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Abstract. In this paper we introduce a process of making a fiber join of regular K-
contact manifolds and then construct some explicit examples of K -contact flows which gener-
ate contact transformations of a torus. We also discuss the equivalence of these examples.

1. Introduction. A contact flow φt is a flow which is generated by the Reeb vector

field of a contact manifold (M, a). It preserves the contact form a and the contact plane field

ker a. A contact flow φt is called a K-contactflow if there exists a metric g on M such that φt

is an isometry. In this case the triple (M, α, g) is called a K-contact manifold ([2,3]).

Suppose we are given a K-contact manifold (M, a, g). If M is compact, the closure of

a J£-contact flow {φt\t e R] in the isometry group of (Λf, g) makes a compact connected

abelian Lie group, hence isomorphic to Tk for some integer k. Clearly this action of the

torus Tk also preserves a and g. Thus a compact ^Γ-contact manifold (M, a, g) has a re-

action which preserves both a and g. We will see that this property of Tk -action on a contact

manifold characterizes the "^-contactness" and k satisfies 1 < k < n + 1 when dim Λf =

In + 1 (see Proposition 2.1). We call (M, α, #) with this Γ^-action a A'-contact manifold of

rank k. A typical class of examples of K -contact manifolds of rank 1 is a family of regular

i£-contact manifolds (Λf, α, g). A regular contact manifold (Λf, a) consists of a pair of a

principal S1-bundle Λf over a symplectic manifold (W, ώ) and a connection one-form a. A

metric g is given by g = π*gψ (B (a ® a), where gw is a Riemannian metric compatible with

ω and π is the bundle projection M -> W (see Example 2.4).

In this paper we will present a method of constructing a K -contact manifold of rank

k > 2 out of Λ'-contact manifolds of rank 1 by making use of join construction in topology.

Let (Mo, αo, go), , (Mπ, α n , #π) be regular Λ'-contact manifolds and Lj an associated

complex line bundle of Mj —• W for each j (j = 0, 1,... , n). From these we construct a

^-contact manifold (Mo */ */ Mn, βχ, gχ) of rank n + 1 . Here Mo */ */ Mπ is the unit

sphere bundle S(Lo Θ'-®Ln) and βχ is a contact form with a parameter λ = (λo,.. . , λn) e

Rn+ι. We call the resulted K -contact manifold a fiber join of (Mo, αo> <?o)> , (M π ,α π , gn).

Applying a fiber join construction to three dimensional regular ^-contact manifolds, we

obtain infinitely many distinct ^-contact structures on Σg x S2n+ι and ΣgxS2n+ι (Σg is a

closed Riemannian surface of genus g) which are not Γ"+1-equivariant. Namely, we obtain

the following:
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THEOREM 4.5. For n > 1 there exist infinitely many different K-contact equivalence

classes of K-contact flows on Σg x S2n+X and ΣgxS2n+ι.

The author would like to express his gratitude to Professor Tadayoshi Mizutani and Pro-

fessor Yoshihiko Mitsumatsu for their continuous encouragement and helpful discussions.

2. The torus action on J^-contact manifold. A contact form on a (2n + ^-dimen-

sional smooth manifold M is a one-form a such that a A (da)n is everywhere nonzero. The

pair (Λf, a) is called a contact manifold. A contact form a determines a unique vector field Z

on Λf such that a(Z) = 1, da(Z, X) = 0 for any vector field X on Λf. We call Z and the flow

φt generated by it the Reeb vector field and the contact flow, respectively. A 2«-dimensional

distribution D on Λf defined by D := kerα is called a contact plane field. From the definition

of a and D, it is obvious the two-form da is non-degenerate on D. Namely, da induces

a symplectic structure on D. In this situation, it is well-known that there exists a positive

definite metric gτ and an almost complex structure J on D such that gτ(X, Y) = da(X, JY),

gτ(JX, JY) = 9τ(X, Y) for all X,Y e Γ(D) (the set of smooth sections of a vector bundle

D) (see [1]). The pair {gj, J) is said to be compatible with da. We can extend gγ on D to

whole TM by requiring gτ(Z, X) = 0 for any vector field X on M. Thus we get a Riemannian

metric g := gj Θ (a ® α) on M, which is called an adapted metric to the contact form α.

Note that an adapted metric g is not unique, depending on the choice gj.

Now we define a jfiΓ-contact manifold.

DEFINITION. Let (Λf, α) be a contact manifold with the Reeb vector field Z. If there

exists an adapted metric g to a on Λf such that Z is a Killing vector field with respect to g,

that is,

(2.1) Lzg = 0,

then we call (Λf, a, g) a K-contact manifold. Here Lz is the Lie differentiation in direction of

Z.

We call a and g of a A'-contact manifold (Λf, α, g) the K-contact form and the K-contact

metric, respectively. We also call the flow φt generated by the Reeb vector field Z of the

K -contactform a the K-contact flow of (M, a, g).

In general, a contact flow <p, preserves the contact form a. This is because we have

Lza = 0 from the definition of the Reeb vector field Z. It follows that a K-contact manifold

(Λf, a, g) has an /^-action induced by {φt\t e R] which preserves both a and g.

The following proposition characterizes a A'-contact manifold.

PROPOSITION 2.1. Let (Λf, a) be a (2n + \)-dimensional contact manifold and φt the

contact flow. If we assume that Mis compact, then the following statements are equivalent.

(1) There exists an adapted metric gtoa such that (Λf, α, g) is a K-contact manifold.

(2) There exist a torus Tk such that 1 < dim(Γ*) < n + \, a smooth effective Tk-

action {hu\u e Tk) on M, and a homomorphism Ψ : R —• Tk with dense image such that

ψt = hψ(t).
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PROOF. We will prove (1) => (2). Since M is compact, by Meyer-Steenrod theorem

(see [7]), the isometry group Isom(M, g) of (Λf, g) is a compact Lie group. It follows that the

closure of {φt \ t e R} in Isom(Λf, g) is a compact connected abelian Lie group, and hence is

isomorphic to a torus Tk for some integer k.

We now prove k < n + 1. Let Γ(TM) be the Lie algebra of the vector field on Λf and V

the Lie algebra determined by the image of the Lie algebra homomorphism Lie(Γ*) 3 ξ —•

d/dt \t=Qexp(tξ) e Γ(TM). Here exp : Lie(Tk) -* Tk is the exponential map. Let Z be

the Reeb vector field of (Λf, a). We denote by RZ a trivial line bundle spanned by Z. By

the isomorphism TM = D 0 RZ we have a unique decomposition X = X + a(X)Z for

X e V and X e Γ(D). From the fact that a(X) is a Γ*-invariant function and [X, Y] = 0

for any X, 7 e V, we see that [X, F] = 0 for any X, F e V. It follows that if we denote

by Xi , . . . , Xjc the fundamental vector fields of Tk-action determined by a basis of the Lie

algebra Lie(Γ^), there is an open set U such that Xi , . . . , X* determine a (k — 1)-dimensional

integrable distribution on U tangent to D. It is well-known that the maximal dimension of

integrable submanifolds of the contact distribution is n, so k — 1 < n and hence k < n -b 1.

We will prove (2) =Φ> (1). From the fact that φfa = a and the closure of {φt 11 e R}

is isomorphic to Tk, we have /z*α = a for all u e Tk. Namely, a is invariant under the

Tk-action, and so is da. In this case we can also take a positive definite metric gγ and an

almost complex structure 7, which is compatible with the symplectic form da on D, to be

invariant under this Γ^-action (see [1,15]). Thus we have a metric g = gj Θ (a 0 a) and it

is invariant under the action of Tk. In particular, we have Lzg = 0, and hence (Λf, α, g) is a

#-contact manifold. q.e.d.

The property of Γ^-action of Proposition 2.1 characterizes the "A'-contactness". Namely,

we may consider a K -contact manifold as a manifold which has an action of the torus Tk

containing the contact flow as a dense image, and hence the action of Tk preserves both a and

9-

DEFINITION. (Λf, α, g) is called a K-contact manifold of rank k if the closure of the

^Γ-contact flow {φt \ t e R] in Isom(Λf, g) is isomorphic to a A -dimensional torus Tk.

As a result of Proposition 2.1, we see that in the case of the contact flow on the compact

contact manifold (Λf, a) there is no difference between an isometric flow and a Riemannian

flow. Namely, we get the following:

COROLLARY 2.2 ([15]). If a contact flow on a compact manifold is a Riemannian

flow, then, {changing the transverse metric, if necessary), it is a K-contact flow.

PROOF. Let (M, a) be a compact contact manifold with the Reeb vector field Z. As-

sume that a contact flow φt of Z is a Riemannian flow, that is, there exists a transverse metric

(jr to the contact flow φt (a positive definite metric on the contact plane field kerα) such that

Lz9τ = 0. Note that gj needs not to be compatible with the symplectic form da. Then Z

is a Killing vector field with respect to a Riemannian metric g = gj 0 (a (8) a). So φt is an

isometric flow. Since the closure of {φt \ t e R] in Isom(M, g) is isomorphic to a torus, φt
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satisfies the condition (2) in Proposition 2.1. Therefore there exists a A'-contact metric g on

M, and hence φt is a A'-contact flow. q.e.d.

We will give two typical classes of examples of ̂ Γ-contact manifolds. They are needed

for the construction in Section 3.

EXAMPLE 2.3 ((2n + l)-dimensional #-contact manifold of rank n +1). Let S2n+X =

{z = (zo, ••• , Z/i) £ C " + 1 | Σnj=oZjϊj = 1} be a (2n + 1)-dimensional unit sphere in

complex (n + l)-space C r t + 1 . We denote the polar coordinate of Cn+X by (ro, #o>... » Oi> #/ι)

For rationally independent positive constants λo, . . . , λn, we take

(2.2) αλ = V^Ϊ/2 Σ λjizjdϊj - ϊjdzj) = Σ λJr]dθJ
y=o j=o

Then it is easily seen that otχ is the contact form on 5'2n+1 with the Reeb vector field

(2.3) Xλ = V^Σ ^Λzjd/dzj - Zjd/dzj).

Let φ\ be the contact flow of Xχ and

(2.4) ( e ^ 1 ^ , . . . , e^ltή (z0,... , zn) =

where (^v / = : T ί o,... ,^^/ZTί«) e Γ" + 1 c ( C * ) n + 1 , be the standard Γπ+1-action on S2n+ι.

Then we have

(2.5) tf (zo>... , Z n ) =

Since λo, . . . , λn are rationally independent, the closure φ\ z of the orbit φ\ z coincides

with the orbit Tn+X z for any z G 5' 2 π + 1. Thus, by Proposition 2.1, there exists an adapted

metric gχ to aχ such that (5 ' 2 " + 1 , ctχ, gχ) is a A'-contact manifold of rank n + 1. Here <& is

given by choosing a transverse metric #7 on kerα^ and setting gχ = gj Θ (c*λ

We define a 5 ̂ action on S 2 " + 1 by

^ (zo, zu . . . , zΛ) = ̂ β z o )

for ^ Λ ^ 6 1 G 5 1 c C* and positive integers ^ 1 , . . . , qn Choose an integer p such that

p and each qj are relatively prime, and consider the action restricted to ̂ e

2πk^-^θ/P | & =

0, 1,... , p - 1} = Z/pZ of the above .S^action. Then S2n+ι/'(Z/>Z) is also a ΛΓ-contact

manifold of rank « + 1 with the ^-contact form and the A'-contact metric induced from S2n+X.

REMARK. (1) The choice of gj on kerα^ is not unique. However, for example, we

can choose it to be the restriction of a Riemannian metric

n

(2.6) 2 Σ λJ(drJ ® drJ

tokerα λ .
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(2) Take {λo,... , λn} so that λo, . . . , λn form a ^-dimensional vector space over Q.

Then there exists a subgroup Tk of Γ π + 1 and a 7^-action induced by (2.4) such that for

z £ 5 2 π + 1 , the closure of the orbit φt z coincides with the orbit Tk z. Thus we obtain a

Λ>contact manifold (S2n+ι, aχ, gχ) of rank k. In particular, if we take λn = = λπ = 1,

then we get the K -contact manifold of rank 1 such that a K -contact flow determines the Hopf

^-fibration S 2 " + 1 -> CPn.

EXAMPLE 2.4 (^-contact manifold of rank 1). Let (W, ω) be a symplectic manifold

whose symplectic two-form determines a de Rham cohomology class contained in the image

of H2(W; Z) -> H2(W; R). Then there exists a principal S^bundle π : M -* W whose first

Chern class is equal to [ω] e H2(M; Z) and a connection one-form η on M with the curvature

form dη = π*ω ([6]). Hence η is a contact form on M whose contact flow of arbitrary point

is a principal Sι -orbit. It follows that by Proposition 2.1, there exists an adapted metric g to η

such that (M, η, g) is a K-contact manifold of rank 1. Here g is given by g = π*gw®(η<8>η),

where gw is a Riemannian metric compatible with ω on W. We call this ^-contact manifold

a regular K -contact manifold and its contact flow a regular K -contact flow. We also call the

principal S^-fibration (M, η, g) —• (W, ώ) the Boothby-Wang fibration ([4]).

3. A fiber join of regular K -contact manifolds. In this section we will present a

method of construction of a #-contact manifold of rank n + 1 out of (n -f 1)-pieces of regular

^-contact manifolds.

For j = 0, 1,... , n, let (M ; , ηj, gj) be a (2m + 1)-dimensional regular K-contact

manifold, whose Boothby-Wang fibration pj : (M ; , ηj, gj) -> (W, ωj) has the same base

space W. Let Lj be the total space of the associated complex line bundle of pj : Mj -> W.

Then Lj carries a Hermitian metric h induced by a canonical Hermitian metric on C. We

denote the norm on Lj determined by h and its natural lift to the Whitney sum Lo Θ Θ Ln

by the same letter r/ : Lj —• R. In this situation we define a, fiber join Mn */ */ Mn of

Mo,. . . , Mn to be the unit sphere bundle

(3.1) S(L0 Θ Θ Ln) = I v e Lo Θ Θ Ln

of Lo Θ Θ Ln.

REMARK. In the above construction, we are actually taking the join of the fibers of

Mo,. . . , Mn over each point of W. Recall than n + 1 times join Sι * * Sι = 5 r 2"+ 1.

We will show that on Mo */ */ Mn there exist a K-contact form and its Reeb vector

field, which are naturally induced from those of M/s.

For this, we denote a polar coordinate and a real coordinate of C by (Fj, θj) and (XJ , yj),

respectively. We also denote the Reeb vector field of ηj and its natural lift to Mj x C by the

same letter Xj. Similarly, we denote the natural lifts of the differential forms or vector fields

on Mj and C (such as ηj) to Mj x C by the same letter. Let L°. be the complement of the zero

section of L ; . Then we have the following:
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LEMMA 3.1. (1) For each j, the one-form ηj—dθj on Mj x(C—{0}) and the vector

field Zj := \/2{Xj — (xjd/dyj — yjd/dxj)} on Mj x C areprojectable. Namely, there exist a

smooth one-form βj on L°. and a smooth vector field Zj on Lj such that prUβj) = ηj — dθj

and (prj)*(Zj) = Zj hold, where prj : Mj x C -> Lj is the natural projection. Also βj

and Zj satisfy the following:

(3.2) βj(Zj) = 1, βj(d/drj) = 0, drj(Zj) = 0, dβj = τr*(ω; ) ,

where πj'.Lj^W is the projection.

(2) For eachj, rjβj and dβj extend to the S1-invariant smooth one-form and two-form

on Lj, respectively. The restriction oflrjdrj A βj to the fibers of Lj is a nowhere zero

two-form.

(3) Put

(3.3) Hj = {Xe TLj \ tχ(2rjdrj A βj) = 0}, Vj = {X e TLj \ ιxdβj = 0}.

Then we have a direct sum decomposition TLj = Hj 0 Vj and Hj = π*TW.

PROOF. First we will prove (1) and (2). Let Sι act in the standard fashion on C. We

consider the diagonal S1-action on Mj x C. Then the one-form ηj — dθj is invariant by

this S1-action on Mj x C. We also have (ηj - dθj)(Xj + d/dθj) = 0, where d/dθj :=

Xjd/dyj — yjd/dxj. Namely, ηj — dθj is a basic form. Hence there exists a one-form βj

on L°. such that prUβj) = ηj — dθj. Moreover r2.βj is extended to whole Lj as a smooth

one-form, since r?dθj is extended to whole Mj x C.

Since we have L^χj^.s/dθj)(Zj) = 0 on M x C, we see that there exists a smooth vector

field Zj on Lj such that d(prj)(Zj(x)) = Zj(prj(x)) for all x e Mj x C.

Next we verify the equations (3.2). The first three equations are obtained by direct

calculations. Namely, βj(Zj) = pr*(βj)(Zj) = (ηj - dθj)(Zj) = 1, βj(d/drj) =

(ηj - dθj)(d/drj) = 0, drj(Zj) = dΓj(Zj) = 0. The equations dβj = π*(ωj) follows

from dηj = p*cϋj, where βj : Mj x C —• W.

By using the equations (3.2) and the Cartan formula Lx = iχd + diχ, we get LZJ (rjβj)

= 0. Namely, rjβj is a one-form on Lj which is invariant by the S^-action determined by

The two-form pr*.(2rjdrj A βj) = 2rjdrj A ηj — 2rjdrj A dθj is nowhere zero on the

fibers of Mj x C —> W. Hence 2rjdrj A βj is also nowhere zero on the fibers of Lj —> W.

We will prove (3). Let Hj, Vj be subbundles of T(Mj x C) defined by

I Hj := {X e T(Mj x C) | ηj(X) = 0, Lχ(2FjdFj A dθj) = 0},

Vj :={XeT(Mj x C) \iχdηj = 0}.

Then we have the direct sum decomposition T(Mj x C) = Hj Θ Vj. By using equations

pr*(2rjdrj A βj) — 2?jd?j A ηj — 2FjdPj A dθj and dηj = pr^dβj, this direct sum

decomposition gives rise to the direct sum decomposition TLj = Hj 0 Vj. Here Hj = {X e

TLj I iχ(2rjdrj A βj) = 0}, Vj = {X e TLj \ iχdβj = 0}. q.e.d.
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We extend each vector field Zj on Lj to the one on Mo */ */ Mn as follows, and

denote it by the same letter. By using the canonical projection Pj : LQ X x Ln -> Lj and

the inclusion map / : TLj -> TLo x x TLn defined by I(WJ) = (0 , . . . , Wj,... , 0) for

Wj e TLj, we have IOZJOPJ : Lo x x Ln -^ TLo x x TLn. Namely, the vector field

Zj is extended to the one on Lo x x Ln. It is a vector field along the fiber of Lo x x Ln

and preserves the norm YTj=o r] ^ f°U° w s t n a t i t s restriction to MQ */ */ Mn is tangent

to Mo */•••*/ Mn, and hence Zj is extended to the vector field on Mo */•••*/ Mn.

We consider the pull back of the one-form rjβj on Lj by the composition map Mo */

• */ Mn -> Lo Θ Θ Ln —• Lj, and denote it by the same letter.

THEOREM 3.2. For j = 0,1,... ,n, let (My, ηj, gj) be a (2m + I)-dimensional

regular K-contact manifold with the Boothby-Wang fibration (My, ηj, gj) —> (W, a>j). Let

π : Mo*/ * / M n -> W be the projection. IfΣnj=oλjrjπ*ωj is non-degenerate on π*TW

for some non-zero constants λ$,... , λn, ί/*£« we have

(1) the fiber join Mo */ */ Mn of Mo,... , Mn is a (2m + 2n 4- I)-dimensional

K-contact manifold with the K-contact form

n

(3.4) βλ:=Σλjήβj.

Its Reeb vector field and a K-contact metric are given by

n

(3.5) Z λ := Σ X'λJZJ ' ^ = 5 r θ (βλ (2) A ) ,

where gγ is a positive definite metric on ker βχ.

(2) If we choose {λo,... , λn) so that λo, . . . , λn form a k-dimensional vector space

over Q, (Mo */ */ Mn, βχ, gχ) is a K-contact manifold of rank k. In particular, if

λo, . . . , λn are rationally independent, then (Mo*/ */ Mn, βχ, gχ) is a K-contact manifold

of rank n + 1.

PROOF. First we prove that βχ is a contact form on Mn */ */ Mn. We put R2 =

]Γy= 0 r2.. Since dβj — π*ωj, by a direct calculation, we have

2RdR Λ ^ λ Λ (dβχ)m+n =λo-λnR
2' 2r0dr0 A β0 Λ Λ 2rndrn A βn A I J^ λjr]π*ωj I

\y=o /

o n L 0 θ θ L π .

By the assumption, λo λn Σ " = o ^jr]π*ωj is non-degenerate on π*TW and clearly

R2 φ 0 on L° := Lo θ θ Ln — {zero-section}. From this together with Lemma 3.1, we

see that 2RdR Λ ^ λ Λ (dβχ)m+n φ 0 on L°. It follows that we have βχ A (dβχ)m+n φ 0

on Mo */ */ Mn, that is, βχ is a contact form on Mo */ */ Mn. Its Reeb vector

field is given by Z λ = Σ"=o 1/λjZj. This is because it holds that βλ(Zλ) = # 2 = 1 and

izλdβχ = Σ"=o 2O'^O = 0 on Mo */ */ Mn.
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We will show the Λ'-contactness of (M*/ * / M π , βλ) Using the one-parameter group

φ\ of Z y , we define a Γ"+1-action on Mo */ */ Mπ by

(3.6) ( e ^ ' 0 , . . . , e ^ 1 ' " ) (υo, . . . , ! > „ ) = (0° uo, , Φ?Hυn),

where ( e ^ " 1 ' 0 , . . . , e ^ 1 ' " ) G Γ n + 1 and v = ( υ 0 , . . . , υπ) G Mo */ */ Mn c L o Θ Θ

Ln. Let τ/rf

λ be the contact flow of Zχ. Then we have

(3.7) ψt-υ = (Φ°{l/λo)tvo, , Φ(\/χn)tVn).

Constants λo, . . . , λn form a fc-dimensional vector space over Q. Thus there exists a subgroup

Tk of Γ n + 1 and a Γ*-action induce by (3.6) such that, for any v = (t>o,... , υn) e Mo */

• */ Mn, the closure of the orbit ψ^ v coincides with the orbit Tk v. Hence, by Proposition

2.1, there exists an adapted metric gχ to aχ such that (Mo */•••*/ Λίβ, βχ, gχ) is a ̂ Γ-contact

manifold of rank £. Here gχ is given by choosing gj on ker )βχ and setting gχ = gr® (βλ®βλ)

q.e.d.

Indeed, there exist sympletic forms ωj, j = 0, 1,... , n, satisfying the condition of

Theorem 3.2 that Σ y = o ^jrjπ*ωj ^s non-degenerate on π*TW. For example, let (W, ω) be

a symplectic manifold and λj, Cj, j = 0, 1,... , n, be constants such that λjCj is positive

for all j . Then taking ω} , j = 0, 1,... , n, defined by ωj = Cjω, these satisfy the condition

above.

REMARK. (1) As an example of gj on ker βχ, we have the restiction of

(3.8) 2 ]Γ λj (drj (8) drj + ήβj ®βj) + Σ λjήπ*9w,ωj

j=o y=o

to ker βχ. Here #w,ω, is a Riemannian metric compatible with ωj on W.

(2) For positive integers q\,... , #„ and e^~^θ e Sι c C*, we define the .S'^action on
Mo */ */ Mπ by

(3.9) e ^ w (υo, υ i , . . . , υn) = (0^o, 0 ^ ^ i , , 0 ^ t ; π ) ,

where (υo,... , vn) e Mo */ */ Mn.

Let p be a positive integer such that p and qj are relatively prime for all j . We consider

the action restricted to {e

2nk^~*/p \ k = 0, l , . . . , / ? - l } = Z/pZ of the 51-action defined

by (3.9). Then its quotient space Mo */ */ Mn/(Z/pZ) is also a A'-contact manifold of

rank n + 1 with K-contact form and ^-contact metric induced from those on Mo */ */ Mn.

(3) The unit sphere bundle S(Lj) of Lj is a submanifold of Mo */ */ Mn, which

is diffeomorphic to My . As a metric gγ on kerβλ, take the one given by (3.8). Then S(Lj)

has a ^-contact form λjβj and a ^-contact metric λjQj which are given by the restriction of

those on Mo */ */ Mn to S(Lj). In this case (S(Lj), λjβj, λjgj) is called a K-contact

submanifold of (Mo */ */ Mn, βχ, gχ).

D E F I N I T I O N . A ^-contact manifold (Mo */•••*/ Λfπ, βχ, gχ) is called the fiber join

of regular K-contact manifolds (MQ, J7O» 0ϋ)» » Λ , Vn, gn)
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Using the construction in Theorem 3.2, we obtain #-contact manifolds (M, α, g) of rank

n + 1 with no effective Γ"+2-action which extends the /^-action induced by the A'-contact

flow and preserves a and g.

PROPOSITION 3.3. Let (W, ω) be a symplectίc manifold with no effective Hamίltonian

Sι-action. Take symplectic forms ωj — CJCO (CJ > 0) in the construction of Theorem 3.2.

Then (Mo */•••*/ Mn, βχ, gχ) has no effective Γ"+ 2 action which extends the Γ" + 1 -action

defined by (3.6) and preserves βχ and gχ.

REMARK. An example of symplectic manifold which satisfies the condition above is

negatively curved closed Kahler manifold. It has no torus action at all ([11]). It follows that

starting from this manifold, we can actually construct K -contact manifolds as in Proposition

3.3.

PROOF. Suppose that βχ is invariant under some effective Γw+2-action on Mo */ */

Mn which extends the Γ"+1-action defined by (3.6). Let (Mo*/ •*/Mπ xfl+, d{tβχ)) be the

symplectization of (Mo */ */ Mn, βχ), where R+ is the positive real line with coordinate

t. We extend the Γw+2-action on Mo */ */ Mn to the one on Mo */ */ Mn x /?+ such

that it acts trivially on /?+. Then this Γ"+2-action is Hamiltonian. Its moment map μ is given

by

/x:M 0 */ * / M n x l ? + G x h ^ -t(βχx(ZOx), . . . , βχx(Znx), βλx(Yx)) e Rn+2 ,

where Y is the fundamental vector field determined by the action of the last factor Sι of

γn+2 __ Tn+\ χ -̂1 s i n c e ^ j s c o n s t a n t o n a n y r"+2-Orbit ([1, Proposition 3.5.6]), the

composition map μ := pr o μ : Mo */•••*/ Mn x R+ —>• Rn+ι is also constant on it. Here

pr is the projection to the first n + 1 factor. Thus vector fields Zo, . . . , Zn, Y are tangent

to any regular level μ~ι(ξ) of/2, and hence μ~ι(ξ) has an effective Γw+2-action. Choosing

ξ = —(λo,... , λn) as a regular value of μ, μ~ι (ξ) is a principal Γn+1-bundle over W with

an effective Γπ+2-action. It follows that the orbit space μ~ι(ξ)/Tn+ι is diffeomorphic to W

and that it is a symplectic manifold (W, Σ " = o ^jωj) w ^ t n a n eff^ctive Hamiltonian ̂ ^action.

From Σ"_o λ 7 ω y = ( Σ " = o λjCj)ω, we see that the symplectic manifold (W, ω) also has an

effective Hamiltonian 51-action. This contradicts the assumption. q.e.d.

4. The equivalence of #-contact manifolds. In this section we will study the fol-

lowing two equivalence classes among the A'-contact flows of the compact connected K-

contact manifolds of rank k. Let (Mi, a\, g\), (M2, c*2, gi) be two such manifolds with Reeb

vector fields Z\, Z2. Let φ\l\ φt * denote their ^Γ-contact flows, respectively.

DEFINITION, (a) Two Λ'-contact flows φ\ \ ψt are said to be strictly equivalent if

there exists a diffeomorphism Φ : M\ -* M2 such that Φ*a2 = ca\ for some positive con-

stant c. (b) Two A'-contact flows φ\X\ φ\ ^ are said to be K-contact equivalent if there exists

a Tk-equivalent contact diffeomorphism Φ between (Mi, αi, #i) and (M2, «2, #2)- Here a

contact diffeomorphism implies that Φ*«2 = f&i for some everywhere nonzero function /

on M\.
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If φ\X\ φ\2) are strictly equivalent, we have dΦ o Z\(x) = cZi o Φ(x), and hence

Φ o ψ\X\x) = φ$ oΦ(x) for all x in M. Namely, after changing the parameter t oίφt into

ct, there exists an Λ-equivariant diffeomorphism Φ on M with respect to Λ-actions induced

by ψ\X\ <p%\ From the definition, it is obvious if two K-contact flows are strictly equivalent,

they are K -contact equivalent. The following two propositions show that the coverse is not

always true.

PROPOSITION 4.1. For any rationally independent read constants λ = (λo,.. . , λn)

and λ = (λo,.. . , λn), the K-contact flows φ\, φ) defined by (2.5) on S2n+ι are K-contact

equivalent. Moreover, they are strictly equivalent if and only ifλ coincides with cλ as a set

for some positive constant c.

PROOF. First we will prove that φ), φ\ are Λ'-contact equivalent for any λ, λ. Consider

a diffeomorphism Φλ/l : S2n+ι -> S2n+ι defined by

Φλ / Ϊ(zo, ,z n ) =

(4.D

Then Φ, /Ϊ is a Γ"+1-equivariant diffeomoφhism and Φ* ~aτ = (5TJ_n(λ//λ;)z\z , ) c^.
Λ/Λ * A ^y^ A \*—*J—\} J J J J/

Hence φ\, φ} are K -contact equivariant.

We will prove the second statement. Assume that φ\ and φ\ are strictly equivalent.

Namely, there exists a diffeomoφhism Φ such that Φ*αΛ = ca^ for some positive constant

c. Then Φ is a /^-equivariant diffeomoφhism with respect to /^-actions induced by φ\t and

φ\. It follows that the set of isotropy groups (λo/c)Z,... , (λn/c)Z of φ\t coincides with

that of λoZ,.. . , λnZ of φ\, where μZ = {2πμk \k e Z}. Hence λ coincides with cλ as

a set. Conversely, assume that λ coincides with cλ as a set for some positive constant c\

(λo,.. . , λn) = c(λσ(0),... , λσ(W)), where σ denote a permutation of {0, 1,... , n}. Con-

sider a diffeomoφhism Φ : 5 2 w + 1 ->• 5'2AZ+1 defined by Φ(zo> , Zw) = (Zσ(θ)» » ̂ σ(/ι))

Then we have Φ*aχ = ca~χ. Hence φf, φ\ are strictly equivalent. q.e.d.

A similar result holds for the contact flows of (3.7) in Section 3.

PROPOSITION 4.2. For any rationally independent read constants λ = (λo,.. . , λn)

and λ = (λo,.. . , λn), the K-contact flows τ/^λ, ψ^ defined by (3.7) on MQ */•••*/ Mn are

K-contact equivalent. Moreover, they are strictly equivalent if and only ifλ coincides with cλ

as a set for some positive constant c.

PROOF. We only show that ^ λ , ψ} are ^f-contact equivalent for any λ, λ. (The second

statement is proved by an argument similar to that in Proposition 4.1.)
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We define the bundle automorphism Ψk/k of LQ φ

Ψλ/-λ(v0,... ,vn) =

(4.2)

for (vo,... , υn) € Lo Θ Θ Ln. Then this preserves the norm Σ!j=o r^ Thus we have

its restriction to Mo */ */ Mn. It is a Γ"+1-equivariant diffeomoφhism and Ψ* ~β~λ =

(ΣΓ/=o(\/Ay)^)" βλ- Therefore ψ^ and ψ} are ^-contact equivalent. q.e.d.

In [13], Takahashi showed that there exists a deformation of the JΓ-contact flow on a

manifold as follows. Let (M, α, g) be a AT-contact manifold with Reeb vector field Z. Let V

be a vector field on M which satisfies the following three conditions:

(4.3) Lvg = 0, [V, Z] = 0, l + α ( V ) > 0 .

Consider a one-form ά and a Riemannian metric g defined by

(4.4) a = (1 + αKV))"1^ , g = (1 + α(V))- 1 #r φ (ά 0 a),

where 37 is the restriction of g to kerα. Then we have following:

THEOREM 4.3 ([13]). (M, ά, g) is a K-contact manifoldwith Reeb vector field Z + V.

K-contact flows φ\, ψf in Propositions 4.1 and 4.2 are both strictly equivalent to the

ones obtained by the above deformation out of the ΛΓ-contact flow of the ^-contact manifold

of rank 1, which we shall see as follows.

The K-contact flow φ) of ( 5 2 π + 1 , aχ, gχ) is strictly equivalent to the one

obtained by deforming the Reeb vector field Zε = y/-~lY^j=o(zJ^/^zj ~~ Zjd/dzj) of

(S2n+X, aε, gε), where ε = ( 1 , . . . , 1). Indeed, for μ ; satisfying 1 + μ ; = λy, take V =

lj) and consider άε and gε defined by (4.3). Then we have

aε = (l + Y^j^QβjZjϊj) otε and ΦχOίε = <*λ> where Φχ is a diffeomoφhism defined by

(4.1).

In the same way, the Λ'-contact flow ψ^ of (Mo */ */ Mn, βχ, gχ) is strictly equivalent

to the one obtained by deforming the Reeb vector field Zε = Σ " = o %j °̂  ί^o * / * * * * /

Mn, βε, 9ε), where ε = ( 1 , . . . , 1). In this case we take V = Σ " = o ^J^h w n e r e βj i s t n e

same as the above one.

In general, we apply the deformation in Theorem 4.3 for the following situation. Let

(M, α, g) be a ^-contact manifold of rank 1. We assume that there exists the Γ^-action

preserving a and g which satisfies the following three conditions; (1) k > 2, (2) Tk contains

the A'-contact flow of (M, a, g), and (3) there is no Tk+ι-action which extends this 7^-action.

Then the Reeb vector field Z takes the form Z = J2^ZQ(^M)J, where (%M)J is the vector field

defined by ($M)J (*) = d/dt | ί = 0 exp(ί§; ) x at x e M for a basis §o> . » &-i ^
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Let λo, . . . , λfc_i be positive constants such that λo, . . . , λ^_i form a r-dimensional vector

space over Q, where 1 < r < k. We take a vector field V = Σ!jZo ^J(%M)J and consider a

and g defined by (4.3). Then we have the following:

COROLLARY 4.4. (M, a, g) is a K-contact manifold of rank r with Reeb vector field

Z + V and is Tk-equivariantly contact diffeomorphic to (M, α, g).

PROOF. The identity map gives a Γ*-equivariant diffeomorphism between (Λf, α, g)

and (Λf, ά, g). q.e.d.

We will show that there exist ^-contact flows which are not K-contact equivalent. They

are not obtained by the deformation in Corollary 4.4 out of the same Λ'-contact flow of the

Λ'-contact manifold of rank 1.

Let Σg be the closed Riemann surface of genus g and ΣgxS2"^1 be the non-trivial

S2n+ι -bundle over Σg. Then our main theorem is the following:

THEOREM 4.5. Forn > I there exist infinitely many different K-contact equivalence

classes of K-contact flows on Σg x S2n+ι and ΣgxS2n+ι.

We will first consider the K -contact equivalence for Λ'-contact flows of K -contact man-

ifolds of rank n + lwe constructed in Theorem 3.2.

Let (Mo, ηo, go), , (Mo, ηn, 9n) and (Mo, ήo, 9o), , (Λfπ, ήn, g) be two sets of

regular ^-contact manifolds whose Boothby-Wang fibrations have the same base space. Then

the images S(LQ), . . . , S(Ln) of Mo,. . . , Mn in Mo */ */ Mn and the images S(Lo),... ,

S(Ln) of Mo,. . . , Mn in Mo */ */ Mn are two sets of points whose isotropy groups are

isomorphic to Tn (see Remark (3) of Theorem 3.2). Hence if there exists a Γπ+1-equivariant

diffeomorphism Φ between Mo */ */ Mn and Mo */ */ Mn, S(LQ), . . . , S(Ln) are

mapped to S(Lj),... , S(Ln) by Φ such that (changing the order of suffix, if necessary),

S(Lj) is Γ" + 1 -equivariantly diffeomorphic to S(Lj) for all j . Thus My is S^equivariantly

diffeomorphic to My for all j . From the definition, it is obvious that A'-contact flows on reg-

ular ^-contact manifolds are Jf-contact equivalent if and only if they are isomorphic to each

other as principal S^bundles. Therefore we have the following:

LEMMA 4.6. If K-contact flows of (Mo */•••*/ Λfrt, βχ, gχ) and (Mo */••**/

Mn,βλ,gχ) are K-contact equivalent, then K-contact flows of(Mj, ηj, gj) and (M ; , ήj, g j)

are K-contact equivalent for all] {changing the order of suffix, if necessary).

Let (Mo, 770, #o)> , (Λfn, ηn, gn), (n > 1), be three-dimensional regular /Γ-contact

manifolds, whose Boothby-Wang fibration have the same closed Riemann surface Σg of genus

g as base spaces. Then there are only two diffeomorphism classes of Mo */•••*/ M r t,

because Mo */ */ Λfπ is the S2n+λ -bundle over Σg and they are classified by the second

Stiefel-Whitney class of the bundle (see [8], Proposition 1.12). More precisely, we have the

following:

PROPOSITION 4.7. Let Mo,. . . ,Mnbeas above. Then the fiber join Λ#o */ */ Mn

is diffeomorphic to Σg x S2n+X ifΣ"j=o wj i s e v e n class> a n d t o ΣgxS2n+ι if Σ"j=o wj i s
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odd class. Here ΣgxS2n+ι is the non-trivial 5 2 n + 1 -bundle over Σg and Wj is the second

Stiefel-Whitney class associated with Mj.

PROOF OF THEOREM 4.5. Since H2(Σg, Z) = Z, there exist infinitely many different

isomorphism classes of principal Sι-bundles over Σg. From this result together with Lemma

4.6 and Proposition 4.7, we obtain Theorem 4.5. q.e.d.

Finally, we discuss some related problems.

Let φt be a non-singular flow generated by a vector field Z on a manifold M. Let RZ

be the trivial line bundle spanned by Z and D the smooth codimension one distribution on

M transverse to RZ. Then φt is said to be transversely symplectic Riemannian flow if there

exist a symplectic structure ω and a positive definite metric gγ on D such that Lχco = 0,

Lzgr — 0. From the definition, it is obvious that a ^-contact flow of a K-contact manifold

(M, α, g) is such a flow. In this case, D is a contact plane field ker a and a symplectic structure

on it is given by da. In [10], Molino suggested the following problem:

PROBLEM 1. Classify the transversely symplectic Reimannian flows on closed con-

nected 5-manifolds.

The case of n = 1 in Theorem 4.5 gives examples of such flows. Further examples are

given by introducing a surgery along a closed K -contact flow in [16].

We have the following problems related to Theorem 4.4.

PROBLEM 2. Are there different ^-contact flows on a sphere bundle over the sym-

plectic manifold W such that dim W > 4 ?

The author does not know whether there exists a symplectic manifold W such that the

isomorphism classes of the sphere bundle over W are finite and dim W > 4.

PROBLEM 3. Are there /f-contact flows of ^Γ-contact manifolds of rank n + 1 on a

(2n + 1)-dimensional manifold which are not #-contact equivalent to each other?

By the fiber join of regular K -contact manifolds, it is impossible to construct the (2n+1)-

dimensional ^-contact manifold of rank n + 1.
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