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(1, 2)-SYMPLECTIC STRUCTURES ON FLAG MANIFOLDS
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Abstract. By using moving frames and directred digraphs, we study invariant (1,2)-
symplectic structures on complex flag manifolds. Let F be a flag manifold with height k — 1.
We show that there is a k-dimensional family of invariant (1,2)-symplectic metrics of any
parabolic structure on F. We also prove any invariant ailmost complex structure J on F with
height 4 admits an invariant (1,2)-symplectic metric if and only if J is parabolic or integrable.

1. Introduction. Eells and Sampson proved in [9] that any holomorphic map be-
tween Kihler manifolds is harmonic and this was later generalized by Lichnerowicz as fol-
lows ([10]): Let ¢ : (M, g,J) — (N, h, JV) be a holomorphic map from a cosymplectic
manifold to a (1,2) symplectic one. Then ¢ is harmonic. Note that a (1,2)-symplectic mani-
fold is automatically cosymplectic. From this point of view, it is important for us to study the
(1,2)-symplectic structures on almost Hermitian manifolds.

In this paper, we discuss the existence and explicit construction of (1,2)-symplectic struc-
tures on complex flag manifolds. By a result of Borel and Hirzebruch, there are 2(9) invariant
almost complex structures on the complex flag manifold F = U(N)/U(ny) x --- x U(nyg)
([3]). Here the number k — 1 is called the height of F ([6]). Inspired by the existence of
J>-holomorphic maps from topological spheres to flag manifolds ([5]), we first concern our-
selves with the parabolic structures on F'. Notice that when k = 3, Eells and Salamon showed
that any parabolic structure on F admits a (1,2)-symplectic metric ([8]). Also a result of Borel
asserts that there is a (k — 1)-dimensional family of invariant Kihler metrics for each invariant
complex structure on F ([1,2]). In this paper, we show not only the existence but also an
explicit construction of k-dimensional family of invariant (1,2)-symplectic metrics for each
parabolic structure on F with height & — 1.

Since a Kéhler metric is automatically (1,2)-symplectic, a basic fact is that when k = 3,
each invariant almost complex structure on F admits a (1,2)-symplectic metric. The second
objective of this article is to show that there are two classes of almost complex structures (they
have been described by using directed digraphs), and these structures do not admit an arbitrary
invariant (1,2)-symplectic metric. In particular, we prove that when k = 4, an invariant almost
complex structure J on F admits a (1,2)-symplectic metric if and only if J is integrable or
parabolic. However, for k = 5, the corresponding result is false. In fact in Section 4 we
explicitly construct a 5-dimensional family of (1,2)-symplectic metrics for an invariant almost
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complex structure which is neither integrable nor parabolic. Finally, by applying these results,
we obtain some new harmonic maps into flag manifolds.

2. Invariant almost Hermitian structures on F(N). Without loss of generality, we
may consider full complex flag manifolds
F=F(,1,...,1; N):= F(N).
We denote by w the Maurer-Cartan form of U (N), that is,
2.1 w = (w; j)
and at the Lie algebra level, we write

u* (M€ = @ (spanfw,;} ® span{w;;})
i

(2.2) = I:@(span{wi;} ® span{w;,-}):| ® [@(span{wif} ® Span{wij})]
i i#j
:=wa)+~~+unrce(e905>,
i#j
where
2.3) D;; = span{Re w;;, Imw;;} .

Each real vector space D;; has two invariant almost complex structures, with its (1, 0)-type

and (0, 1)-type forms generated by w, j and w; I respectively. Borel and Hirzebruch ([3])

showed that there are 2(2,) U (N)-invariant almost complex structure J on F(N) determined
by the choice of one of these two structures in each D;;. We see that such a choice defines
a tournament 7 (J) with players T = {1,2,..., N}. Indeed, the space of (1, 0)-cotangent
vectors at the identity coset, can be identified with

2.4 m1,0 = span{w;;}
i—j
where
2.5 JN)=i—ji,j=1,...,N withi # j}.
Now we may define all invariant metrics on F(N) (see [4]) by
(2.6) dsi =) hjwj @,
ij
where
2.7 A = (Aij)

is a real symmetric matrix such that
>0 ifi#j,
Aij {

2.8
28) =0 ifi=j.
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For an alternative description, see for example [11]. Note that (2.6)—(2.8) define an Hermitian
metric on F(N) for each invariant almost complex structure J, since

dsft(JX, JY) = Z)Lijwij(‘,x)wfj(‘ly)
2.9) b
= hijeivV—lw;5(X)ei (—/ =Dy (¥) = ds] (X, Y)
i

for any vector fields X and Y, where

1 i—>j,
(2.10) gj=4 -1 j—>i,
0 i=j.

It is clear that & := (g;;) is anti-symmetric.

Let ), be the permutation group of N elements with identity e. Foreach t € ), the
Kihler form £2, with respect to the U (N )-invariant almost Hermitian structure corresponding
to a tournament 7 (J) (see (2.5)) and an invariant Hermitian metric dsf‘ (see (2.6)), is defined
by

Q(X,Y) :=ds3(X,JY)

=D ()@ yr iy X0y (V)
i

=—-v-l (Z‘*’ Z) er@iyr(H AN iz (Xwrgye ) (D]

i<j i>j

.11

= =21 ey e ()@ iyey A @re (X V) s

i<j
where ¢;; is defined by (2.10). The Kéahler form £2 is given by:

2.12) 2 = -2V=1) tely()@yr ) A Pee )

i<j

for arbitrary t € ) _ 5, and

(2.13) Hij = €ijhij
satisfies that

(2.14) mij+wmji =0.
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By differentiating (2.12) and using the Maurer-Cartan equations for U (N), one deduces the
following:

N
542 =) ey | D @i A e A ORie()
k

i<j

(2.15)

= 2 Oz A Brye A “’r(k)Tj)]
k
=2V=1) ety D M@, 57 A @epr A O
i<y kL, j
Hence we get

1
1992 = ( BRI )Mrmr(j) M@y )70 A Cr e N Cee))

(2.16) k<i<j i<k<j i<j<k
= Y GG
i<j<k
where
2.17) Cijk = Wij — Mik + Hjk
and
(2.18) Yijik = Im(w;; A o Awjp) -

We denote by C?-9 the space of complex forms with degree (p, g) on F(N). Then, for
any i, j, k, we have either

(2.19) Wk € "2 @ >0
or
(2:20) YipeC?oCH.

~ DEFINITION 2.1. An almost Hermitian structure (dsi, J) is (1, 2)-symplectic (resp.
Kibhler) if and only if
d2)"? =0 (resp.dS2 = 0)
REMARK. For the root pattern criteria of the (1, 2)-symplectic (quasi-Kéhler in an al-
ternative terminology due to Wolf and Gray) see [13, page 154, Theorem 9.15].

3. Parabolic invariant almost complex structures. An invariant almost complex
structure J on F(N) is called parabolic if there exists a permutation 7 such that 7(J) is
given by

3.1 (@) > t(j)ei—je€2N o j—ie2N-1.

REMARK 3.1. For an equivalent description, see for example [5]. The main goal of
this section is to show that for each parabolic almost complex structure on F(N), there exists
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an N-dimensional family of almost Hermitian (1, 2)-symplectic metrics and to write out their
explicit formulas. More precisely, we have the following.

THEOREM 3.2. Suppose that J is a parabolic invariant almost complex structure on
F(N) with the corresponding tournament given by (3.1). Then an invariant metric ds% is
(1, 2)-symplectic with respect to J if and only if A satisfies that
ai +aiy2+ - +ak-2,

if k—ie€?2N,
a +ag+2+ - +an-1 +art+az+---t+ai-2,
if i,Ne2N—1 and k € 2N,
ay +ag+2+---+anytat+ast+--+ai-2,

B2 A = if N,ke2N—1andie?2N,
ay t+ag+2+---+anv-2+an-1t+ar+a3+---+ai-2,
if Nke2Nandie€2N—-1,
ak + a2+ - +av3+ay +tay+as+---+ai-2,
if i, Ne2Nand ke2N-1,
where ag = ay,a—1 = an—].
PROOF. Foranyi < j < k, from (2.4) and (2.8) it follows that
(3.3) We(iyeGye k) € CH2 @ €2

if and only if one of the following is true for any i < j < k:
i) j—i€e2N,k—je2N—1,
(i) k—j€e?2N,j—ie2N—-1,
(i) j—i,k—j€2N.
The corresponding C )z (j)z (k) Vanishes if and only if, from (2.17):
M Ae(pewy = Aeye() + Arire)s
D Aeiye(y = Aetiyry + Ae(pye),
(D) Aryew) = ez + Aeie)s
respectively. It follows that dsf\ is a (1, 2)-symplectic metric with respect to J if and only if
(D—1I) hold, where i < j < k satisfy (i)—(iii), respectivcely.

Put
Ar(peGi+a), i j=1,2,--0 N =2,
Ar(hr(N-1y, if j=N-—-1€2N,
(3.4) aj = Az(D)T(N) » if j=N—-1€2N—-1,
Ar@r(N-1, if j=Ne€2N,
Ay, if j=N€e2N-1.

Assume now that dsf‘ is a (1, 2)-symplectic metric with respect to J. Then:
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a) Ifk —i € 2N, then we have from (III)

Aryrk) = Ae)e+2) + A+ k)
3:5) = Ar(i)e(i+2) T Ar(i4+2)c+4) + Aci+4)r k)
' = Ae()r(i+2) + Ar+2)rG+4) o F A=)z (h)

=ai+ajy2+---+ar-2.

b) Ifi, N € 2N — 1,k € 2N, then

(0]
Ar@)rk) = Ae(1)r() + Ar (k)

D
(3.6) = Ar(hr) T Aryr(N=1) + Az (v-1)
(34

(4_4_5;a1 +a3+---+ai—2t+an-1 taxt+ag42+---+an-3.

¢) IfN,ke2N —1andi € 2N, then

()
Ari)rk) = Ar()z(N) + Az (v)

a
3.7 = Ae@e) T Ay + Ay

35
§3=6;az+a4+"'+ai—2+aN takt+akt2+ - tan-2.

d) When N,k € 2N and i € 2N — 1, we have:

am
Ariyrk) = Ae@)r(N) + Azt (V)

a
(3.8) = Ar()e@) T Aer vy F ATy
A3

5
(3=6;a1+a3+...+ai__2—+—aN__1+ak+ak+2+"’+aN—2-

e)Ifi, N € 2N and k € 2N — 1, then

(1
Ariyr) = Ar@)r) T Ar@)rk)

(I
(3.9) = A@r() T A@rv-1) T Aryr(v-1)
3.5
E3=6;a2 +a4+---+ai—2+ay+ap+agy2+ -+ an-3.
Hence (3.2) holds.
Conversely, assume that A = (A;;) satisfies (3.2). Then
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i) Ifj—iec2Nandk —j € 2N — 1, then

Ayl T A
=aitaiy2+--t+aj2
Gy +ag+2 +---+an-1tay+a3+---+ai-2
(,Ne2N-1)
ag +agy2+---+an—2+an-1+ar+az+---+ai-2
ie2N—-1,N €2N)
ar + a2+ +ay+artas+---+ai2
i€2N,Ne2N-1)
ap+agyr+---+an-3t+ay+ax+as+---+ai-2
(i, N € 2N)
ag+agy2+---+an-1+art+a3+---+ai-2
ap+ag+2+---+an—2+an-1+ar+a3+---+ai—
ag +ag42 + - t+ay +axt+as+---+ai2
ap +agy2+---+an-3+ay+axtas+---+ai-2
= Ae(j)r(k) -
il) If j—ie€e2N—1andk — j € 2N, then

Ariyre) + ATy

ak +ax42+---+av—2+av-1t+ar1+a3+---+ai—
(i,Ne2N-1)

Gk +ak+2 + - +an-—2tan-1 +ar+az+---+ai2
(ie2N—-1,N €2N)

akt+ a2+ - tavn+axt+as+---+ai—2
(ie2N,Ne2N—-1)

Gk +ag42+---t+av3+avtartas+---+ai2
(i, N € 2N)

+aj+tajyr+--+ a2

aj+ajy2+---+ay-1+ar+az3+---+ai—2

aj+ajt2+---+av-2+an-1+ar+a3+---+ai—2

ajtajp2+---tavtaxt+as+---+ai-

ajtajypp+---+ayv-3t+ay+ar+as+---+ai
= Ay -

iii) If j —iandk — j € 2N, then

Ar@ye() T Ay = @i +aiva + - +aj2) + @ +ajp+ - +ar-2)
=ai + 12+ -+ @G22 = Aoy -

Hence ds‘j" is an almost Hermitian (1, 2)-symplectic metric with respect to J.



278 X. MO AND C. J. C. NEGREIROS

4. Almost complex structures without invariant (1, 2)-symplectic metrics. Since
the Kéhler condition implies the (1, 2)-symplectic one, any invariant almost complex struc-
ture has a (1, 2)-symplectic metric for F(3). A natural question is then the following: “Is
there a (1, 2)-symplectic metric for any U (N)-invariant almost complex structure on F'(N)?”
Concerning this question, we have:

THEOREM 4.1. Suppose J is a U(N)-invariant almost complex structure whose as-
sociated digraph contains configurations of Figure 1. type. Then J does not admit any left-
invariant (1, 2)-symplectic metric.

PROOF. If the tournament 7 (J) contains (i), then we can mark this 4-subtournament
as in the Figure 2 for some permutation ¢ € ) _,. Suppose that dsf1 is (1, 2)-simplectic with
respect to J. Since

Cryr@y PTrE) L@ PT@r0) Yr)r@ Pr3)7@)
are (1, 0)-forms, we have
Cryr@e3 =0,
4.1) C:yr3)ed =0,
Cr@r3)ye@ =0.
From (2.10), (4.1) is equivalent to
Ar(yr@ tAre@) — A3 =0,
4.2) —Ar(yr@) T A (@) +Ar3)r@ =0,
—A@13) ~ Ar@r@) +A@)re) =0.

A A

(i)

FIGURE 1.

(1)

L7 TN

t(3) 7(2)

FIGURE 2.



(1,2)-SYMPLECTIC STRUCTURES ON FLAG MANIFOLDS 279

Hence we have

Ar@)r@3) = Ar(hr@) + A () d)
= Ar()r@) T Ar(Hr@) T Ar3)r @)
= A1) T Ae(r@ + A1) 3) T A @r@) >
which implies that
Ar(hr@) T Ar(yr@d) +Ac2)3) =0.

Therefore, by using (2.8), we derive a contradiction. In a similar manner we can prove the
theorem for the type (ii). Q.E.D.

If we use Figure 3 (which is taken from [12]), we see all the isomorphism classes of a
4-tournament (see [12, page 87] for more details). Clearly, (i) is canonical, (ii) and (iii) are
listed in Theorem 4.1, and (iv) is parabolic. Combining Theorems 3.2 and 4.1 with Borel’s
result ([1,2]), we have

THEOREM 4.2. An almost complex structure on F(4) is integrable (resp. parabolic)
if and only if it admits a symplectic (resp. non-symplectic (1, 2)-symplectic) invariant metric.

Also, combining Theorem 3.2 with Borel’s result ([1, 2]), we have

PROPOSITION 4.3. Tournaments arising from integrable or parabolic almost complex
structure contain no configurations of type (i) and (ii) in Theorem 4.1.

From Figure 3 the converse of Proposition 4.3 is true if N = 4. Nevertheless, the
following result shows that the converse is false in general.

PROPOSITION 4.4. There is an almost complex structure J in F(5) such that:
(@) J is neither integrable nor parabolic;

(b) J(J) contains no configuration as in Theorem 4.1,

(c) J has a 5-dimensional family of (1, 2)-symplectic metrics.

PROOF. Consider the almost complex structure J on F(5) such that 7(J) is defined
by the tournament in Figure 4. Then it is easy to see that the score vector (i.e., the number
of games that each player won) of J(J) is (1, 1, 2, 3, 3). On the other hand, integrable (resp.
parabolic) almost complex structures have score vector (0, 1,2, 3,4) (resp. (2, 2,2, 2,2)).
Furthermore, isomorphic tournaments have the same score vector. So J is neither integrable
nor parabolic.

A A A A

(ii) (iii) (iv)

FIGURE 3.
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ANV

FIGURE 4.

There are five 4-subtournaments in J(J). The number of 3-cycles in them is O or 2.
However, the diagrams in Theorem 4.1 have only one 3-cycle. So we have (b) of Proposition
4.4. Owing to the definition of J and (2.16), we have

1
Z[(d-f?)l’2 + d2)*1] = C124%124 + C125%125 + C134¥134 + C135W135
+ C145%145 + C245%245 + C345¥345 .

Together with (2.10), (2.13) and (2.17), we see that dsf‘ is (1, 2)-symplectic if and only
if (A;j) = A satisfies:
A24 = A12 + A1s = A5 + Ags,
A2s = A1z + Ais,
A13 = Aa +A34 = A5+ A3s,
Aa = A15+ A4s,
A3s = A34 + Ags.

It has the following solution:

0 Al A2+ As+As A2+ 2As A2
Al 0 A3 AM+Aa+As A+ A
A+ Ag+As A3 0 Aq Aa+2As |,
A2+ As A+ As+As Aa 0 As
A2 AL+ A2 Ag+ As As 0

which implies (c).

5. Harmonic maps into flag manifolds. In this section, we construct new examples
of harmonic maps into flag manifolds by using the following

LEMMA 5.1 ([10]). Let¢ : (M, g) — (N, h) be a -holomorphic map between al-
most Hermitian manifolds where M is cosymplectic and N is (1, 2)-symplectic. Then ¢ is
harmonic.

THEOREM 5.2. Let ¢ : S — G,(CV) be a harmonic map. Then there exists a flag
manifold F = F(ny, ... ,ny; N) and a harmonic map ¥ : $2 - (F, dsi) such that either ¢
or ¢t is given by m, o W, where A = (X;}) is given in (3.2) (take T =identity), k < 2r 4+ 1is
odd and ¢ is the orthogonal complement of ¢ with respect to the standard Hermitian metric.
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PROOF. From Proposition (2.15), (2.16), Theorem (3.9) and Corollary (3.3) in [5],
there exist k(e 2N —1) <2r+1, F = F(ny, ... ,nk; N) and a holomorphic map ¥ : s? -
(F, J) such that either ¢ or ¢J‘ is given by ., o ¥, where J, the canonical parabolic almost
complex structure and 7, : F — G, (€M) is a homogeneous Riemannian fibration with
respect to the identity permutation e. Now our conclusion can be obtained as an immediate
consequence of Theorem 3.2 and Lemma 5.1.

REMARK 5.3. It is clear that we can extend Theorem 5.2 to any nilconformal har-
monic map of order k from a connected Riemann surface (see [5] for details).

Now we are in a position to construct new harmonic maps between flag manifolds. De-
fine a homogeneous fibration
w:F@ny,... ,ng, N> F(ny +ng,na,... ,nxg—1, N)
by
n(Ey,...,Ex) = (E1® Ex, Ea, ..., Ex_1).

Then 7 is holomorphic with respect to the parabolic the structure J> ([5]). Combining this
with Theorem 3.2 and Lemma 5.1, one gets the following

PROPOSITION 5.4. Letk € 2N. Then w is harmonic with respect to all (1, 2)-symplectic
metrics of Jp given in (3.2).

REMARK 5.5. It is easy to see that the argument about (1, 2)-symplectic structures
for any F(ny,...,nk; N) = UN)/U(ny) x --- x U(ng) is similar to that for F(k). For
example, for F(1, 1, 2; 4) the family of invariant metrics on it can be described as follows:

dsh = M(@p307) + 03j03)) + M2 (@303 + w3705; + 01307, + 4103
T A3(wp3033 + 3303, + Wy§W3y + W4307)) -
Now we consider an invariant almost complex structure on F(1, 1, 2; 4). We define ¢; (i =
1,2,3) by

o = 1 if w3isa(1,0) — form,
-1 if w3isa (0, 1) — form,

6y = 1 if w3 and w; are (1, 0) — forms,
—1 if w3 and w; are (0, 1) — forms,

oy = 1 if w,3 and w,y are (1, 0) — forms,
—1 if w,3 and w,; are (0, 1) — forms.

Then each choice ¢ = (¢, &2, €3) determines an invariant almost complex structure so that
the associated Kihler form is given by

§2 = =2 =1[m1 (@13 A 0pp) + H2(013 A 03 + 013 A 0F) + 13(023 A w33 + w3 A w3)],
where

Kj=¢€jhj.
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Hence it is easy to show that

1
(5.1) ng = (1 — p2 + p3) Imf(w)3 A w35 + 03 A wg3) A o],
which is very similar to (2.16), where t is the identity permutation and N = 3.
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