such that

H(T 5, I, m; g4, 9,)(0, y*)=g,(y*)
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and

H(T 5, I, m; gy, g,)(m, y*)=g,(y*) (—o0o<y*<o0).

To solve the Dirichlet problem on I',(D) with any function g(Q) on dI",(D), we shall
define another Poisson kernel. Let ¢(t) be any positive continuous function of t>0
satisfying

(0)=exp(—+/A(D, 1)).
For a domain D= R"™! and the sequence {A(D, k;)}, denote the set
{t=0; exp(—+/AD, k)= o(t)}

by S(D, ¢, i). Then 0 S(D, ¢, 1). When there is an integer N such that S(D, ¢, N)# & and
S(D, @, N+ 1)=&, denote the set {i; 1 <i< N} of integers by J(D, ¢). Otherwise, denote
the set of all positive integers by J(D, ¢). Let t(i)=t(D, ¢, i) be the minimum of elements
t in S(D, ¢, i) for each ie J(D, ¢). In the former case, we put ¢{(N + 1)=co. Then #(1)=0.
We define W(I'(D), ¢)P, Q) (Pe T (D), Q=(X*, y*)e ol (D)) by

= 0 (y*<0)
w(r (D P,0)=
(D), )P, 0) {V(r,.(D), (P, Q) (U)<y*<ti+1),icJ(D, ).
We also define W(I",(D), )P, Q) (PeT (D), Q=(X*, y*)edl (D)) by
0 (y*>0)

W(I (D P, Q)=

HALD), o)P. ©) {l/(rn(D)s )P, Q) (—ti+)<y*<—1(i), ieJ(D, ).
The Poisson kernel K(I' (D), ¢)(P, Q) (Pe I (D), Qe ol (D)) is defined by

0 _
K(I'(D), pXP, Q)=c, ' B Gr, (P, Q)—W(T'(D), @)(P, Q)— W(I',(D), p)P, Q) .

Now we have:

THEOREM 2. Let g(Q) be any continuous function on 0I,(D). Then there is a positive
continuous function ¢(t) of t>0 depending on g such that

H(I',(D), ¢; g\P)= f 9(Q)K(I',(D), 9)(P, Q)da,
oIrn(D)

is a solution of the Dirichlet problem on I',(D) with g.

If we take n=2 and D=(0, =) in Theorem 2, we obtain:

COROLLARY 2. Let g,(y*) and g,(y*) be two continuous functions on R. Then there
is a positive continuous function ¢(t) of t>0 depending on g, and g, such that
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H(T 5, ¢; g1, 92)(X, y)

= f g1(y*K( 5, o)(x, ), (0, y*)dy* + J 92(y)K( 5, o)(x, y), (n, y*¥))dy*

is a harmonic function in I', and a continuous function on T, satisfying
H(I';3, @5 91, 92)0, y*)=9,(y*)

and

H(I3, 05 91, 92)®, y*)=9,(0*) (-0 <y*<o0).

THEOREM 3. Let I, m be two non-negative integers and let p, q be two positive
integers satisfying p>1, q>m. Let g(X*, y*) be a continuous function on oI (D) satisfying
(2.5). If W(X, y) is a solution of the Dirichlet problem on I (D) with g satisfying
(2.8) HN(h*)=0 and 5 (N(h*)=0,
then

h(X, y)=H(I'(D), I, m; g)(P)
+ Y AdWexp(JAD, Y SXX)+ Y, Bh)exp(—+/AD, k)y)f2(X)

keI(Dkp +1) keI(D,kg+1)
p q

for every P=(X,y)eTl (D), where Ayh) (k=1,2,...,k,,,—1) and By(h) (k=1,2,..
k,.1—1) are all constants.

.

If we take n=2 and D=(0, n) in Theorem 3, then we have:

COROLLARY 3. Let I, m be two non-negative integers and let p, q be two positive
integers satisfying p>1, q>m. Let g,(y*), g,(y*) be two continuous function on R satisfying
2.7). If h(x, y) is a harmonic function in I', and a continuous function on I', such that

hO, y*)=g,(y*) and h(m, y*)=9g,(y*) (-0 <y*<o0),

and

T

lim exp(—(p+ l)y)J h*(x, y)sinxdx= lim exp((qg+ l)y)J h*(x, y)sin xdx=0,
y—= —©

Y=o 0 0
then
p q
h(x, y)=H(I 5, I, m; g4, g,)(%, y)+ Z A (h)exp(ky) sin kx + Z B,(h) exp(— ky) sin kx
k=1 k=1
for every (x, y)eI',, where Ai(h) (k=1,2,...,p)and Bi(h) (k=1,2,..., q) are all constants.

3. Proof of Theorems 1, 2 and 3. Given a domain D on R"~! and an interval
IR, the sets {(X,y)eR"; XeD,yel} and {(X* y)eR"; X*edD, yel} are denoted
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by I'(D; I) and S,(D; I), respectively. In the following, S,(D; (— o0, o)) (=0I",(D)) will
be simply denoted by S,(D).

LemMMA 1. Let h(X, y) be a harmonic function in I'(D; (0, c0)) vanishing continuous-
ly on S(D; (0, ). For any fixed y, 0<y < o0, define the function h(X) in D by h(X)=
WX, y). Then

c(hy, k)= {(exp(y/ UD, k)y — y2))—exp(/ AD, k)(y, — y))c(h,,, k)
+ (exp(y/ AUD, k)y, — y) —exp(y/ AD, k)Yy — y1)c(hy,, k)}
x {exp(/ AD, k)(y; — y2)) —exp(y/AD, KNy, —y )} !

for any given y,,y, (0<y, <y, <) and
lim c(h,, k)exp(—+/ D, k)y)
y—

exists (k=1,2,3,...).

Proor. First of all, we note that h(X, y) is continuously differentiable twice on
{(X,y)eR"; XeD,0<y< oo} (see Gilbarg and Trudinger [7, p. 105]). Now, by dif-
ferentiating twice under the integral sign, we have

2 2
0 C(hy9 k) :J‘ 0 hy(X)ﬁ‘D(X)dX= _J‘ A”_lhy(X)ﬁ(D(X)dX .
ay* p Oy 2 D
Hence, if we observe from the formula of Green that
j (An— 1 h(X) SA(X)dX =J hy(X)A, - fOX)AX
D D

we see that

o%c(h,, k)

_(3)1—;__ =MD, k)c(h,, k)

for any y, 0<y<oo. This gives

c(hy, k)= Ah)exp(/ AD, k)y)+ By(h) exp(—+/A(D, k)y) ~ (0<y<o0),
Ai(h) and By(h) being constants independent of y. Since c(h,, k) takes a value c(h,,, k) at
a point y; (i=1, 2), the conclusion of Lemma 1 follows immediately.

LEMMA 2. Let H(X, y) be a harmonic function in I (D ; (0, 00)) such that H(X, y)
vanishes continuously on S,(D; (0, c0)) and converges uniformly to zero as y — 0. Then
for any non-negative integer j we have
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|HX, y)— Y exp(/AD, k(1 —y)e(H,, k) fAX)|

keI(Dyk;+ 1)
<L,(H)exp(,/AD, ks )(1—y)  (1<y<o0),
where H (X)=H(X, 1) and L,(H) is a constant dependent only on H.
Proor. Put H(X)=H(X, y)for any fixed y (0 <y < c0). We see from Lemma 1 that
c(H,, k)= {(exp(y/ UD, k)y —y,)) —exp(/ AD, kXy, — y)c(H,,, k)
+(exp(y/ UD, k)y; — y) —exp(/ AD, k)y — y1))e(H,,, k)}
x {exp(y/UD, k)(yy —y2)) —exp(y/ AD, kYy, —y)}

for any y, and y, (0<y, <y, <o0). Since c(H
we obtain

(3.1 c(H,, k)=exp(y/ XD, k)y, —y)e(H,,, k) (0<y,<o0).
Here we have from (2.2) that

o k)= 0 (y, = 00) from the assumption,

(3.2) |c(H,, k)lsj IHy.(X)ﬂD(X)IdXSMzkl’zIDITa;(IH(X,y1)|,
D €
where | D| is the volume of D. It follows from (2.1), (2.2), (3.1) and (3.2) that
(3.3) Y. le(H,, k) f2(X)|
k=1

SM%|D|I;1ag|H(X,y1)|kZ kexp(y/M kM= V(y, —y)  (y,<)).
€ =1

Hence, if we take a number y, satisfying 0 <y, <y, then we know from (3.3) and the
completeness of the orthonormal sequence { /;’(X)} that

Q0

(34 2 o(H,, K fXX)=H(X, y)

k=1

for any X eD.
If we put

L,(H)=M}| D |max
XeD

H(X, %) Y kexp(—%1 /Mlk”""”>
k=1

and take y=1, y, =1/2 in (3.3), then we obtain from (3.3) that

(3 £ 1 R0 1S L),

If 1 <y< oo, then by taking y, =1 in (3.1) we have from (3.4) and (3.5) that
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IH X,»)— Y exp(y/AD, k(1 —y)e(H,, k) fAX )’

kel(D,kj+1)
=|H(X, W= ) cdH, k)ka(X)‘
keI(D,kj+1)
| £ cmnools $ enntya0 -t kA0

<exp(y/A(D, kj. 1 )(1—y)) :2‘1 |c(H,, K)AP(X)| < Ly (H) exp(y/ AD, kjr 1 )1-)) ,

which gives the conclusion.

LEMMA 3. For a non-negative integer [ (resp. m) we have

0 _
<L, exp(—\/ AD, ki )y*—y)

¢! EGr,(m(P, Q)— V(T(D), I)(P, Q)
<reSp. <L, exp(—+/UD, kp+ 1)y — Y*)>

for any P=(X, y)eI',(D) and Q =(X*, y*)e S, (D) satisfying y*—y>1 (resp. y—y*>1),
where L, (resp. L,) is a constant independent of P and Q.

0
¢! o Gr, (P, Q) —Y(I',(D), m(P, Q)

PRrROOF. Since
Gro((X, ), (X', y)=Gr,p(X, y—=y) (X, 0)  (X,y),(X,y)el(D),

it is easy to see that
0 X 4,k 0 * *
(3.6) EGF,.(D)((X V) (X*,y ))z-aTG“‘D’«X S y=y*D, (X*,0) .
We remark that
Y ,
Hy(X,y)=c, ! EGF,.(D)((X, ¥, (X*,0))

is a harmonic function of (X, y’)e I' (D) such that Hy, vanishes continuously on S,(D)—
{(X*,0)} and tends uniformly to zero as y' — co (see [15, p. 394]). If we apply Lemma
2 to Hy.(X, y) and put y'=y*—y (resp. y'=y—y*),

L, =exp(y/AD, k; . 1)) ;133;371‘) Li(Hy.) (resp. Ly =exp(y/AD, Ky 1)) ;?a;; Li(Hyv) ,

then we obtain the conclusion from (3.6) and (2.3) (resp. (2.4)).
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LEMMA 4. Let ¢(t) be a positive continuous function of t>0 satisfying ¢(0)=
exp(—+/AMD, 1)) and put L'\ =maxy..,p L,(Hys). Then

0

¢ ' 5 Gr.oP. O —W(I",(D), )P, Q)‘ <Lie(y*)

<resp.

for any P=(X, y)eI' (D) and Q =(X*, y*)e S(D) satisfying

e a—iGr“m)(P, 0)— W(I',(D), o)(P, Q). <L <p(—y*))

3.7 y*>max(0, y+2) (resp. y*<min(0, y—2)).

Proor. Takeany P=(X, y)eTI'(D)and Q=(X*, y*)e S,(D) satisfying (3.7). Choose
an integer i=i(P, Q)e J(D, ¢) such that

(3.8) i) <y*<t(i+1) (resp. —t(i+1)<y*< —1(i).
Then
WAT (D), )P, Q)= V(I',(D), iXP, Q) .
(resp. W(I'(D), 9)(P, Q)=¥(I'(D), i\P, Q)) .

Hence we have from Lemma 3, (3.7) and (3.8) that

0 _
¢y ' ——Gr (P, Q—WI (D), p)P, Q)\

ov
<L exp(—+/AD, ki1 )y* —y) <Lip(y*)
(resp.
SLiexp(—+/AD, ki Jy—y*) <Lio(— y*))
which is the conclusion.

0

¢ >, Gro(P, Q)= W(T(D), )P, Q)‘

LEMMA 5. Let g(Q) be locally integrable and upper semicontinuous on S,(D). Let
W(P, Q) be a function of PeI (D), Q € S,(D) such that for any fixed P € I' (D) the function
W(P, Q) of Qe S,(D) is a locally integrable function on S,(D). Put

0
K(P,Q)=c," da_v—Gr“‘D’(P’ Q)—-W(P,Q) (PeI',(D),QeS,D).

Suppose that the following (1) and (11) are satisfied:
(I) For any Q*€S,(D) and any ¢>0, there exist a neighbourhood U(Q*) of Q* in R"
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and two numbers Y¥*, Y;* (— oo <Y* < Y;* <o) such that
J |9(QK(P, Q)| dog<e
Sn(D; (Y3, 0))

and

J |9(Q)K(P, Q)|doy<e
Sn(D; (— ,Y1))

Sor any P=(X, y)eT',(D) n U(Q¥).
(II) For any Q* e S, (D) and any two numbers Y, Y, (—o0o<Y,;<Y,<0),

lim sup j QW (P, 0)|dog=0.
P=Q*Pel'n(D) J5,(D;(Y;,Y2))
Then
lim sup j 9(Q)K(P, Q)doy <g(Q*)
Sn(D)

P-Q*Pel'y(D)

Jfor any Q* e S,(D).

PrROOF. Let Q*=(X*, y*) be any fixed point of S,(D) and let ¢ be any positive
number. Choose two numbers Y*, Y;* (— oo < Y}* < y* < Y,* < o0) and a neighbourhood
U(Q*) from (I) such that

(3.9 J |g(Q)K(P, Q) |doy<e/4,
Sn(D; (Y3, )

f |9(Q)K(P, Q)|dogy<e/4
Sn(D;(~,Y1)

for any P=(X, y)e (D) n U(Q*). Let @ be a continuous function on S,(D) such that
0<®<I1 and

o {1 on  S/D; [V Y1)
0 on SD;[¥+1,00) uS,D; (—o0, ¥ —1]).

Let G}, (P, Q) be the Green function of I'(D; (—j,j)) (j is a positive integer). Since
the positive harmonic function IT{P, Q)= Gy, (P, Q)— G} p(P, Q) converges mono-
tonically to 0 on I',(D; (—j,j)) as j—o0, we can find an integer j*, —j*<Y*—1 and
j¥*>Y*+1 such that

(3.10) ¢! | 2(Q)g(Q)] ,%‘H]"(P’ 9

dog<e/d

L,.(D;(Y‘{ -1,Y3+1))
for any P=(X, y)e I'(D) n U(Q*). Thus we have from (3.9) and (3.10) that
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@G.11) J g(QK(P, Q)dog<c,* J
Sn(D)

Sn(D;(Y1—-1,Y3+1))

0 i*
AQ9(Q)— Gt w/P, Ddog

_ 0
+c,; ! ‘[ D(Q)g(Q)——I1 (P, Q) |day,
Su(D; (Yi—1,Y5+1)) v
+ j |g(QW (P, Q)|day
Sn(D; (Y1—1,Y3+1))
+2J [9(Q)K(P, Q)| daQ+2-[ |g(Q)K(P, Q)| day
S"(D;(Y;yw)) s"(D;(_w,Y’{))

_ 0
<c, ! J d’(Q)Q(Q)a— Gt (P, Q)do,
Sa(D; (Y] —1,Y3+1) v

5
+f |g(QW(P, Q)|dog+—¢
(D (Yi— 1,3+ 1)) 4

for any P=(X, y)eI'(D)nU(Q*). Consider the Perron-Wiener-Brelot solution H,(P;
Ir(D; (—j*j*)) of the Dirichlet problem on I',(D; (—j*,j*)) with the upper semicon-
tinuous function

P(Q)9(Q) on S(D;[Y*—1 Y*+1])

0 on OI(D;(—j*j*)—=S,D; [Y*—1, Y;*+1])

on oI’ (D; (—j*, j*)). Then we know that

V(@)= {

-1
n

a *
¢ YQ(Q)— Gr, (P, Q)dog=Hy(P; I(D; (—j*,j*)

L,.(D;(ﬁ -1,Y3+1))
(see Dahlberg [4, Theorem 3]) and that

limsup Hy(P; I'(D; (—j*j*)< lim L V(Q)=9(2%)

Pel(D),P—Q* QeSn(D),Q
(see, e.g., Helms [9, Lemma 8.20]). Hence we obtain
1 -1
limsup ¢ J
PelwD).P~C* Sa(D3 (Y]~ 1,Y3+ 1))

With (3.11) and (II) this gives the conclusion.

a i*
(D(Q)Q(Q)E\T Gr, )P, Q)dog<g(Q*) -

LEMMA 6 (Miyamoto [10, Theorem 2]). Let p, q be two positive integers and
h(X, y) a harmonic function in I,(D) vanishing continuously on S,(D). If h satisfies

(3.12) H(N(h™)=0 and n(N(h")=0,

then
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kp+1—1 kg+1—1
h(X, y)= k; Auh) exp(y/ AD, k)y) f(X) + k; By(h) exp(—+/AUD, k)y) f(X)

Sor every (X, y)eI'(D), where A(h) (k=1,2,...,k,.—1)and By(h) (k=1,2,..., k1 —1)
are all constants.

ProOF OF THEOREM 1. First of all, we shall show that H(I',(D), [, m; g)P) is a
harmonic function on I' (D). For any fixed P=(X, y)eI',(D), take two numbers Y, and
Y, satisfying Y, >max(0, y+ 1) and Y; <min(0, y—1). Then

(3.13) f 19(Q) || K(I'(D), I, m(P, Q) |dog
Sp(D; (Y2, + ))

jsn(l);(l’z, + )

L, exp(y/MD, ky4 1) y)J exp(—+/ 4D, ki + 1)y*)<f |g(X*, y*)|do x*) dy* <o
oD

, 0
Gr,.(D)(P Q)—V(I'\(D), I)P, Q)

doy

I/\

and

(3.14) j 19(Q) || K(I',(D), I, m)(P, Q)| dag
Sn(D; (— ©,Yy))

=j lg(

Sn(D;(—0,Y1))

<L,exp(—+/MUD, ky + 1)y)J exp(/ UD; kp+ 1)y*)(j [g(X*, y*)| do'x*) dy* <o
- oD

from Lemma 3 and (2.5). Thus H(I'(D), l, m; g)(P) is finite for any Pe I (D). Since
K(I' (D), I, m; g)P, Q) is a harmonic function of Pel' (D) for any Qe S, D), H(I (D),
I, m; g)(P) is also a harmonic function of PeI' (D).

To prove

1.0 >, Cro(P, @)= X(I'(D), m\P, Q)

dog

lim  H((D), 1, m; g}(P)=g(Q*)

Peln(D),P—Q*

for any Q* € S,(D), apply Lemma 5 to g(Q) and —g(Q) by putting
W (P, Q)=W(T (D), I)(P, Q)+ W(T (D), m\P, Q)

which is locally integrable on S,(D) for any fixed Pe I, (D). Then we shall see that (I)
and (II) hold. For any Q* =(X*, y*)eS,(D) and any ¢>0, take a number 6 (0<d<1).
Then from (2.5), (3.13) and (3.14) we can choose two numbers Y;* and Y;*, —oo < Y*<
min(0, y*—2), max(0, y*+2)< Y;*<oo such that for any P=(X, y)e (D) n UsQ*),
Ui Q@*)={PeR"; | P—Q*|<d},
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f [g(QK(I (D), I, m)(P, Q)|do,y<e
Sn(D; (Y3,0))

and
'[ |g(Q)K(I" (D), I, m)(P, Q)|doy<e,
Sn(D; (= 0,Y1)

which is (I) in Lemma 5. To see (II), we only need to observe that for any Q* e S, (D)
and any two numbers Y, ¥, (—o0o<Y; <Y, <)

lim @I, (D), IXP, Q)+ W(I (D), m)(P, Q))=0

Peln(D),P—Q*

at every Qe S,(D; (Y,, Y;,)). This follows from (2.3) and (2.4), because

lim  fPX)=0 (k=1,2,..)

X-X*XeD

as P=(X, y)» Q*=(X*, y*)€5,(D).
We shall proceed to prove (2.6). Consider the inequalities

(3.15) N(H(T (D), I, m; g*) )y) <[,(y)+T,(y)
and

N(H(T (D), 1, m; g*)Ny) <1+ 1),

where
L(y)= <j 9" (Q)| K(T(D), I, m)(P, Q)lddq>f (X)X ,
D Sn(D;(y+1,0))
I_z(Y)=J <J 9" (Q)| K(I'y(D), I, m)(P, Q)|daQ>f1"(X)dX ,
D Sn(D;(—o0,y+1])
ll(y)=J (J 9" (Q)| K(I'(D), I, m)(P, Q)|d09>f1D(X)dX ,
D Sn(D;(—,y—1))
and

lz(Y)=J <J 9% (Q|K(IT(D), |, m(P, Q)| do Q> P(X)dX
D Sn(D;[y—1,00))

(P=(X,y)).

Let ¢ be any positive number. From (2.5) we can take a sufficiently large number j,
and a sufficiently small number y, such that
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&

— >y
2L, (y>7o)

+ ©
J exp(—+/AD, k; . 1)y*)(J [g(X*, y*)| do'x*>dy* <
oD

y+1

y—1 e
f exp(y/ UD, Ky + 1)y*)< j [g(X*, y*)| dax:>dy* <31 (y<yo),
- oD L

0

where L, and L, are two constants in Lemma 3, and

L=jff’dX.
D

Then from Lemma 3 we have

0<T,(y)< LL, exp(/A(D; ki )y) j exp(—/A(D, k,ﬂ)y*)( f
y+1 0
<§exp(\/zw, kedy)  (v>J0)

g (X*, y*)dox'>dy*

D

and

y—1
0<I,(y)<LL, exp(—+/AD, kp11)y) J exp(y/ AD, Ky + l)y*)q gt (X*, y*)d6x~>d.v*
—w oD

<%eXp(—my) v<yo)

which give
(3.16) wlI ) =nm(1;)=0.
To estimate I,(y) and I,(y), we use the inequalities
(3.17) LO<LAW+5L0+ha0)  >—1)
and

LWL+ L0+ 1L50) <D,
where

(3.18) 1_2,1()')=C,71J

D

0
< f gt (Q)a— Gr, )P, Q)do Q>f 2X)dX
Sa(D;(0,y+1]) v

Tz,z()’)=f (f 9% (Q)| AT (D), 1P, Q)ld6Q>f1D(X)dX o>-1
D \JSn(D;(0,y+1])

1_2,3()’)=J (f 9%(Q)
D Sn(D;(— ©,0])

0
¢ —-Gr,wP, Q)= X(I'(D), mP, 0) d"o) r(X)dx
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and

5L,(y)=c, ! j

D

0
(J 91(Q)—Gr,)(P; Q)dog> P(X)dX
Sn(D;[y—1,0)) ov

_12,2(Y)=J (J 97 (Q)| X (I' (D), m(P, Q)] dO’Q)f PXdx (<l
D Sn(D;[y—1,0)

!2,3(Y)=J <J 97 (Q)
D \ J Sy(D;[0,))

First Lemma 3 gives

I 5(y) < LLy exp(—/UD; kpn+1)y) J exp(y/ AD, Ky + 1)y*)< J
2

0
— D

o %Gr,.w,(a 0)— P(TD), IXP, 0)

daQ) F2(X)dX .

gr(X*, y*)dax*>dy*
>1
and

I, 3(y) < LL, exp(/AD, km)y)j exp(—+/A(D, km)y*)(I gr(X*, y*)dax:->dy*
oD

0
y<-1.
Hence it is evident from (2.5) that
(3.19) “1(1_2.3)=’7m(_12,3)=0 .
Next we have from (2.2), (2.3) and (2.4) that if /> 1, then

L,()<BIM3|D| Y, kexp(/AD, k)exp(/AD, y)¥y(y)  (y>—1)

keI(D,k;+1)

and that if m>1, then

L(W<BIM3|D| ) kexp(\/AD, k))exp(—/AD, ky)&(y)  (y<1),

keI(D,km + 1)

where

0
(3.20) B=c,! max —Grm((X, 1),(X*,0),
XeD,X*edD OV

y+1
'f’k()’)=j exp(—+/AD, k)Y*)(J |g(X*, y*)I dﬁx*>dY* (y>—1,kel(D, k;+,))
oD

0

and

0
<Pk(y)=f exp(y/ AD, k)y*)q [g(X*, y¥)| dax*>dy* (y<1,kel(D, ky+,)) -
y—1 oD
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We shall later show that

(3.21)  Puy)=0(exp(y/AUD, ki1 )y—/UD, k)y)  (y—>o0) (1=1,kel(D, k;4,))
®(y)=0(exp(—~/AD, kp+ )y +~/UD, K)y))  (y—>—00) (m=1,keI(D, kysy)) -

Hence we can conclude that if [>1 and m>1, then

(3.22) .Ul(l_z,z)=’7m(_12,2)=0

which also holds in the case [=m=0, because I, ,(y)=1, ,(y)=0 then. Lastly we can
obtain

(3.23) ﬂl(I_z,l)=’7m(_12.1)=0

which will be proved at the end of this proof. We thus obtain from (3.17), (3.19), (3.22)
and (3.23) that

(3.24) () =1(12)=0.
We can finally conclude from (3.15), (3.16) and (3.24) that
w(N(H(T (D), I, m; g*) ) =n(N(H(I (D), l, m; g*)[))=0.

In completely the same way applied to g~, we also have that
m(N(H(I'(D), I, m; 7)) =n,(N(H(I'(D), L, m; g~)))=0.
Since
N(H(T (D), I, m; gY(P)) < N(H(I (D), [, m; g*)XP) )+ N(H(I'(D), L, m; g~ )XP)]),

these give the conclusion (2.6).
We shall prove (3.21). We note that ¥,(y) (resp. @,(y)) is increasing (resp. decreasing),

f Yi(y*) exp(—/AD, kyy )y* +/AD, k)y*)dy*

0

=exp(y/UD, ky+1)—~/AD, k)) f exp(—~/AD, k4 1)y*)
1
x(f lg(X*, y*)ldax.)dy*
oD
0
(reSP-f D,(y*) exp(\/ AUD, kp 1 1)y* —/ MD, k)y*)dy*

1
exp(y/ UD, ki 1)y*)

= —exp(\/)»(Da km+1)_\/}°(D’ k))J‘

X ( J [g(X*, y*)| dax‘>dy*>
oD
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and

P, () exp(—/UD, ky4 1)y +~/AD, k)y)

y+1
<exp(y/UD, ky41)—/MD, k)) J exp(—~/ AUD; k;+1)y*)

0

x ( f |g(X*, y*)| da»)dy* <L, exp(/UD, k;4 ) —~/MD, k)
oD

(resp. ®,(y) exp(\/AD, Ky + 1)y —/AD, k)y)
0
<exp(y/AD, k1 1)—~/AD, k))f exp(s/AD, kp 1 1)y*)

x (f lg(X*, y*)| dox.>dy* < L, exp(y/AD, kp 1 1) —/AD, k») ,
oD

where

E2=J exp(— l(D,sz)Y*)(J Ig(X*,y*)|d0x~>dY*
aD

0

0
(rCSp- L,= J exp(y/ AD, k,,,ﬂ)y*)(J Ig(X*,y*)Idax~>dy*>~
- oD

From these and (2.5) (resp. (2.6)) we see

(325) r) Yy (y*) exp(—+/ AD, ki1 )y* ++/AD, k)y*)dy* < o
0

(resrx JO Dy*) exp(y/ UD, kp+ 1)y* —~/ AUD, k)y*)dy* < 00>
by integration by parts. Since
¥,(y) exp(— /D, k14 1)y ++/AD, k)y)
=(/AUD, ki1 ) —/MD, ) ¥,(5) Lw exp(—/AD, k. )y* +/MUD, k)y*)dy*

<(VAD, Ky ) —+/AD, k))f Pi(y*) exp(—+/AD, ky 1)y* ++/AD, k)y*)dy*

(resp. @) exp(x/AD, Ky + 1)y —/AD, k)y)

exp(x/AD, Ky + 1)y* —/ MD, k)y*)dy*

0

=(JHUD, kps 1) —/AD, k))cbk(y)j

y
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<MD, ks 1) —/MD, k) f @,(y*) exp(y/AD, k1 1)y* —/AD, k)y*)dy*),

(3.25) gives (3.21).
Finally we shall show (3.23). In the following we use the notation in (3.18) and
(3.20). First we note that

(3.26)  0<D, () SNWH(I WD), L, m; g "Ny —IFY+IF,0)+La0)  >-1)

and

0< L s (S NMHT D), L m; g Ny)— W)+ 13,00+ Ls00)  (v<D),

where

I¥y)= j ( J 9" (Q)K(I'(D), I, m)(P, Q)d0Q>f X)X,
D\ J 5Dy +1,0))

I},= j (j g (QW(T,(D), IXP, Q)dog> PXydx  (y>-1
D Sn(D;(0,y+1])
and

I1(y)= j ( J 9" (Q)K(T(D), I, m)(P, Q)40Q>f P(X)dX ,
D Sn(D;(—o0,y—1))

_13‘,2()')=J (J 9" (QU(I (D), m)P, Q)dO’Q> PXdx (<.
D \JSu(D;[y—1,0))

Since

[T¥p)|<Ii(y) and |IFWI<L(¥),

we easily see from (3.16) that

(3.27) m(I¥F)=n.(11)=0.

Next it follows from the orthonormality of {£;2(X)} that if />1, then
T,(y)< BLexp(/4D, 1) exp(/4D, DY)¥,() ~ (r>—1)

and that if m> 1, then

13 ()< BLexp(y/ AD, 1)) exp(—/AD, Dy)@,(y)  (r<1).
Hence (3.21) with k=1 gives that

(3.28) lim sup exp(—+/A(D, k4 )Y F,(y) <0

y=©

and
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lim sup exp(y/A(D, K+ 1)) 1% ,(») <0,

y=> -

which also hold in the case I=m=0, because I},(y)=1%,(y)=0 then. If we can show
that

(3:29) lim sup exp(—+/A(D, k;+ )Y)NH(I',(D), I, m; g*))(y) <0

y—®©

and

lim sup exp(/A(D, kp+ JY)NH(I (D), I, m; g*))(»)<0,

y=> -

then we finally conclude from (3.19), (3.26), (3.27) and (3.28) that
lim sup exp(—+/AD, k;+ )Y)2,1(y)=0
y= o

and

lim sup exp(y/ A(D, kp+1)y)2,1(y)=0,

y—>—o

which give (3.23).
To prove (3.29), recall that — H(I" (D), [, m; g*)(P) is also a harmonic function on
I’ (D) satisfying

lim  —H({(D),l,m; g*)P)=—g*(Q¥)<0

PeI'n(D),P—Q*
for every Q* e S,(D). Hence from [14, Theorem 7.2] we know that

Thus we obtain that if /> 1, then
lim sup exp(—+/A(D, k;+ )y)N(H(I",(D), L, m; g*))y)<0
y—=©
and if m>1, then

lim sup exp(y/A(D, kp+ )Y)N(H(T (D), I, m; g™))(y) <0 .

y= -

If =0, then we have

N(H(T(D), l, m; g*))(y)scn_lj

D

0 -
<J g (Q)—Gr )P, Q)dO'Q> 2(X)dX +T, 5()
Su(D) v

=N(H(T (D), L, m; g +1,:0),
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where

+ * 1,k % O
7@-g = {o (0 0720

g
0 (—oo<y*<0).

If m=0, then we have

N(H(T' (D), I, m; g*))(y)Sc;lf
D

0
<J g +(Q)E Gr,o(P; Q)dag>f PX)dX + I 5(y)
Sn(D)

=N(H(I' (D), L, m; g")¥)+ 1,50,

where

i tve e JITXE YY) (—0<y*<0)
g (@)=g"(X*y )~{0 (*>0).
Since

Ho(N(H(I (D), 0, m; g *)))=no(N(H(I' (D), 1,05 g*)))=0

from the cylindrical version of [15, Lemma 3], (3.19) and this also give

lim sup exp(—+/A(D, 1)y)N(H(I' (D), 0, m; g *))(y) <0

y—®©

lim sup exp(</A(D, 1)y)N(H(T' (D), 1,0; g*))(»)<0.
y—=>—

Thus we can obtain (3.29) for any non-negative integers / and m.

Proor oF THEOREM 2. Take a positive continuous function ¢(t) (t>0) such that
¢(0)=exp(—+/A(D, 1)),

ol y* I)<J lg(X*, _V*)|d0x*>SL2(1+|y* 72 (—oo<y*<o),
oD

where

L, =exp(—+/A(D, 1))J [g(X*,0)|do. .

oD

For any fixed P=(X, y)eI'(D), choose two numbers Y, and Y,, Y, >max(0, y+2),
Y, <min(0, y—2). Then we see from Lemma 4 that

(3.30) f | (QIK(T(D). oXP, Q)| do
Sn(D;(Y2,0))

<L) J (J [g(X*, y*)| dax*><o(y*)dy* <LiL, j (1+y*)~2dy* <o
oD

Y, Yz
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and

j | 9(Q)K(I" (D), 9P, Q)| dog
Sa(D3(— Y1)

Y, r Y
<L) f < | g(X*, y*)]| dax*><p( —y®dy*<L|L, J (1—y* 2dy*< o .
—o \JaD —

It is evident that

»

| 9(Q)K(T"(D), 9)(P, Q) |dog< 0 .

I Sn(D;(Y1,Y2))

These give that

J |9(Q)K(T'(D), p)P, Q) |dog <0 .
Sn(D)

To see that H(I',(D), ¢; g)P) is harmonic in I'(D), we remark that H(I' (D), ¢; g)(P)
satisfies the local mean-value property by Fubini’s theorem.
Finally we shall show

(3.31) lim  H(I'(D), ¢; g{P)=g(Q*)

Pely(D),P—Q*
for any Q* €S, (D). Put

W(P, Q)=W(I(D), 9P, Q)+ W(T (D), p)P, Q)

in Lemma 5, which is a locally integrable function of Q € S,(D) for any fixed Pe I’ (D).
Then we can see from (3.30) in the same way as in the proof of Theorem 1 that both
(I) and (IT) are satisfied. Thus Lemma 5 applied to g(Q) and —g(Q) gives (3.31).

ProOF oF THEOREM 3. From Theorem 1, we have the solution H(I' (D), I, m; g)(P)
of the Dirichlet problem on I',(D) with g satisfying (2.6). Consider the function
h—H(T'(D),l,m; g). Then it follows that this is harmonic in I' (D) and vanishes
continuously on S,(D). Since

0<{h—H(T (D), 1, m; g)} *(P)<h*(P)+{H(I'(D), I, m; g)} ~(P)
for any PeI (D) and
W(N{H(T (D), L, m; )} ") =nn(N{H(T(D), |, m; g)}~))=0
from (2.6), (2.8) gives that
1 (N({h—H(T (D), I, m; g)} ") =n(N({h—H(I"(D), I, m; )} *))=0.

From Lemma 6 we see that
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h(P)—H(I',(D), L, m; g)(P)
= Y Anexp/AD, by fXX)+ Y, Bdhexp(—+/AD, by)f2(X)

keI(D.,kp + 1) keI(D,kg+ 1)
(Ayh) (k=1,2,...,k,,1—1) and By(h) (k=1,2,..., k., ,—1) are all constants) for every
P=(X, y)eTI'(D), which is the conclusion of Theorem 3.
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