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Abstract. Singular invariant hyperfunctions on the space of real symmetric matrices of
size n are discussed in this paper. We construct singular invariant hyperfunctions, i.e., invariant
hyperfunctions whose supports are contained in the set of the points of rank strictly less than n,
in terms of negative order coefficients of the Laurent expansions of the complex powers of the
determinant function. In particular, we give an algorithm to determine the orders of poles of the
complex powers of the determinant functions and the support of the singular hyperfunctions
appearing in the principal part of the Laurent expansions of the complex powers.

Introduction. A complex power of a polynomial is an important material to study in
contemporary mathematics. We often encounter integrals of complex powers of polynomi-
als in various aspect; for example, zeta functions of various types, hypergeometric functions
and their extensions, kernels of integral transformations and so on. There are many impor-
tant problems we have to solve. In particular, the explicit calculation of the exact orders of
poles and the principal parts of the Laurent expansions at the poles with respect to the power
parameter is an essential problem.

In this paper, we study the microlocal structure of the complex power of the determinant
function on the real symmetric matrix space, and compute the exact order of poles with respect
to the power parameter (Theorem 2.2). Moreover, we determine the exact support of the
principal part of the pole (Theorem 2.3).

By these theorems, we can construct a suitable basis of the space of singular invariant
hyperfunctions on the space of n x n real symmetric matrices V := Sym,(R). The hyper-
functions belonging to the basis are expressed by the coefficients of the Laurent expansion of
| det(x)|®, the complex power of the determinant function. We estimate the exact order of the
poles of | det(x)|® and give the exact support of the negative-order coefficients of the Laurent
expansion of | det(x)|*.

In Section 1, we introduce some notions and basic properties on the complex power
function P[a‘sl(x) on the space of real symmetric matrices. In the next section (Section
2), the main theorems are stated without proof. In Section 3, we explain principal symbols
o4 (P%51(x)) of the regular holonomic hyperfunction P14s1(x) on the Lagrangian subvariety
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A and the coefficient functions c,.j k (@, s) on the connected Lagrangian component A{ * We
investigate some distinguished properties of the coefficient functions and give the recursion
relation formula. They will play a crucial role in the proof of the main theorems. However,
since the purpose of this article is to calculate the singular invariant hyperfunctions explicitly,
we only give an outline of the principal symbol theory. For details, see Kashiwara [4], [5],
Kashiwara-Kawai [6], Kashiwara-Shapira [9], and so on. In the last three sections (Section 4,
Section 5, Section 6), the proof of the main theorems is given.

We can obtain the same results on similar matrix spaces, for example, the space of com-
plex Hermitian matrices or quaternion Hermitian matrices. They will appear in the forthcom-
ing article [14].

We list here some related works on this topic. Similar results has been obtained by Blind
[1] and [2] by a functional analytic method. Gelfand and Shilov [3] is the first elementary
text on the complex powers of polynomials. Rais [15] treated invariant distributions from his
original view point. Satake [16] and Satake-Faraut [17], Sato-Shintani [18] and Shintani [19]
are the works on zeta functions associated to the symmetric matrix space, which is closely
related to the hyperfunctions treated here.

ACKNOWLEDGMENT. The author expresses his hearty thanks to the reviewer of this
paper for useful comments and kind suggestions.

1. Complex powers of the determinant function. In this section, we explain our
problem more precisely, introduce some notions and notations, and state some preliminary
known results. They are well-known results and we omit the proof.

1.1.  Some fundamental definitions. Let V := Sym, (R) be the space of n x n symmet-
ric matrices over the real field R and let GL,(R) (resp. SL, (R)) be the general (resp. special)
linear group over R. Then the real algebraic group G := G L, (R) acts on the vector space V
through the representation

¢)) p(g) x> g-x-'g,

with x € V and g € G. We say that a hyperfunction f(x) on V is singular if the support of
f(x) is contained in the set § := {x € V|det(x) = 0}. We call S a singular set of V. In
addition, if f(x) is SL,(R)-invariant, i.e., f(g-x) = f(x) for all g € SL,(R), we call f(x)
a singular invariant hyperfunction on V.

Put P(x) := det(x). Then P(x) is an irreducible polynomial on V, and is a relative
invariant corresponding to the character det(g)? with respect to the action of G, i.e., P(p(g) -
x) = det(g)zP (x). The non-singular subset V — S decomposes into n + 1 open G-orbits

2 Vi = {x € Sym,(R)|sgn(x) = (i,n — i)}
withi = 0,1,...,n. Here, sgn(x) for x € Sym,(R) is the signature of the quadratic form
gx(¥) :="U-x -V on v € R". We let for a complex number s € C,

[P(x)* if xeV;,

3 PO = { 0 if x¢V;.
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Let £ (V) be the space of rapidly decreasing smooth functions on V. For f(x) € & (V), the
integral

“ Zi(f.s) = /VIP(x)Iff(X)dx,

is convergent if the real part Rs of s is sufficiently large and is meromorphically extended
to the whole complex plane. Thus we can regard |P(x)|} as a tempered distribution with
a meromorphic parameter s € C. We consider a linear combination of the hyperfunctions
|P()IS

n
©) PESI(x) := Y "a; - [P}
i=0
with s € C and @ := (ag,ay,...,a,) € C""'. Then Pls)(x) is a hyperfunction with a

meromorphic parameter s € C, and depends on @ € C"*! linearly.

REMARK 1.1. Hyperfunctions (or microfunctions) with a meromorphic parameter is
defined as follows. Let D be a domain in C. We say that u(s, x) a hyperfunction (or a micro-
function) with a holomorphic parameter s € D if it satisfies the Cauchy-Riemann equation
with respect to s on D. We say that u(s, x) a hyperfunction (or a microfunction) with a mero-
morphic parameter s € D if it is a hyperfunction (or a microfunction) with a holomorphic
parameter s € D — K with a discrete subset K of D, and, for each sp € K, there exists
m € Z.¢ such that (s — sg)™u(s, x) is holomorphic with respect to s near sg. For the detail
of the properties on hyperfunctions (or microfunctions) with a holomorphic parameter, see [7,
those after Definition 3.8.4].

1.2. Basic properties and some known results on complex powers. The following the-

orem is easily proved by the general theory of b-functions. See, for example, [13].

THEOREM 1.1. 1. Pl@sl(x) js holomorphic with respect to s € C except for the
polesats = —(k+1)/2withk =1,2,....
2. The possibly highest order of the pole of Plasl(xyats = —(k + 1)/2 is given by
L k=1,2,....,n-1),
6) 3] (k=n,n+1,..., andk + n is odd) ,
L%J k=n,n+1,..., andk + n is even) .
Here, | x | means the floor of x € R, i.e., the largest integer which does not exceed x.

Any negative-order coefficient of a Laurent expansion of Plasl(x)isa singular invariant
hyperfunction, since the integral

@) f fE@PE I xydx =Y Zi(f,s)
i=0

is an entire function with respect to s € C if f(x) € C3°(V — 8), where Cj°(V — ) is the
space of compactly supported C*°-functions on V — S. Conversely, we have the following
proposition.
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PROPOSITION 1.2 ([12], [13]). Any singular invariant hyperfunction on 'V is given as
a linear combination of some negative-order coefficients of Laurent expansions of P1%%)(x)
at various poles and for some a € C"*1,

PROOF. The prehomogeneous vector space
(G, V) :=(GLy(R), Sym,(R))

satisfies the sufficient conditions stated in [12] and [13]. One is the finite-orbit condition and
the other is that the dimension of the space of relatively invariant hyperfunctions coincides
with the number of open orbits. O

1.3.  Orbit decomposition. The vector space V decomposes into a finite number of
G-orbits;

®) vi= || s
0<i<n
O<j=<n—i
where
©) S/ = {x € Sym,(R) | sgn(x) = (j.n — i — j)}
with integers 0 < i <rnand0 < j <n —i. A G-orbitin S is called a singular orbit. The
subset S; := {x € V|rank(x) = n — i} is the set of elements of rank n — i. It is easily seen

thatS =] |, Siand S; = | |y ;< S{ . Each singular orbit is a stratum which not only

inclusion relation

h— ._1 .
(10) S{ DS USl,

where S{ means the closure of the stratum Slj .

The support of a singular invariant hyperfunction is a closed set consisting of a union of
some strata Sij . Since the support is a closed G-invariant subset, we can express the support
of a singular invariant hyperfunction as a closure of a union of the highest rank strata, which
is easily rewritten in terms of a union of singular orbits.

2. Statement of the main results. In this section we state the main problems and
results. When we give a complex n 4+ 1 dimensional vector @ € C"*!, we can determine the
exact order of poles of P1@5)(x) and the exact support of the hyperfunctions appearing in the
principal part of the Laurent expansion. We shall give the statements of the theorems in this
section without proof. The proof will be given in Section 5.

2.1. Main problem. When we consider complex powers of relatively invariant poly-
nomials, we naturally ask the following questions.

PROBLEM 2.1. What are the principal parts of the Laurent expansion of P@sl(x)
at poles? What are their exact orders of poles? What are the supports of negative-order
coefficients of a Laurent expansion of P1%51(x) at poles?
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In order to determine the exact order of the pole of plasl (x) at s = 59, we introduce the
coefficient vectors

(11) d®[so] := @ [s01, dP[sol, . .. . d®, [s0]) € (€ Thy*yr*!

withk =0, 1,...,n. Here, (C "+1)* means the dual vector space of C n+1 Each element of
d®[s0] is a linear form on @ € C"*! depending on sq € C, i.e., a linear map from C"*! to C,
(12) d®[sol: €' 5 (dPlso), @) € C.

We denote

13)  @®(s0l, @) = (ds0), @), (d\Vs0), @), ..., (d[s0], @) € CM7RHL

n—
DEFINITION 2.1 (Coefficient vectors d®[sy]). Let so be a half integer, i.e., a ra-
tional number given by ¢/2 with an integer g. We define the coefficient vectors d®[sy]
(k=0,1,...,n) by induction in the following way.
1. First, we set

(14) dOs0] := (d"[s0). 4 Is0], - .. . dP[s50])

such that (d,.(o)[soj, a):=a; fori =0,1,...,n. Next, we define dV[sy] by
(15) dD(sol := @ 1501, dVlso), ..., d " [s0]) € (C"H1y*)"
with dj.”[so] = dj(.o) [s0] + e[so]dﬁ)1 [s0]. Here,

1 if s is a strict half integer,
(16) glso] :=

(—=1)%+1 if 50 is an integer .

A strict half integer means a rational number given by g /2 with an odd integer q.
2. Then, by induction on k, we define the coefficient vectors d®[so]fork =0,1,...,n
by

a7 d® V)= @ Vs, dP PV sol, ..., dH 5V Is0]) € (€T

with 4+ V[s0) := d*Plso] — a5 "ls0] and

j+2
(18) d®[so] := (dgIs01, 4 Tso), - ., 42 Tso]) € (€™ 2!
with 4 [so] == d'?' 2 [s0] + d'5 ? [s0].

Then we have the following proposition.
PROPOSITION 2.1. Let so be a half integer. Then we have the following results.
1. There exists an even integer ig in 0 < iy < n + 1 such that
. o #0 foralloddiin0 <i < iy,
1 d[so],
(19) (@ sol am[ —0 foralloddiinn>i > io.
2. There exists an odd integer i1 in —1 < iy < n+ 1 such that
. . 0 foralleveniin0<i <iy,
(20) (dD[so], @) is { 7o ~

=0 foralleveniinn>i>1ij.
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PROOF. Let 5o be a half integer. For an integer i in0 <i <n —2anda € C"t!, if
dD[s0), a) = 0, then (d+D[sg],d) = O from the definition of d)[sg]. In other words, if
@[50, @) # 0, then (dP[so], @) # 0. Hence we have the result. O

2.2. Results on the poles of the complex power functions. Using the above mentioned
vectors d®[sq], we can determine the exact orders of poles of P@s1(x).

THEOREM 2.2 (Exact orders of poles). By using the coefficient vector d®[sq] defined
in Definition 2.1, the exact orders of poles of P%%)(x) are computed by the following algo-
rithm.

1. The exact order P43} (x) at s = —(2m + 1)/2 (m=1,2,...) is given in terms of
the coefficient vector d*[—(2m + 1)/2].

(@ If1 <m <n/2, then PY5)(x) has a possible pole of order not greater than m.

e P@5)(x) is holomorphic if and only if (d@[—2m + 1)/2],a) = 0.

e For a fixed integer pin1 < p < m, P51 (x) has pole of order p if and only if
@d@PD[—2m + 1)/2], @) = 0 and (d*P[—2m + 1)/2],a) # 0.

e P31 (x) has pole of order m if and only if (d®™[—Q2m + 1)/2],d) # 0.

(b) Ifm > n/2, then P45 (x) has a possible pole of order not greater than n' :=
ln/2].
o Plasl(x) js holomorphic if and only if (d®[—@2m + 1)/2],a) = 0.
o For a fixed integer pin 1 < p < n/, P51 (x) has pole of order p if and only if
@d@PD(—2m + 1)/2), @) = 0 and ([d®P[—(2m + 1)/2], @) # 0.
e P@5)(x) has pole of order n' if and only if (d®~V[—Q2m + 1)/2],d) # O (when n
is odd) or (d™{—2m + 1)/2], a) # 0 (when n is even).

2. We obtain the exact order ats = —m (m = 1,2,...) in terms of the coefficient
vectors d+tD[—m].
(@) If1 <m <n/2, then P%3)(x) has a possible pole of order not greater than m.

e Plasl(x) is holomorphic if and only if (dV[—m], a) = 0.

e For a fixed integerpin1 < p < m, P[a’”(x) has pole of order p if and only if
(d?PtD[—m), @) = 0 and (d*P~V[—m), @) 0.

° P[a'sl(x) has pole of order m if and only if (d®m=D[—m], a) # 0.

(b) Ifm > n/2, then P51 (x) has a possible pole of order not greater than n' =
L[(n+1)/2].

o P1@3)(x) is holomorphic if and only if (dV[—m], @) = 0.

e For a fixed integerpin1 < p < n’, P14s)(x) has pole of order p if and only if
@d@PtD[—m), @) = 0 and (d@P~D[—m], a) # 0.

e P1@5)(x) has pole of order n' if and only if (d™[—m], &) # O (when n is odd) or
(d"=VD[—m], @) # 0 (when n is even).

2.3. Results on the supports of the principal symbols. The exact support of PL%5](x)
is given by the following theorem.
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THEOREM 2.3 (Support of the singular invariant hyperfunctions). Let g be a positive
integer. Suppose that P1%)(x) has pole of order p at s = —(q + 1)/2. Let

- 00 B g+1 w
1)) Pl@slxy = 3 pla—@thi2ly) (s + ——)
= 2
=-p
be the Laurent expansion of Plasl(xyars = —(q + 1)/2. The support of the Laurent expan-

sion coefficients Pl[vﬁ’_(qﬂ)/ 2 (x) is contained in S if w < 0. )
1. Let g be an even positive integer. Then the support of P,La‘_(q+l)/ 2 (x) forw =

—1, =2, ..., —p is contained in the closure S_,,. More precisely, it is given by
a,—(g+1)/2 _ J
(22) Supp(PL&=@+D/2(x)) = U ST o -

jel0=j=n+2wi(df " [~(g+1)/21,) %0}

2. Let q be an odd positive integer. Then the support of P,E,a'_(qﬂ)/ 2](x) for w =
—1,=2,...,—pis contained in the closure S_yy,_1. More precisely, it is given by

(23)  Supp(PLé~ @D/ (x)) = U S ou-1-
jelo<jzn+2wt11(d\ V= (g+1)/21,d)£0)

Here, Supp(—) means the support of the hyperfunction in (—).

3. Principal symbols of invariant hyperfunctions. In this section, we review the
notion of principal symbols of simple holonomic microfunctions and coefficient functions
with respect to the canonical basis of principal symbols. Our proof is on the line that we
reduce the pole of the order and the support of the Laurent expansion coefficients of the hy-
perfunction of P1@s(x) to those of the microfunction sp(P%*](x)). We adopt the manner
that we calculate the coefficient functions (Definition 3.2) of sp( P[a’sl(x)) instead of dealing
with the microfunction itself, since it is not easy to handle the microfunction directly. Propo-
sition 3.7 and Proposition 3.8 guarantee that the calculation of the coefficient functions is
equivalent to that of the microfunction. Lastly, in Proposition 3.9 and Proposition 3.10, we
shall give recursion relations (59) and (60) among the coefficient functions. Then our problem
is finally reduced to the estimate of the orders of poles of the coefficient functions, which are
meromorphic functions in s explicitly computed by the recursion formula (59).

3.1. Microfunctions on the cotangent bundle. Let By be the sheaf of hyperfunctions
on V and let Cy be the sheaf of microfunctions on the cotangent bundle 7*V of V. We have a
natural isomorphism sp:

(24) Sp 'BV —:-> ﬂ*(ev)
and an exact sequence
(25) 0 — Ay = By = m(CyIrrv-y) = 0.

Here, 7 is the projection map from the cotangent bundle 7*V to V and Ay is the sheaf of real
analytic functions on V. By the isomorphism (24), we can regard a hyperfunction f(x) on
V as a microfunction sp(f(x)) on T*V. In this article, we often identify the hyperfunction
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f(x) on V with the microfunction sp(f(x)) on T*V through the isomorphism (24). We call
the support Supp(sp(f (x))) the singular support of f(x).

REMARK 3.1. In this paper, the sheaf Cy means the sheaf of microfunctions on T*V,
not on 7*V — V. It was originally denoted by Gy when Sato introduced the notion of micro-
function originally. Roughly speaking, the sheaf of microfunctions Cy on T*V is the union
of the sheaf of hyperfunctions By and the sheaf Cy|r+y—y. When the notion of microfunc-
tion was introduced as a singular part of a hyperfunctions, it often meant the sheaf Cy|r+y_y.
However, in this article, we always mean by the sheaf Cy the one on the whole space T*V.

3.2. Holonomic systems for relatively invariant hyperfunctions. We consider invari-
ant hyperfunctions on V under the action of G as solutions to a holonomic system. Let f(x)
be a hyperfunction on V. We say that f(x) is a x*-invariant hyperfunction if

(26) flp(9x) = x(9)° f(x)

for all g € G with s € C and x(g) := det(g)%. Then, it is a hyperfunction solution to the
following system of linear differential equations M, obtained by taking infinitesimal actions
of G,

27 M : ((dp(A)x, 8%) — s8x(A)> u(x)=0 forall Ae®.

Here, & is the Lie algebra of G; dp is the infinitesimal representation of p; § x is the infini-
tesimal character of x. The system of linear differential equation (27) is a regular holonomic
system and hence the solution space is finite dimensional. See [13] for details.

The characteristic subvariety of the holonomic system (27) is denoted by ch(Mj). It is
given by

(28) ch(My) := {(x,y) € T*V|{dp(A)x, y) =0 forall A € &}.

The characteristic variety has the following irreducible component decomposition,

(29) ch(My) == | J A
=0

with A; = Ts*i V, where Ts*,- V stands for the conormal bundle of the orbit S; of rank n — i. It
is well-known that the singular support of the hyperfunction solution to Mj is contained in

ch(MMy).

REMARK 3.2. In this article, the singular support of a hyperfunction f(x) means, by
definition, the support of sp(f(x)) in T*V, and not in T*V — V.

We denote by V* the dual vector space of V. The cotangent bundle T*V is naturally
identified with the product space V x V*. Since the group G acts on V* by the contragredient
action, V x V* admits a G-action. The characteristic variety ch(M;) is an invariant subset in
V x V*, and it decomposes into a finite number of orbits. See [10, Proposition 1.1].
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PROPOSITION 3.1. The holonomic system M is simple on each Lagrangian subvari-
ety A;. The order of M on A; is given by
ii+1
30) ords, (M) = —is — ( 2 ) .

The irreducible Lagrangian subvarieties A; and A;y) have an intersection of codimension
one.

PROOF. The orders on A; are calculated in [10]. The intersections of codimension one
among A;’s are also given there. See the holonomy diagrams in [10]. g

3.3. Principal symbols on simple Lagrangian subvarieties. Recall the definition of a
principal symbol on a simple holonomic system defined in [10], which was originally defined
by [4] and [5]. Let A be a non-singular Lagrangian subvariety and let u(x) be a local section
of a microfunction solution to a simple holonomic system M whose support is A. We denote
by o4 (u) the principal symbol of u(x) on A. Itis a real analytic section of /[24]|®+/[2y] -!
where /]£24] and 4/[R2y] are the sheaves of half-volume elements on A and V, respectively.
For the precise definition, see [10, Definition 2.7] and also the definitions in [4] and [S]. As
explained in [10], the map

3D opu> op(u)

is a linear isomorphism from the space of microfunction solutions to the space of principal
symbols of the holonomic system M;. In other words, there is a one-to-one correspondence
between the local sections of the microfunction solution to M; and those of its principal
symbol.

When we consider a hyperfunction solution to the holonomic system M, it suffices to
handle the global section of the principal symbol on a open dense subset of ch(M;). We shall
explain the meaning below. The final statement will be given in Proposition 3.7.

First, we introduce the open dense subset Af’ of A; and consider the solutions on A7

DEFINITION 3.1 (Open dense subset in A7). Let A; be one of the irreducible compo-
nents of ch(M;) defined in (29). We define the subset A7 by

(32) A=A = 4.
i#j
It is an open dense subset of A;.

The open subset A7 consists of several open connected components, each of which is a
G-orbit. Furthermore, A7 is a non-singular algebraic subvariety and an open dense subset in
A;.

PROPOSITION 3.2. The open set A} of A; decomposes into the following G-orbits
(33) A= || At

O<j<n—i
0<k<i
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with

. ) .
k . 0n—
69 A4 =6 (( " Oi) ’ < - I,'(k)>> -

Here,
(q) ._ (Iq )
I, =
? —Ip—

and I is the identity matrix of size p. Each orbit A{ is a connected component in A?.

3.4. Canonical basis of principal symbols. We shall give a canonical basis of the prin-
cipal symbol following [8] and [10]. Let A} be the open subset defined by Definition 3.1 and

j . . . j.k
let A{ * be a connected component in A7. We define a non-zero real analytic section .Qlj (s)

of /152 x] by
(35) 2/ () = P, )| flo e -

Here, we set

(36) PA{.k (x,y) == P((x,y))/(o(x, y)" |Aj.k ,
a7 N(ldx]) Ado(x,y)

37 CI)A,!',k (x,y) = Ty do(x,y) " s

where o := o (x, y) is a function on V x V* defined by o := (x, y)/n; 7 is the projection
map from the subvariety

(38) W :={(x,y) € T*V|{dp(A)x,y) =0 forall A e &} CVxV*

to V, when &g := {A € Q5|8x(A) = 0}; m 4, and 4, are the constants such that —m 4;s —
M 4;/2 is the order of M; on A;. In particular, m4, = i and p4, = i(i + 1)/2 in our case.
The section Q,.’ ‘k(s) depends on s € C holomorphically.

PROPOSITION 3.3.  Let u(s, x) be a microfunction solution with a complex parameter
s € C to the holonomic system M and let A{ * be a connected component in A?. Then we
have:

1. The principal symbol o A (u(s, x)) is written as a constant multiple of the real

analytic section of .Qij ‘k(s) /+/1dx| as follows,
(39) o ks, 1)) = c*(s) - 27" () /v/1dx] .

Here, |dx| is a non-zero volume element on V defined by

/\ dxij

I<i<j<n

(40) ldx| :=
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with
X111 X12 -+ Xin
X|2 X2 e X
X = ev
Xin X2n  ***  Xnn

Conversely, if the constant multiplication term c (s) is given on each AJ , then the corre-
sponding mzcrofunctton solution u(s, x) sattsfymg (39) is determined unzquely

2. j (s) is a holomorphic (resp. meromorphic) function in s € C, if and only if u(s, x)
depends on s € C holomorphically (resp. meromorphically).

PROOF. 1. This assertion is deduced from the definition of the principal symbol on
prehomogeneous vector space. See [8] for details.

2. This is easily seen, since the isomorphisms sp in (24) and o 4 in (31) are C[s]-linear,
where C[s] is the polynomial ring of s, and are commutative with the Cauchy-Riemann opera-
tor 8/95. In fact, we see that o A ik (u(s, x)) depends on s holomorphically (resp. meromorphi-
cally) if and only if u(s, x) is a holomorphlc (resp. meromorphic) function on s € C because

A o .k« (u(s, x)) satisfies the Cauchy-Riemann equation with respect to s € C if and only if
u(s X) also satisfies it. Then, if u(x, s) is holomorphic (resp. meromorphic) w1th respect to
s, then c’ (s) is a holomorphic (resp. meromorphic) function in s € C, since .Qj (s)/+/1dx]
in (39) is non-zero and depends on s € C holomorphically. |

3.5. Hyperfunction solutions and coefficient functions. In this paper we consider hy-
perfunction solutions to M of the form

n
(41) Py = "a; - |P()If
i=0
with @ = (ag, ay, ... ,an) € C"*! introduced in (5). Since P[&'s](x) is a hyperfunction with

a meromorphic parameter s € C, the microfunction sp(P[a’x l(x)) and its principal symbols
O ik (P1as](x)) depend on s € C meromorphically. In the particular case (39), we define the

coefficient functions of P@s] (x) on the Lagrangian connected component A{ * as a function
of a and s.

DEFINITION 3.2 (Coefficient functions). Let
42) o ik (P@1(x)) i= (@, )2]" (s)/v/1dx]

with cij 'k(&, s) being a meromorphic function ins € C. We call ci’ "‘(a, s) a coefficient function
or simply a coefficient of P12s)(x) on A{ * with respect to the canonical basis

(43) 2/ )/V1dx] .

Then the coefficient functions cij "‘(a, s) depend on a € cntl linearly and on s € C
meromorphically.
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PROPOSITION 3.4. Let Pl45)(x) and P1%25)(x) be two hyperfunction solutions to the
holonomic system M. If their coefficient functions coincide on each A{ ok,

(44) @, s) =@, s),

then we have a; = ay. In other words, two hyperfunction solutions having the same coefficient
functions on all A{ *5 coincide with each other:

PROOF. Recall the following fact on the uniqueness of hyperfunction solutions to a
holonomic system. It is proved by the same argument as in the main theorem in [11].

LEMMA 3.5. Let fi(x) and f>(x) be two hyperfunctions whose singular supports are
contained in U?:o Aj, the characteristic variety of the holonomic system M. If sp(f1(x)) =
sp(f2(x)) on the open set | J/_y A?, then fi(x) coincides with f>(x) as a hyperfunction on V.

Lemma 3.5 asserts that a microfunction solution to M, is determined by the given data
on | Jj_o A?. Therefore we only need to consider the microfunction solutions on (J7_y AY
instead of on the whole characteristic variety ch(My).

By Proposition 3.3, if (44) is satisfied, then sp(Pl9s)(x)) = sp(P!%51(x)) on each
Lagrangian connected component A{ * and hence they coincide on the open set | J;_, A?.
Thus, from Lemma 3.5, we have Pl41:5](x) = pPl@5](x), which means d; = a,. O

For a microfunction solution on each Lagrangian connected component Aij ’k, we have
the following equivalent conditions.

PROPOSITION 3.6. The following three conditions are equivalent.
1. The microfunction sp(P[‘”](x)) | Ak has pole of order p at s = sg.

2. The principal symbol O ik (sp(P[a'X](x))) has pole of order p at s = sy.

3. The coefficient Cij ok (a, s),has pole of order p at s = sg.

PROOF. By Proposition 3.3-2, the microfunction sp(P@*](x))| i+ the principal sym-
bol o N {-,k(sp(Pla*S](x))), and the coefficient cij & (@, s) are all merom(;rphic with respect to

s € C, since P143)(x) isa hyperfunction with a meromorphic parameter s € C.

The equivalence of the first two follows from the fact that the isomorphism o4 in (31)
is C[s]-linear. In fact, from the general theory of principal symbols of simple microfunc-
tion (see [4]), a principal symbol of a non-zero simple microfunction is non-zero and a sim-
ple microfunction with a non-zero principal symbol is non-zero. Then the principal symbol
O'Aij,k((S - so)Psp(P[a’s](x))) = (s — so)PoA{-,k(sp(Pla*‘](x))) is non-zero at s = s if and

only if (s — so)Psp(P[a’s](x))lA,,k is non-zero at s = sg.
The equivalence of the second two follows from (39) and that Qij ‘k(s) /+/]dx]| is holo-
morphic and non-zero at all s € C. O

PROPOSITION 3.7.  The following three conditions are equivalent.
1. Psl(x) has pole of order p at s = s.
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2. sp(PlEsl(x))

UL, A° has pole of order p at s = sg.

3. All the coefficient functions in {Cij'k(c_i,s)IO <i<n0<j<n—-i0<k<i}
have pole of order not greater than p at s = so and at least one coefficient of them has pole of
order p at s = sp.

PROOF. the equivalence of 2 and 3 follows from Proposition 3.6, since

O A? = U A{’k .
i=0

0<i<n
0<j<n-—i
O<k<i

We now show that the condition 2 follows from the condition 1. If Pl@s }(x) has pole of
order p at s = sp, then (s — s9)? P[‘”](x) is a non-zero holomorphic function at s = sg with
respect to s. Then

sp((s — 50)? P@*1(x)) = (s — 50)Psp(P1*)(x))
isalsoholomorphicat s=sg and it is non-zero there. (Note that we consider the microfunction
on the whole T*V but not on T*V — V. See Remark 3.1.) Since (s —so)?sp(P451(x)) lU,Lo e
is holomorphic at s = sp, sp(P[a’s](x)) |U§.=0 A has pole of order not greater than p at s = sg.
If the order is strictly less than p, then (s — sp)” sp(P[a’s] (x))]U?=
tion. Then (s — sg)” P[a*s](x)\s

SP(P[ZI’S]("))IU?:O 42 has pole of order p at s = so. This means that the condition 2 follows
from the condition 1.

We shall show that the condition 1 follows from the condition 2. If sp(Pla’S] x)) 'U,'»'_
has pole of order p at s = s, then

(s = 50)?sp(P@ 1)) o ae = 5P((s — 50)" Plasl(yy)

. is a zero func-

o|o—
047 1s=s

= is zero by Lemma 3.5. This is a contradiction. Therefore

047

Ui=o 47

is non-zero and holomorphic at s = s9. We note that (s — so)? P141(x) is a hyperfunction
whose singular support is contained in (J!_ A;. If P14)(x) has pole of order > p, then
the singular supports of the Laurent expansion coefficients of order > p are contained in
Uy Ai — U A? and hence it is empty by Lemma 3.5. Then the hyperfunction P1%-5)(x)
has pole of order p at s = sg. Therefore, (s — s9)” P[a’s](x) is non-zero and holomorphic at
s = sg. Thus, P[a*sl(x) has pole of order p at s = sg. This means that the condition 1 follows
from the condition 2. ]

3.6. Laurent expansions of coefficient functions. We give the Laurent expansion co-
efficients of Pl9-5)(x) and ¢/ *(@, s) in the following definitions.

DEFINITION 3.3. Suppose that the complex power function P[a’s](x) has pole of or-
der p at s = sg. We give the Laurent expansion of P14s1(x) at s = so by
[e.¢]
(45) p[a,s](x) — Z P]La‘SO](X)(S — o).

w=—p
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Here,
(46) LAl (x)

is the Laurent expansion coefficient of degree w of plas] (x). For the coefficient c (a s),
we give the Laurent expansion at s = sg by

Ko
7 @, s) = Z L oy = 50
w=—p
Here,
j k
(48) l (a,so),w

is the Laurent expansion coefficient of degree w of cij ’k(Ei, 5). Since the order of the pole of

c,] ’k(?z, s) ats = s is not greater than p, some of the beginning Laurent expansion coefficients
of (47) may be zero.

We can express the support of P[" SO](x) in terms of the Laurent expansion coefficients
of (a s). Namely, we have the following proposition.

PROPOSITION 3.8. Suppose that P1%S)(x) has pole of order p at s = sq. Let (45) be
the Laurent expansion of P1%3)(x) at s = so. Then we have
(49) Supp(PEoly) = | J 8/
(i,J)eL

with L := {(i, j) € Z*|ords=sy (¢ @, 5)) > —w for some k € Z N [0,i]). Here, [0,i]
means the closed interval in R from 0 to i and ords—g, (cij ’k(é, $)) stands for the order of pole
ofcij’k(fi, s) ats = s.

PROOF. For a hyperfunction f(x) on V, we have

Supp(f (x)) = 7 (Supp(sp(f (x))))
by the isomorphism (24). Therefore, we have

(50) Supp(PL(x)) = 7 (Supp(sp( P! (x)))) .
Let g be an integer satisfying —p < —q < +oo0. If sp(P[”'s](x))|A,',k has pole of order g

at s = sp, then the pole of cij ”‘(a, s) at s = s is of order g (Proposition 3.6). We have the
Laurent expansion

1) sp(P1(x))| = Y sp(PEI(0))| ik - (s — 50)”

w=-—q

by (45). On the other hand, let

(52) 0 4t (sp(P1*10)) = Z 0 s (8 — 50"

w=—¢q
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be the Laurent expansion of the principal symbol o ik (sp(P[a’s] (x))). Then we have

(53) 0 4 (sp(PEI() = o] 5

i,(a,sq),w

for -q < w < +o0.
Now we have the following Laurent expansions,

i ik = j k
(54) 0, (PI1)) = ¢/ @, )2 (5)/V/\dx]
o~k
— Js
= D sy 50"
w=—gq
ko
(55) ct@,s) = Z sy - (8 =50,
u=—q
(56) 2l (s) = 29, (s —s0).
Note that the Laurent expansion coefficients Qlj 50.0° Sle s’; 1>+~ in (56) are non-zero

linearly independent half-volume forms on Ai’ . The proof of this fact is given in the fol-
lowing way. Let f(x) be a non-zero, non-constant, real-valued and real analytic function
on an open set of a real analytic manifold. Then, the Laurent expansion coefficients 1,
log|f(x)|, (log|f )2, ... of the complex power | f(x)|* with respect to the complex vari-
able s are linearly independent, since we may regard | f (x)| as areal variable. By the definition

(35), we have
27Ky = 1Py (e 9 flo e )1

Put f(x) := P ik (x, ¥). Then f(x) is a non-zero, real-valued and real analytic function on
the open set Aj * of the real analytic manifold A;. f(x) is a non-constant function, since

it vanishes on the boundary AJ NAippifi > 0. Ifi = 0, then f(x) = det(x) and

hence it is a non-constant functlon. Then, we see that the Laurent expansion coefficients

Qlj s’; 0 l’ s];’l, ... are non-zero linearly independent half-volume forms on Aij ok
Then all the Laurent expansion coefficients

(57) olk (=g < w < 400)

i,(a,s0),w
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in (54) are non-zero if cij ('% w0)—q

of negative order of o, !',k(P[a’S] (x)) are not zero. Hence the support Supp(sp(PE‘sO] )

# 0. This means that all the Laurent expansion coefficients

contains A{ o if —g < w < oo, which shows that

Supp(PLZ1(x)) = 7 (Supp(sp(PL*) (x))))

=7 U A{‘k

(58) ,j,k)eL"”
ik
= |J =@
(i.j.k)eL’
_ J
= U s/,
(i,J)eL
where

L' = {(, j.k) € Z% | ords—yy (] (@, 5)) = ~w at s = 50},
L' = (G, j,k) € Z° | ordy—s (¢ (@, 5)) = —w at's = 50} ,

L :={(, j) € Z* | ords—sy (c!™* (@, 5)) > —w for some k in [0, i1 N Z at s = sp} .

The equality between the first line and the second line of (58) is obtained from Lemma 3.5,

since the singular support of each Laurent expansion coefficient PIL”’SO](x) is contained in
"o Ai a
i=0 “

REMARK 3.3. sp(P&a’SO](x)) may not be a simple microfunction. Then we cannot
consider the principal symbol of sp(P***(x)) in the way that [4] or [5] have defined. By

using the property that sp(P,E,a‘SO] (x)) is a regular holonomic microfunction, we can also give

the definition of the principal symbol sp(P,E,E‘S"](:r)) directly, but we do not need to do it
because, in our case, the principal symbol of sp(P,E,a’SO](x)) is obtained as a Laurent expansion

coefficient of a simple microfunction with a meromorphic parameter s.

3.7. Relations of coefficient functions. We give the analytic relations (59) combining
the coefficient functions of a hyperfunction solution to the holonomic system M. By the
formula (59), we can compute all the coefficients cij’k(c?, s)0<i<n0<j<n—-i0<
k < i) from the base coefficients cé‘o(&, s) =a; (0 < j < n). The propositions obtained in
this subsection enable us to estimate the order of poles of the coefficient functions. We use
effectively the following two relations (59) and (60) in the proof of the main theorem after the
next section together with Proposition 3.7 and Proposition 3.8.
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PROPOSITION 3.9. The coefficient functions on A7 and A7

741 have the following rela-

tion. These relations depend on s € C meromorphically.

[,’fﬁ'w s)] s+ 52 [exp( SVl +157) exp(+ 5005 + %))]
cli1@.s) Var e (+5V=I(s+5) exn (= 5V=I(s+52)
y exp (+ Z/—1G — 2k)) 0

9 [ 0 exp(— F/—1G - 2k)):|

j+1,k =
y clj+ (a,s) .
*@,s)
See [10, Theorem 2.13]. The above relations are the case of Sym, (R).

PROPOSITION 3.10. The coefficient functions on A; and A;, , have the following re-
lations.

(60)
k2
lfﬁ"zz; _ I+ S (s + 43)
z+2 2T
i+2(”’s)
[ +v=Texp(—m/—1(s + k) 0 —v/=Texp(+m+/=1(s + k))
x exp (An /=1 - 2k)) —2cos (4725 +1))  exp(— $7/=1(i — 2k))
“Texp(+n/—1(s —k +10)) 0 +V=Texp(—m~/—1(s — k +i))
—Cij+2'k(5,s)
x | /TG, s)
clj’k(&,s)

These relations depend on s € C meromorphically.

We obtain these formulas by applying the relation formula (59) twice.

4. Estimates of the orders of the coefficient functions. By the recursion formula
(59), we see that all the coefficient functions are meromorphic functions in s € C and depend
ona € C™*! linearly and that they can be explicitly computed recursively. Since Proposition
3.7 and Proposition 3.8 claim that the calculation of the order of poles and the determina-
tion of the support of the Laurent expansion coefficients of Pl@s](x) are reduced to those of
the coefficient functions, the rest of the essential problem is the explicit computation of the
coefficient functions.

In this paper, we give estimates for the orders of coefficient functions from above and
below (Proposition 4.2 and Proposition 4.4, Proposition 4.9 and Proposition 4.11) instead of
computing the closed forms of the coefficient functions. This may not be the best way for the
proof, but we need not write the closed forms of the coefficient functions in our proof. The
proof is carried out by inductions and we need some repeated arguments. In order to avoid
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repetitions, we shall give complete proof for the case of orders at strict half integers in the first
subsection and give abbreviated proof for the case of orders at integers in the next subsection
by skipping the parallel part of the proof.

4.1. Laurent expansions of the coefficient matrices. We define the coefficient matrices
to estimate the coefficient functions. In the proof in this section the notation for the coefficient
matrices turns out to be useful.

DEFINITION 4.1 (Coefficient matrix). 1. We define the coefficient matrix c,."k(Zi, s)
and ¢]*(@, s) as the 1 x (n — i)-matrix

(61) @, s) = (@, ), @, s), ... @, 5)
and the i x 1-matrix
(62) @, s)=(c@,s), @ s), ... MG, s),
respectively. The coefficient matrix ¢;"*(a, s) is defined to be the i x (n — i) matrix
(63) (@, s) = (@ s)) o<k<i

0<j<n-—i

2. We define the order of pole of a coefficient matrix to be the maximum of the orders
of the entries in the matrix. For example, the order of pole of ci'"(é, s) is the maximum of

.. ik
the orders of the entries in (cij @@a,s)) o<k<i -
0<j<n—i

Let p be the order of pole of P@sl(x) at s = so. Then the Laurent expansion of
c,."k(a, s),¢]"*(a, s) and ¢;** (@, s) are given in the following form.

o0
(64) @)=Y e w =50,
w=—p
(65) /2 @)= Y €l w0,
w=-—p
o0
(66) T, s) = D e (s — S0
w=—p

Some of the beginning Laurent expansion coefficients may be zero in these Laurent expan-
sions because the orders of poles of these coefficient functions are not greater than the order
of Pla:s](x),

PROPOSITION 4.1. Let so be a half integer satisfying sy < —1 and let iy be an integer
in0 < iy < n— 1. We suppose that iy is even and sq is a strict half integer or that iy is odd

and sq is an integer. Then ci'o"(&, s) and c;o‘:rl (@, s) have poles of the same order at s = s.
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PROOF. Note that sg + (ip + 2)/2 is a strict half integer in both cases. We consider the
relation (59) in a neighborhood of s = sp. Then the relation matrix between

i k+1 i+1,k -
kL@, s) TG, s)
i+1 and i

Jok = jik =
¢iyi(a,s) ¢’ (a,s)

depends on s € C holomorphically and is invertible near s = s9. The inverse matrix also
depends on s holomorphically, and hence cl.'O"(Zi ,s) and c,.'O‘:Ll (@, s) have poles of the same
order at s = sg. O

4.2. The case at strict half integers.

PROPOSITION 4.2. Letsy := —(2m + 1)/2 (im = 1,2,...). For a fixed integer p
satisfying 0 < p < m and 2p < n, we suppose that (d?P)[sg), @) # 0. Then c;;(a, s) has
pole of order q forq = 0,1, ..., pats = sg.

It is verified that c;;l'(ii, s) has pole of order at most g forg = 0,1,...,p ats = 59
from the relations (59). Then what we have to prove is that it has pole of order at least g for

qg=0,1,..., pats = sg. For this purpose, we have only to prove the following Proposition
4.3, since we then have ¢, ;  #0forg =0,1,...,p.

PROPOSITION 4.3. Under the same condition as in Proposition 4.2, we have
c;;]()‘(a’m)’_q = (nzc)4 x d%(so],d) forq = 0,1, ..., p, where (nzc), is a non-zero con-

stant depending on q.
PROOF. 'We prove the following statement (A), for p =0, 1, ... by induction on p:
(2p) 5 o0 —
If (d'“P[s9], a) # O, then o rso)—q =
(67) (A)p: (nzc)g x ([d*P[so],a) forq =0,1,..., p, where
(nzc), is a non-zero constant depending on g.
— 0 >\ .0 _ o,0 = .
. When p =0, (d(. )[s0l,d) = a # 0 and €24, Gso)—q = €0.@@,50),0 = @ for all possible g.
This means that (A)g is true.

Next we prove (A),4+1 under the assumption (A),. Since @ +D[s0], @) # 0 implies
({d@[s0], @) # 0 (Proposition 2.1), we have c;;;o,(ﬁ,so),—q = (nzc), x ([d®P[s], a) for g =

0,1,...,rif (A), is true. We have only to prove
(68) €52 sy r—1 = M2)r 11 X (@P P [s0), @) .
From (60),

0 - 1 2r +2 2r +3
cé'r(irz(a, s) =ﬂ1“ <s + 3 ) r (s + 5 )
(69) x (+ v/ =Texp(=mv/=1(s + 2r)cs @, 5)

— V=Texp(+nv/—=1(s + 2r))cl 0@, 5)) .

Note that I"(s + (2r + 3)/2) has pole of order 1 at s = sg. Indeed, sincer +1 < p=<m,
50+ (2r +3)/2 is a non-positive integer. Then ¢}, (@, ) has pole of order r + 1 if ¢} (@, 5)
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or Céj-z’o(?l, s) has pole of order r at s = sp and if
(ry._ .J.0 j+2,0
(70 vj T CZr.(Zz,so),—r + CZr.(E,sO),—r #0,

both of which assumptions are valid at least one j from the induction hypothesis (A), and the
hypothesis of (A),+1. This follows from that

++/—1 exp(—m \/——_T(so +2r)) = —«/—_lexp(—i—rr \/——l(so +2r)),

since sg is a strict half integer.
By taking the Laurent expansion coefficient of degree —r — 1 of (69), we have

(r)

71 J:0 = (non-zero const.) x v, .

Cor42,(,50), —r—1

Here (non-zero const.), a non-zero constant, does not depend on j. Then c;;(:_z (a, s) has pole
of order r + 1 if (70) is valid for at least one index j. On the other hand, by (70), (71) and the
assumption (A),, we have

o,0
C2r42,(@@,s50), ~r—1
00 1,0 n—2r—2,0
= (242, @s0),—r—1° C2r42.@so).—r—17 "+ * C2r12.@@.50)s—r—1)
(72) = (non-zero const.) X (v(()’), vgr), ... ’”,(,r_)zr_z)
= (non-zero const.) X (nzc),
2 - 2 " 2 - 2 -
x ((d5"[s0], @) + (d"[501, @), . .., (), ,ls0], @) + (d), [so), @))

= (non-zero const.) x (nzc), x (d®1?[so, d),
which implies (68) by putting
(nzc),+1 = (non-zero const.) X (nzc), .
Thus we have (A),41. O

PROPOSITION 4.4. Letsy := —(2m + 1)/2 (m = 1,2,...). For a fixed integer p
satisfying 0 < p < m and 2p + 2 < n, we suppose that (d*P*2[sq], a) = 0. Then c;;; (@, s)
has pole of order at mostp forq = p,p+1,... ats = sy.

PROOF. We prove the following (B), forall p =0, 1, ... by induction on p:
If (d2P+D[s9], @) = 0, then €32 (@, 5) has
(73) (B)p : pole of order at most p at s = sg for f =
0,1,... satisfying2p +2f < n.

LEMMA 4.5. (B)g is true. In other words, if (d®[so], a) = 0, then c;'f'(&, s) is holo-
morphicats = sofor f =0,1,....

PROOF. We show that
(74) )} @ s) = (-De}f**@,s) forall j=0,1,...,.n~2f -2,
and

(75) cg'f'(é, s) is holomorphic at s =s9 forall j =0,1,... ,n—2f,
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by inductionon f for f =0, 1,... with2f <n.
If (d@[s0], @) = 0, then we have by definition

(dPlsol, @) = (d 5], @) + (d2,[s0), @) = aj +aj2 =0.
Since cé’O(Zz' ,§) = aj, this means that
(76) %@, s) = -}, s).

The coefficient c(;"(a , §) is a constant and hence is holomorphic. (74) and (75) are verified
for f = 0. This is the first step of the induction on f.

Next we prove (74) and (75) for f = g + 1 under the assumption that (74) and (75) have
been proved for f =0, 1, ..., q. Since the matrix relation in (60) does not depend on j, the
property (74) for f = q + 1 follows from the property (74) for f = q. Indeed, we have

cé;“(a s) c2;4k(a s)
an +lk(a )| =D x| @,
CZq (a s) c2;2k(2i s)

for all j by the induction hypothesis (74) for f = g. In addition, since the matrix in (60) does
not depend on j, we have

Jko= _]+2 k
Cog42(@,8) C2g+2 @,s)
jeo - _ _[ k+1 o J+2,k+1 _ jt+2,0 >
(78) czq+2(a, s) = C2q+2 @,s) | =(=1)x C2q+2 @,s) | =(=1)x €2q+2 (a,s)
k2 JA2.k42 =
2q+2 (a s) 62q+2 (a,s)

- - . -
for all j by using the relation (60). This means (74) for f =g + 1.
We see that the order of pole at s = sp of cé;;ﬂ(ﬁ , §) may be greater by 1 than that of

cé;; (@, s) by the gamma factor of the relation matrix in (60). However, the growing of the
order of the pole is canceled from the property (74) for f = g. We shall prove it below.
For c2 +2 (a s), we have by (60) with i = 2q

K. s) % x F<s+2q2+2)1’<s+2q2+3)«/—_1
(79) x (—exp(—mv/—1(s + k)) — exp(+7+/—1(s + k)))

o
X céq (a,s)

is holomorphic at s = s, since

2 2 2 3
F(s+ q2+ )F(s+ q2+)
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has pole of order 1, (—exp(—m+/—1(s + k)) — exp(+m+/—1(s + k))) has zero of order 1,
and c2 (a s) is holomorphic, at s = so. For ¢, qk+2 (a, s) we have by (60) with i = 2¢

k41
éq+2 (a’ s)

1 2 +2 2 +3
- T r
2 <s+ 2 ) (H 2 )

(80) x ( (— exp (+%«/——1 2q — 2k)) +exp (—%«/’—_1 2q — 2k)))
X cé;k(a, s) + (—2005 (%n(2s + i))) 02;1 k(a’ S)>

1 29 +2 2 1
=—TI s+ s s+ q+3 —2cos | =7 (2s +2q) j+1k(a 5)
2 2 2 2

is holomorphic at s = sp. In fact, we see easily

2 2 2 3
F(s+ q2+ )F(s+ q2+ )

has pole of order 1 and cé;lk (@, s) is holomorphic, at s = sg. On the other hand,

(—2 cos (%n(2s + 2q)>>

. . . . i k41 - . .
has zero of order 1 at s = sq, since s is a strict half integer. Then cé qu (a, s) is holomorphic
ats = sp.
Jk =
For Cog+2 (a, s), we have

cél;kn(a,s) =% x I (s + 2q2+2) r (s + 2q;—3> V-1
(81) X (+exp(m~/ —1(s + k + 2q)) + exp(—7 v/ —1(s + k + 2q)))

ke
X céq (a,s)

is holomorphic at s = s¢, since

2 2 2 3
F(s+ q;— )F(s+ q;—)

has pole of order 1, (+exp(r/—1(s + k +2q)) + exp(—w+/—1(s + k + 2q))) has zero of
order 1, and 02 (a s) is holomorphlc ats = sg.

K42 ik - .
Thus we see that cé 742 @a,s), c2 ” +2 (a, s) and céq 1o(a,s) are all holomorphic at s = s¢

for all possible indices j and k if cé;]k(&, s) are all holomorphic at s = sp for all possible
indices j, k. This means (75) with f =q + 1. O

Thus we have verified (B)o. This is the first step of the proof by induction of (B),
for all integers p. Next we proceed to the second step of the proof by induction. We prove
(B), under the assumption that we have verified (B),—;. Supposing that (B),_; has been
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verified, the verification of (B), is carried out by proving the following statement (C) f with
the non-negative-integer index f, which is proved forall f =0, 1, ... by induction on f.

(82) (O)f: c§;’+2f (@, ) has pole of order at most r at s = sq .

(B), is equivalent to (C) y with f =0, 1, .... The proposition (C)g has already been verified
by the relations (60), since there appear I"-functions with poles only r times in c;;' (@a,s).
Therefore, we have only to show that (C) s implies (C) s+ for the proof of (B),. We prove
two lemmas Lemma 4.6 and Lemma 4.7, and then prove (C) r4+; by Lemma 4.8 under the
assumption (C)y.
For a complex vector @ := (ao, a1, ... ,a,) € C"t!, wedefined’ € C"+'and b € C"*!
by
(83) @ :=(0,0,a0,ay,...,ap—2) and b:=d+a .
Then we have
i, - ji+2,0 ,o
(84) €5 (@.8) = €3, 057 (@, s)
for all possible indices j, since the relation matrices (59) do not depend on j. Therefore, we
have
(85) Glag@9) = b= 5) =l (b.9) — e @ 9)
i, g j—2,8 >
= cér+2f(b’ $) = €125 (@ ).
LEMMA 4.6. (d>”[so], b) = O for all k > 2.
PROOF. Fork > 2, we have
(d*[s0), b) = (dy"Iso), @ +@') = (d} " [s0), @) + (d " [s0), @)
= (d"Is0). @) + () ls0). @)
= (dZPlso).d) =0
by the hypothesis in (B),. O

LEMMA 4.7. For j > 2, the coefficient cé;.—J—Zq (l;, s) (@ = 0,2r +2g < n) has pole of
order at mostr — 1 at s = so.

PROOF. We denote b = (bg, by, b, ... , by) and put b= (by, b}, b2, ... , by), where
by, and b are arbitrary numbers. Then we have

(@ 1501, 5') = (4" 150], b) = 0

forall j > 2, since (" [so], b') is determined independently of b{ and b}, and (djz’)[so], b)
is determined independently of by and b;. We see that

b, s) =cb (b, s)
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for all j > 2, since both sides are determined only by (b2, b3, ... , by) € C"!. On the other
hand, we may determine b, and b] so that

(g Iso1, &) = (d{*[s0], B') =
Then we have (d(2’ )so], 4 ) = 0 by Lemma 4.6. By the induction hypothesis (B),_1,
c2r+2q(b’ s) = cz(r l)+2(q+l)(b s) has pole of order at most r — 1 for all j if g > —1.

Therefore, Czr +2q (b s) = c2r +2q (b s) has pole of order at most r — 1 for all j > 2 and for
all g > 0 with 2r 4+ 2qg < n. a

LEMMA 4.8. The coefficient ¢35 , 7 +2(d, 5) has pole of order at most r at s = so.
Namely, (C) 1 is true.

PROOF. Note that

2,
C2r+2f(a 5) cé:-—ﬂf(b s) = C2r+2f(a 5)
l,e 1
(86) sy @9 | = ¢} 137 @)
C2r+2f(a,5) czr+2f(a,s)

from (85). We can compute the orders of poles of the elements in
ik+2 -
Cér+2f+2(a’ 5)
k+1
(87) céri’zm(a )
D2 42(@rs)
from the orders of poles at s = s¢ of the elements in (86) by using the relation (60) In the fol-

lowing, we shall prove that the coefficients Czrl:z I; +2(a s), czrlirzlf ) (a, s) and c2r +2f +2(a s)

have poles of order at most r by case-by-case calculation.
First, we consider the coefficient cérlfzzf +2(&, s). From the relation (60), we see that

] k+2
2r+2f+2(a 5)

1 2 2 2 2 2 3
:Zp(sﬂL%)p(H%) 1

(88) x (—exp(—~/—1(s 4 k)) — exp(+7~/—1(s + k)))cé;l;zf(ﬁ, s)

1 2 4+2f+2 2 +2f+3
+2—r(s+———r+2f+ )r<s+——r+2f+ )¢—1
T

x (—exp(—mv/—1(s + k)))céﬁé’}(g, s)

has pole of order at most r at s = s¢. Indeed, we see easily

2r 42 2 2r 42 3
F<s+—r+2f+ >1’(s+—————r+2f+ )

has pole of order 1 at s = 59, (—exp(—mw+/—1(s + k)) — exp(+m+/—1(s + k))) has zero
of order 1 at s = sg, since sp is a strict half integer, cé’rﬁ_z 7 (a, s) has pole of order < r at
s = 50 by the induction hypothesis (C) ¢, exp(—m+/—1(s + k)) is holomorphic at s = 59, and
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2.k
éj +2f (b s) has pole of order < (r — 1) at s = so by Lemma 4.7. Then we have proved that
czrlf:_z I +2(a s) has pole of order at most r at s = $0.
Next, we consider the coefficient c2r +2 ¥ +2(a, s). From the relation (60), we have

j k+1
2r+2f+2(a’ 5)

1 2r+2 2 2r +2 3
= _—T s_*__i_[i r s_*_Lf-t_
2 2 2

x (—exp (+%~/——_1(2r y2f - 2k)) +exp (—%J—_l(zr y2f - 2k)))

ko=
X €y yop(@ss)

()
2
X (—ZCOS( 7t(2s+2r+2f))) cérlf:;f(a s)

1 2 +2f +2 2 42
(89) +5?F(s+ rt f+ )rs r f+3)

x exp (+3v/=1@r +2f ~20) 415 B.s)

_ 1F 2r+2f+2 r s+2r+2f+3
2w 2 2

2r+2f+3>

1
x (—2 cos (in(2s +2r + 2f))) cérllef(a, s)

1 2r +2 2 2
S o G e Y e W N e e o
2 2 2

X exp (+%\/—1(2r r2f - 2k)) IR B,s)

2r+2f

because
(—exp (+%J—T(2r +2f —2K)) +exp (—-%«/—_1(2r +2f -20)) =

since r, f, k are all integers. Then we see that Cér’f:;f +2(Ei, s) has pole of order at most r at
s = s9. Indeed, we see easily

2 2 2
F(s—l— r+2f+ )P<s+ r+2f+3>
2 2
has pole of order 1 at s = sp, —2 cos(n(2s 4+ 2r + 2£)/2) has zero of order 1 at s = s,
since s is a strict half integer, c2r +2 f (@, s) has pole of order < r at s = sg by the induction

hypothesis (C) s, exp(m+/—1(2r + 2 f — 2k)/2) is a constant, and céf _52 ) (b, s) has pole of

order < (r — 1) at s = so by Lemma 4.7, because sg is a strict half integer. Then we have
proved that cérlfzzf +2(@, s) has pole of order at most r at s = 5.
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Lastly, we consider the coefficient céﬁz F42 (a, s). From the relation (60), we see that

Sap2ns)
_ i]" <s+ 2r+2f+2)F<s+ 2r+2f+e> —
2 2 2
X (+exp(+nv—=1(s —k +2r +2f)) + exp(+nv/—1(s —k +2r +2f)))

(90) x5k, ;@ s)

1 2r +2 2 2r +2 3
+2_]‘<s+_r+2L)]’(s+ﬁTf+__>./_]
T

X (—exp(+1/=1(s —k +2r +2/))cs, 54 (b, 5)

has pole of order at most r at s = s¢. Indeed, we see easily

2r+2 2 2r+2 3
F(s+———r+2f+ )F(s+————r+2f+ )

has pole of order 1 at s = sg, (4 exp(+7+/—1(s — k +2r +2f)) + exp(+m/—1(s — k +
2r 4+ 2£))) has zero of order 1 at s = s, since s is a strict half integer, cé;ﬁz 1 (@, s) has pole
of order < r at s = sg by the 1nduct10n hypothesis (C), exp(+7r\/_(s —k+2r+2f))is
holomorphic at s = s, and C2r +2 1 (b s) has pole of order < (r — 1) at s = so by Lemma 4.7.

Then we have proved that 02 +2 7 +2(a s) has pole of order at most rats = so
In the above arguments for the order of pole of C2r +2 I +2(a s), c2r +2 7 +2(a s) and

CZr +2f42 (a, s), we can take the index k to be an arbitrary possible integer. Then czrk+2 f Jr2(a s)
has pole of order at most r at s = so for all indices k in 0 < k < 2r + 2 + 2. Thus we see
that 3", ¢, (@, s) has pole of order at most r at s = so. The proof above does not depend
on the index j. Then c3%,, p +(@, 5) has pole of order at most r at s = so.

By Lemma 4.8, we see that (C) s implies (C) 1. Then (C) is valid for all f =
0, 1, ... by induction on f, which means that (B), is valid. Thus we have (B),, which means
that (B),- implies (B),. This is the second step of the proof by induction of (B), for all
p =0,1,.... Therefore, by induction on p, we have (B), for all p. This completes the proof
of Proposition 4.4. O

4.3. The case at integers.

PROPOSITION 4.9. Letsy := —m (m = 1,2,...). For a fixed integer p satisfying
1 <p<mand2p—1 < n, we suppose that {d?P~ 1)[ —m],a) # 0. Then czp (@@, s) has
pole of order g forq = 1,..., pats = sp.

We have only to prove the following Proposition 4.10 for the same reason as in the case
Proposition 4.2.
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PROPOSITION 4.10. Under the same condition as in Proposition 4.9, we have
0 - - :
c;q_l‘(a’m),_q = (nzc)y x (d(zq 1)[so],a)forq = 1,2,..., p, where (nzc), is a non-zero

constant depending on gq.

PROOF. We prove the following (A), for p = 1,2, ... by induction on p.

If (d?P~V[so], a) # 0, then 05;,0-1,(a,s0>,—q =

o1 W, : (nzc), x (d<2j—1>[s0], a)forq=1,2,...,p,
where (nzc), is a non-zero constant depend-
ingongq.

We shall prove (A);. From the assumption, we have (d1[so], @) # 0, hence there exists
an integer j such that

(dVs0l, @) = aj + (~1)%aj1 #0.

By the relation (59),
0 - 's+1) b4
(92) J:0 = —a/—1 1
¢ (@@, s) N exp(zv (s + ))

X (exp(nJ—_l(s +1D)aj+ajty).

By taking the residue of (92), we have

J.0

1 Gso)—q = (non-zero const.) x ((—1)*a;41 +aj),

where (non-zero const.) is a non-zero constant that does not depend on j. Then we have

cI:?a’SO)’_I = (non-zero const.) x (dV[so], a) .
This means that (A); is true.
Next we have to prove (A),+ under the assumption (A),. Since (d?+V[so], @) # 0 im-
plies (d@ ~D[so], a) # 0 (Proposition 2.1), we have c5 0 = (nzc)y x (d%4~V[s], a)

4~1.G50).~q
forq =1,2,...,r. Then we have only to prove
93) €3t Gusgy,r—1 = MZO)rg1 X (O [50], @) .

However, the proof of this equation is almost the same as that for the equation (68). We do

not repeat the proof. O

PROPOSITION 4.11. Letsg := —m (m = 1,2,...). For a fixed integer q satisfying
0<p<mand2p+1 < n, we suppose that (d*PTD[—m],a) = 0. Then c;;;_l(é, s) has
pole of order at most p forq = p,p + 1, ... ats = so. Here, we consider c(')"(fi, s) instead

of ¢} (@,s) when p=q =0.
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PROOF. We shall prove this proposition by showing the following (B), for all p =
0, 1, ... by induction on p.
If (d@P*D[so], @) = 0, then ¢y ;.5 (@, s) has
ole of order at most p at s = sg for f =
(94) B),: P pats=soforf =
0,1, ... . Here, we are considering ¢, (4, 5) in-
stead of ¢>7(d, s) when p = f = 0.
LEMMA 4.12. (B)g is true. In other words, if (dV[so], @) = 0, then ¢j*(a, s) is
holomorphic at s = sy and c;’f'_l(ii, s) is holomorphic ats = sg for f =1,2,....

- . . . 1,0~
PROOF. ¢(*(a, s) is holomorphic at s = so clearly, since c(j) (a,s) = aj.

For the proof of holomorphy of ¢3¢ (d, s) ats = so for f = 1,2,..., we have only to
show that
K - i+2,0 >
(95) (@ 5) =¢) 0@, )
and that
(96) cé‘p' 1@, s) is holomorphic at s = 5o
by induction on p for p = 0, 1, .... The proof is almost the same as Lemma 4.5 except the

first step of the induction.
Now we give the proof for p = 0. If (dV[so], @) = 0, then we have

(d"sol, @) = (dVLs0], @) + (=@, [s0], @) = a; + (~1)*Faj11 =0.

. i0, -
Since c{) (a,s) =aj,

97) %@, s) = (=@, s) .
Then we have
j+1 0, j+20
©8) [ @ ”] =0 D P
0 (a,s) @,s)

for all j. Since the matrix in (59) does not depend on j, we have

. j+1 1 .
©99) @) = [ @, s)] (_1)50[ Jﬂo(f s)] =(=1)% x ™G, s)

2@, s) ¢ " (a,s)
by using the relation (59). This means
(100) 1@, s) =c]™*@,s) forall j.

The relation (97) shows that cl ®(a, s) are holomorphic at s = sq through the relation
(59). Indeed, by the relation (59), we have

js 1 = 's+1) T
(101) of'@s =ﬁem (——J—_l(s+ 1))

X (cO %@, s) + exp(mv/—1(s + 1))c’+1 %@, )
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and
102 'is+1) T
(102) {O(a,s) =7_£T—-exp (—«/—_l(s—i— 1))

x (exp(rv/—1(s + 1))} °@, s) + 4@, s))

for all j. Then, by (97), ¢/"' (@, s) and ¢/*(@, s) are holomorphic at s = so for all j. This
means that c{"(&, s) is holomorphic at s = sg for all j. Thus the case of p = 0 has been
proved. a

Thus we complete the proof of (B)g

Next we have to prove (B), under the assumption that we have verified (B),—;. However,
this induction procedure is almost the same as the proof of Proposition 4.4. We have only to
set the vector b := & — @' instead of b := d + &' in the proof of Proposition 4.4. The argument
may be complicated but is completely parallel with the one given in the proof of Proposition
4.4. O

4.4. Exact orders of the coefficient functions. Now we can describe all the orders of
poles of coefficient functions as a corollary to Theorem 2.2. The following Corollary 4.13
plays an important role in the proof of Theorem 2.3.

COROLLARY 4.13 (Exact orders of the coefficient functions). The exact orders of
poles of the coefficient functions ci'"(Zi, s) are determined by the following rule.

1. Let s be a strict half integer not greater than —1. Then there is an integer p such
that the orders of pole at s = s ofczz; (@, s) and c;;;rl (@, s) are q for qwith0 < q < p, and
the order of pole of ¢;*(, s) is not greater than p for i with2p +2 < i.

2. Let so be an integer greater than —1. Then there is an integer p such that the orders
of pole at s = sg ofc;;_l @, s) and c;;; (a, s) are q for q with 0 < q < p, and the order of
pole of ¢;°* (@, s) is not greater than p for i with 2p + 1 < i. Here we supose ¢} (d, s) =0

PROOF. We prove the first assertion. By Corollary 2.1, there exists an integer p such
that (d?P)[sg], @) # 0 and (d>P+?P[s9],a) = 0. By Propositions 4.2 and 4.4, we have
the result for all ¢;"°(a, s) with even i. On the other hand, by Proposition 4.1, we see that
¢5,11(d, s) has pole of the same order as ¢3,"(d, s) at s = so for all integers g. Then we have
the result for all ¢;** (@, s) with arbitrary i.

The second assertion is proved in the same way by using Propositions 4.9 and 4.11
instead of Propositions 4.2 and 4.4. O

5. Proof of the theorem on the exact order. We shall give the proof of Theorem 2.2
in full detail for the case 1,(a) and 2,(a). Since the proof for other cases is almost the same,
we explain only essential points instead of giving proof. We have proved the estimate of the
order of the poles in the preceding section. What we have to do here is to point out which
proposition should be applied for the proof of each case.
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5.1. Proof of the case of 1(a). The case 1(a) consists of three assertions. We do not
have to prove the converses obviously. If we establish all the statements, then the converses
are automatically true, since all the possible cases are proved.

LEMMA 5.1. Letsy:=—-Cm+1)/2(m=1,2,...). If dP[—2m +1)/2],a) =0,
then P'13:5)(x) is holomorphic at s = sy.

PROOF. By applying Proposition 4.4 in the case of p = 0, all the coefficients c;;]' @,s)
(g = 0,1,...) are holomorphic at s = sgp. Then, by Proposition 4.1, all the coefficients
cE;]'H(E,s) (@ = 0,1,...) are holomorphic at s = sg. Therefore, all the coefficients
¢;°(@d,s) (0 < i < n) are holomorphic at s = sp. Thus, by Proposition 3.7, Plasl(x) is
holomorphic at s = s.

LEMMA 5.2. Letsy:=—2m+1)/2(m = 1,2,...). For a fixed integer p satisfying
1<p<mand2p <n,if d?PTD[—2m +1)/2], @) = 0 and (d?P[—(2m +1)/2],a) # 0,
then P'%3)(x) has pole of order p at s = sy.

PROOF. From the conditions (d?P[—(2m + 1)/2],d) # 0 and (d%P+tD[—Q2m +
1)/2], a) = 0, all the coefficients cl.'"(Zz , §) with even i have poles of order at most p, and the
coefficient c;‘; (@, s) has pole of order p by Proposition 4.2 and 4.4. On the other hand, by

Proposition 4.1, cé;.:rl (@, ) has pole of the same order as cé}'(&, s) at s = s for all integers
i. Then all the coefficients ¢;"°(@, s) (0 < i < n) have pole of order at most p, and at least
one of them has pole of order p. Thus, by Proposition 3.7, P{@I(x) has pole of order p at
s = 50. O

LEMMA 5.3. Letsy:= —2m+1)/2 (im = 1,2, ...) and suppose that 2m < n. If
@d@[—©2m +1)/2], @) # 0, then P'@3)(x) has pole of order m at s = sy.

PROOF. Since ({d>™[—(2m+1)/2], @) # 0, the coefficient ¢3» (d@, 5) has pole of order
m by Proposition 4.2 in the case p = m. On the other hand, P1@5)(x) has pole of order at most
m by Theorem 1.1, since we are considering the poles at s = —(2m + 1)/2 withm < n/2.
Then all the coefficients ¢;**(d@, s) (0 < i < n) have pole of order at most m, and at least
one of them has pole of order m. Thus, by Proposition 3.7, P1@5)(x) has pole of order m at
s = 0.

By Lemmas 5.1, 5.2 and 5.3, we complete the proof of Theorem 2.2,1(a).

5.2. Outline of the proof of the case of 1(b). The proof of the case of 1(b) is almost
parallel with that of the case of 1(a). We only need Lemmas 5.1 and 5.2, and Proposition 4.2,
since the conditions for other lemmas and propositions are invalid. The proof is valid without
modification.

5.3. Proof of the case of 2(a). The case 2(a) can be proved almost in the same way as
case 1(a). However, we need some modifications of the lemmas and the propositions together
with the proof.
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LEMMA 5.4. Letsy:=—m (m = 1,2,...). If dV[=m],a) = 0, then PI&-5)(x) is
holomorphic at s = 5.

PROOF.  Clearly, the coefficients ¢;* (@, s) = a is holomorphic at s = so. By Proposi-
tion 4.11 of the case of p = 0, all the coefficients ";};—1 (@,s) (g =1,2,...) are holomorphic
at s = so. Then, by Proposition 4.1, all the coefficients c;;l'(&, s) (g = 1,2,...) are holo-
morphic at s = so. Therefore, all the coefficients ¢;"*(d, s) (0 < i < n) are holomorphic at
s = so. Thus, by Proposition 3.7, P[a's](x) is holomorphic at s = sq. a

LEMMA 5.5. Letsgp:=—m (m =1,2,...). Fora fixed integer p satisfying 1 < p <
mand 2p — 1 < n, if (d?PTV[—m], @) = 0 and (d*P~D[—m),a) # 0, then P1%3)(x) has
pole of order p at s = s9.

PROOF. From the conditions (d?P~V[—m), @) # 0 and (d@PtD[—m], a) = 0, all the
coefficients ¢;*(d, s) with odd i have pole of order at most p, and the coefficient c;‘p'_l @, s)
has pole of order p by Propositions 4.9 and 4.11. On the other hand, by Proposition 4.1,
¢5;> 1 (d, s) has pole of the same order as ¢5;", ; (d, 5) at s = so for all integers i. Then all the
coefficients cl."'(Ez', s) (0 <i < n) have pole of order at most p, and at least one of them has
pole of order p. Thus, by Proposition 3.7, P [@5](x) has pole of order p at s = sg. O

LEMMA 5.6. Letsy := —m (m = 1,2,...) and suppose that 2m — 1 < n. If
@@ =D[—m)], a) # 0, then Plasl(x) has pole of order m at s = sy.

PROOF. Since (d®"~V[—m), a) # 0, the coefficient ¢5»_, (d, 5) has pole of order m
by Proposition 4.9 in the case p = m. On the other hand, P [a*s](x) has pole of order at most
m by Theorem 1.1, since we are considering the poles at s = —m with m < (n + 1)/2. Then
all the coefficients ci'"(&, s) (i =1,2,...,n) have pole of order at most m, and at least one
of them has pole of order m. Thus, by Proposition 3.7, P1@s)(x) has pole of order m at s = sp.

O
By Lemmas 5.4, 5.5 and 5.6, we complete the proof of Theorem 2.2,2(a).

5.4. Outline of the proof of the case of 2(b). The proof of the case of 2(b) is almost
parallel with that of the case of 2(a). We only need Lemma 5.4 and Lemma 5.5, and Proposi-
tion 4.9 for the same reason of the proof of the case 1(b).

6. Proof of the theorem on the exact support. In this section we shall give a proof
of Theorem 2.3 as an application of Propositon 3.8. We shall determine the support of the Lau-
rent expansion coefficients of Plas](x) by applying Proposition 3.8. This is nothing but esti-
mating the support of the Laurent expansion coefficients of the microfunction sp(P[a'SJ (x)).
The support of the Laurent expansion coefficients of Pl4:1(x) is the projection image of the
support of the Laurent expansion coefficients of sp(P[a"](x)) by the map 7w : T*V + V.
Then the lower dimensional strata may be contained in the closure of the higher dimensional
strata. In the proof below, we have to extract the highest dimensional strata necessary for the
exact determination of the support.



360 M. MURO

6.1. Preliminaries for the proof. In the proof, we let so :== —(g+1)/2. By Proposition
3.8, we have (49):
(103) Supp(Pi ) = | 8
(i,/)eL

with L := {(i, j) € Z2|ord5=so(c,.’"k(&,s)) > —w for some k € Z N[0, i]}. Therefore, we
have only to calculate the orders of the coefficient functions c{ ‘k(&, s) at s = sp. Since we
have supposed that P14s1(x) has pole of order p at s = sg in this proof, we have

q+1 q+1
14 < - =
(104) P_[ > JS S =%

by (6). Let

(105) U(so, p) = {(i, j)eZz?

clj K@, s) has pole of order > p for some
kwithO <k <iats=sp '

6.2. The case at strict half integers. First, suppose that g is an even integer. Namely,
so is a strict half integer.

LEMMA 6.1. Suppose that 0 <i < —2w. Then we have

(i ) ¢ U(so, —w) .

PROOF. By Proposition 4.2, ¢{**(d, s) has pole of order strictly less than —w at s = s
if0<i < —2w. O

On the other hand, if 0 < iy < —2w, then for all jy, we have

shn |J s/=0.
i>—2w

O0<j=n—i

Thus, if 0 < ip < —2w, then for all jy, we have

(106) shn Y si=0.
(@i,j)€U (so,—w)
LEMMA 6.2. Ifig > —2w and (ig, jo) € U(sg, —w), then

Jo J
(107) ssc U s
(i,j)eU(so,—w)
i=—2w

PROOF. Suppose that there exists an integer ig with ip > —2w and an integer jp in
0 < jo < n — ig such that c{g"(Zi, s) has pole of order > —w. If i is odd, then c{(‘;’_'l @,s)
jo+1,0 = jo.e = ...
and c{(‘;fl *(@, s) have poles of the same order as c{(‘)’ *(a, s) by Proposition 4.1. Thus we may
assume from the beginning that there exists an even integer ip > —2w and an integer jj in

0 < jo < n — ig such that c{é’"(ﬁ , 5) has pole of order > —w. We prove that there exists an

integer jj in jo < j1 < jo+ (ip +2w) such that cfé;) (@, s) has pole of order > —w ats = sp.
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In order to prove this, we deduce contradiction by assuming that ¢!
< —w ats = sp for all integers j; with jo < ji < jo + (ip + 2w).
We define the coefficient functions ¢’ IJ 'k(é, s) with the renumbered index j by setting

(108) @, s) = k@, 5)

713> (@, s) has pole of order

forintegers i, j, k with0 <i <ip,0 < j <ip—i and0 < k <i. Then, the coefﬁqient vectors
¢ j (@, s)and ¢’ (@, s) are defined in the same manner as in the definitions of ¢;°*(a, s) and
*®(a, s) and so on. Note that the set of coefficients
(109) 7@, s) = (1@, )} osizio
0<j<ip—i
O<k<i
satisfy the relations (59), since the relation matrices in (59) do not depend on the index j.
Then we can apply Corollary 4.13,1 to the set of coefficients (109). If

/oo

j.e -

¢'25,(@, 8) == {cl;,(@, 8} jo<j<jorio+2w
has pole of order strictly less than —w, then ¢’ i"'(?z, s) with —2w < i has pole of order strictly
less than —w at s = sg. Then c',.‘(;‘(a, s) = c{(‘:"(é , 5) has pole of order strictly less than —w
ats = so, a contradiction. Then at least one of the coefficients in {c’" (@, $)} jo<<jo+io+2w
has pole of order —w at s = sg.

Thus, if there exists an integer i{p > —2w and an integer jp with 0 < jy < n—ig such that

Jo,® ;> . . . . . . . .

¢, (a,s) has pole of order > —w, then there exists an integer j; with jo < j; < jo+ip+2w

such that c’l > (@, 5) has pole of order > —w at s = so. Then, we have S’° c Sth by (10),

and (—2w, 11) e U(sg — w). a

Therefore, we have

J J
sile U S,
(i, J)eU (so,—w) (i, /)€U (s0,—w)
i>—2w i=—2w

and hence

U s= U s
(i./)€U (s9,~w) (i./)€U (s0,~w)
i>—2w i=—2w

Thus, by (106), we obtain

(110) U s= U s
(.)eUGo.~w)  (./)eU(s0,~w)
i==2w

LEMMA 6.3.
(111) (G, j) € U(so, —w) |i = —2w} = {(=2w, j) € Z°| (d(-_zw)[So],a) # 0}.
PROOF. By substituting g := —w in Proposmon 4.3, the index (— 2w J) belonging to
the set on the right-hand-side of (111) satisfies ¢ gw (G.50). 4w # 0. Then ¢’"5 (a, s) has pole

~2w



362 M. MURO

of order —w at s = so and hence the index (—2w, j) belongs to the set on the left-hand-side.
The converse is also true. Then we have (111). O
Therefore, when ¢ is an even integer,

Supp(PIE,ﬁ‘SOI(x)) = U S{ (by Proposition 3.8),
(i,j)eU(so,—w)

= U s oy,
(i,/)€U (so,—w)
i=—2w
= U s, oyay.
0<j<n+2w
(d(2 [s0],8)#0

This means the result (22).
6.3. The case atintegers. Secondly, suppose that g is an odd integer. Namely, sq is an
integer.

LEMMA 6.4. Suppose that0 <i < —2w — 1. Then we have
(i, j) ¢ U(so, —w) .

This is proved in the same way as in Lemma 6.1. We use Proposition 4.9 instead of
Proposition 4.2.
On the other hand, if 0 < i) < —2w — 1, then for all jy we have

(112) stn | s/ =0.
(i,j)€U (so,—w)
LEMMA 6.5. Ifip > —2w — 1 and (ig, jo) € U (so, —w), then
(113) stc Y s

(1, )€U (s0,—w)
i=—2w-1

This is proved in the same way as in Lemma 6.2. We use Proposition 4.1,2 and Corollary

4.13,2 instead of Proposition 4.1,1 and Corollary 4.13,1.
Therefore, we obtain

J _ J
(114) L) s/= ) s,
(i, /)€U (so,—w) (@i, /)€U (so,—w)
i=—2w-1

in the same way as in the proof of the case g even.
LEMMA 6.6.
(115) (G, )) € Uso, — w) |i = —2w — 1)
={(—2w -1, j) € Z* |(d}"*" Vls0], @) # 0}
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This is proved in the same way as in Lemma 6.3 by using Proposition 4.10 instead of
Proposition 4.3.
Therefore, when g is an even integer,

Supp(P,E)a'S"] (x)) = U S{ (by Proposition 3.8),

(i,j)eU (so,—w)

= U s oyamy,

(i, /)€U (s9,~w)

i=—2w-—1
= U S, (by(115).
0<j<n+2w+l1

(7" Plsol.a)#0

This means the result (23).
Thus, we complete the proof of Theorem 2.3.
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