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Abstract. We study the asymptotic behavior of the quadratic means on spheres of
increasing radius of the Fourier transforms of characteristic functions of sets with smooth
boundary. Beside to give different proofs of known Euclidean results, we also consider the
non-Euclidean Fourier transform on the two dimensional sphere and the hyperbolic disk.

This paper is devoted to the study of Fourier transforms of characteristic functions and
more generally of piecewise smooth functions, that is, functions of the form f(x)xo (x) with
f(x) smooth and §2 a bounded domain with smooth boundary. The decay of these Fourier
transforms is related to the geometry of the domains, in particular, Herz and Hlawka have
proved that for bounded convex sets in R with smooth boundary of positive Gaussian curva-
ture, | X (§)] < c|&|~N+D/2 This agrees with the estimate for a ball, but for non convex sets
or convex with flat boundary it may fail. An example is given by the Fourier transforms of
characteristic functions of polyhedra which simultaneously present minimal and maximal rate
of decay. Along almost all directions there is a decay |£|~", but in the directions orthogonal
to the faces the decay is only |£|~!. This different behavior along different directions suggests
the study of an average decay, and indeed Varchenko has proved that for bounded domains
with smooth boundary one has

Ui

Observe that this quadratic estimate matches with the pointwise decay given by non-
vanishing curvature, and hence it is best possible. A two dimensional result of Podkorytov
replaces smoothness with convexity, but the peculiarity of Varchenko’s result is that, except
for smoothness, there are no geometric assumptions on the domains.

In this paper, we give a different proof of the above quadratic estimate, using a method
that allows to establish analogous results for Fourier transforms on other symmetric spaces. In
particular, we shall consider explicitly the sphere and the hyperbolic disk, which are models
of the non-Euclidean elliptic and hyperbolic plane. In the case of the Euclidean spaces, we
consider integrals of the type

2 1/2
da} s

o
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2 172
da] < cp~WN+D/2,

/ exp(—2mipo - x)dx
Q

f f(x)exp(—2mipo - x)dx
Q
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with f(x) smooth. The Gauss-Green formula essentially reduces the integral to one on 952,

2 1/2
Qrp)~! { / da} ,
{lol=1}

and, introducing local coordinates on {}o| = 1} and on 952,

2 4172
cp—] {/ dt} .
RN—I

Hence one is led to estimate the boundedness on L2(R™~!) of a Fourier integral oper-
ator with phase @ (¢, u) = o - x. The point is that this phase degenerates, the determinant
[82¢(t, u)/0dt;du ;] vanishes at some points and the standard techniques do not immediately
apply. See, for example, [9]. Nevertheless we shall prove that there exists a constant ¢ such
that, if the support of f(x) is suitably small,

2 12
I of s o]
flol=1} R

For functions with big supports this asymptotic result may be false, and an example is
given by the Fourier transform of a ball, which vanishes on a sequence of spheres.

The exponentials {exp(2i - x)} are eigenvectors of the Laplace operator on R" with
eigenvalues {47t2|$ |2}, and the projection of the function f(x)xgo (x) to the subspace associ-
ated to eigenvalues between 4772 p? and 472(p + 1)? is given by

fx)o - n(x)exp(—2mipo - x)dx
R

/ F(u)A(t, u)exp(—2mip®(t, u))du
RN-1

1/2

/ f(x)exp(—2mipo - x)dx
2

/ f fx)expmi& - (x — y))dyd§ .
{o<ltl<p+1} /2

The result of Varchenko thus implies that the square norm of this projection satisfies the

estimate
2 172
dx }

{/ / / f(x)exp2ri& - (x — y))dydé

RN | J{p<|t|<p+1} /2
2
pN_'dpda]

{7 ]

We want to prove similar estimates for spherical harmonic expansions. Every square
integrable function on the sphere S = {x € R3; |x| = 1} has a spherical harmonic expansion,
or Fourier-Laplace series,

vz,
S.._

/ f(x)exp(—2rmipo - x)dx
Q

+00
=Y [ /S ZiGx y)g(y)dy] ,

k=0

where the zonal harmonics {Z;(¢)} are multiples of Legendre polynomials. The terms of this
series are projections of the function to the eigenspaces of the Laplace operator on the sphere
corresponding to eigenvalues {k(k + 1)}. It is not difficult to see that for piecewise regular
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functions, the terms of the series are pointwise bounded by ck~!/2, however the mean square

decay is better,
2 12,
[/U ZyGx - ) F )y dx} <<
sl/e k

This estimate for the norms of the spherical harmonic projections is natural. Roughly
speaking, one should expect at least a decay k~!/2, since the sum of the square of the norms of
spherical harmonic projections is finite, plus an extra decay k~!/2, because piecewise smooth
functions have half a derivative in L2(S). Also, this matches with the corresponding estimate
for the euclidean Fourier transform.

An important tool in the study of the decay of Fourier transforms is given by the method
of stationary phase. We shall not use explicitly this method, but we shall deduce our results
from an integral involving Bessel functions,

+oo I'((e+B+1)/2)
Jim | wiend Ja(dt = 2 E e Iy 0),

which holds whenever « + 8 > —1 and ¥ () is smooth with compact support.

The first section of the paper contains the easy proof of this formula and some corollaries.
In the second section we prove quadratic estimates for the Euclidean Fourier transform of
piecewise regular functions. In the third and fourth sections we consider analogous problems
on the sphere and the hyperbolic disk. Our motivation for the study of the average decay
of Fourier transform arises from problems on estimates of the number of integer points in
large domains and also from problems on localization and convergence of Fourier expansions.
Some of the results in this paper are part of the dissertation of A. Torlaschi at the “Universita
degli Studi di Milano”.

1. Some integrals involving Bessel functions. In this section we consider the as-
ymptotic behavior, when p — +o00, of integrals of the type

f / Gx, Ja(plx deydx.
RN - yhe

The following argument is heuristic.

// Ja(plx yl)dydx
RN —yDe

+00
=p~N/ f/ Gx,x + p~lt9) Iy )tV dtdddx
RN Js Jo

+00
o~ NIS| (/ tN_“_lJa(t)dt) (f G(x,x)dx) )
0 RN

Hence we expect that the integral is dominated by p~", but we also expect an extra decay
if by chance f0+°° tN=e=1J (t)dt vanishes. Let us consider this last integral. In books on
special functions one can find Weber’s formula

+00 F(c+p+1)/2)
8 Y. .
/o Pt = BT )
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See, for instance, [15]. The function 8 J,(¢) on the left is integrable in a neighborhood of
t =0if @ + 8 > —1, and in a neighborhood of t = +o0 if 8 < —1/2. But the quotient
of Gamma functions on the right is finite for a larger set of indexes and it may vanish at the
poles of the denominator. This suggests the following.

LEMMA 1.1. Ifa+ B > —1, then there exist ¢ and k such that for every ¥ (t) smooth
with compact support and for every ¢ > 0,

400 5 k dj
’ fo ¥ (en)tP Iy (1)dt Scjgofgg mwo)\.
Moreover,
. oo T'(@+B+1)/2)
B — B
Jim A Y (et)tP Iy (t)dt =2 F@—F+D /2)"’(0)'

PROOF. Since (3/8t)(t% ! Jy11(2)) = t*+1J,(¢), an integration by parts reduces an
integral with parameters («, B) for the function ¥ (et) to one with (¢ + 1, 8 — 1) for an
associated function ¢ (et) with ¢(0) = (1 + a — B)¥(0),

+00 +00 9
Y(et)tP Iy (t)dt = G 5"“” Jat+1(2))dt
0 0

B +00 Rhadg 9 B—a—1
=V e 05 = [ s O et

+00
= /O (1 +a = B)y(er) — ety (€)P ™ oy (1)d1

+00

= ¢ (entP Jypi(t)dr .
0

One can iterate until 8= J, () becomes absolutely integrable, then the dominated
convergence theorem applies. This show that f0+°° W (et)tP J,(t)dt is uniformly bounded
ine > 0 by czl;zo sup;»o [(d/y/dt/)(t)| and that lime_o4 [y Y (NP Ju(t)dt =
c(at, B)Y(0). To determine the constant c(w, B) it is enough to test the distribution on a
particular function. |

LEMMA 1.2. Denoteby L = —8%/3t>—(N —1)t~"'3/3t the radial part of the Laplace
operator on RN . Thenforn=0,1,2,...,

n

N2 gy pypn(®) =D (N, n LN Jy oy k(1))
k=0

PROOF. We can prove this lemma by induction, using the formulas
0 _ -
5,0 Ha®) = ~17 a1 (),
1% Jag2(8) = Qo+ 20t o1 (1) — 174 Jo (1) .
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From these formulas it follows that
_ 2 N-10)\ _
t“Lm)=(—5;——7— )0“&0»+@a+2 N gp1 ().

O

THEOREM 1.3. Let 2 be a bounded domain in R" with smooth boundary and F (x, y)
a smooth function in RN x RN. Then,

J(N 2)/2-n(plx — yI)
’ / / "ol -y XY
PROOF. The idea is that a Laplacian in front of a Bessel function gives a gain of a

factor p~2 and the Gauss-Green formula reduces an integration over £2 to one over 952. By
the previous lemma applied twice,

<cp~N-T,

Jiv=2y2-n(plx = y|) o= Jn-2)/2-k(plx — y])
(plx — yD®-272=m = Zod(N "8 o — o ) -

Hence we need to estimate integrals of the type

o [, [ ren Ay(J&(Iplx i) 4ot

_ a Ju(plx = yl)
= 4 F(x, ( )d d el
P /asz /arz .y )an<x) an) \(olx —ype ) ¥ T

witha = (N —2)/2 —k and 0 < k < n. The terms omitted are zero when F(x, y) = 1,
and in the general case a reiterated use of Gauss-Green formula shows that these terms give
negligible contributions. Now observe that

5 9 Ja(mx—yn)_ 5 ( o Ja+1(p|x—y|>)
on(x) an(y)((mx—yna = aneny \P T O e
Ja+1(p|x - Y|)
= p’n(x) - n()’)WT

a+2(p|x yl)
(plx — yDetz ~

Using partition of unity, we may assume that the intersection of the support of F(x, y)
with 32 x 342 is essentially flat. For a fixed x it is possible to introduce a sort of polar
coordinates on 952 centered at x, writing y = y(x,9,¢) witht = |x — y| and & € S.
In order to obtain these coordinates one can consider the exponential map y = Exp[x, Y]
from RY~! in 8£2, write in polar coordinates ¥ = r and then make the change of vari-
ables t = |Exp[x, r#] — x|. In these coordinates the surface measure takes the form dy =
o(x, B, t)tN‘zdtdﬁ. Also, for x and y on 352, one has [(x — y) - n(x)| < c|x — y|2 and

—p*x =) - nx)(x —y) -n(y)
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(x —y) -n@)(x — y) -n(y) = ¥(x, 9, )t*. Then
Jay2(plx — y)
Fl,y)x—y) -nx)(x —=y) -n(y)—————1r
[39 /a.o o=y (olx — y)o+2

+00
=p N3 / / / Gx,®,t/p)tN "% Jyya (t)drdvdx .
a2 JS JO

By the first lemma the inner integral in ¢ is bounded, so that the contribution of this term
is of the order of cp™" 3. Finally,

_ Jat1(plx = y)
? / / Fx, yn(x) - () oo dady

+00
=p_N_l/ f/ G(x, 9, 1/p)tN 3 Jyp1 ()dtdddx .
S JO

—N—1

dxdy

Again by the lemma, the above quantity is bounded by cp and, when p — +00, we also

have the asymptotic
+00
/ / / G(x, 9, t/p)tN 3 Jyp1 ()dtd¥dx
a2 Js Jo

~ oN—a-3__ TN —1)/2) / f G(x, 9, 0)dddx .
(e —N+5)/2) Jye Js 7

2. Fourier transforms in Euclidean spaces. Revisiting [14], we consider the mean
square decay of the Fourier transform in R¥ for functions of the type f(x)xo(x), with f(x)
smooth and £2 a bounded domain with smooth boundary.

THEOREM 2.1. Let 2 be a bounded domain in RN with smooth boundary and f(x)
a smooth function in RN . Then,

o

Also, there exists a constant A such that, if the intersection of the support of f(x) with 352 is
sufficiently small, then

pN+l/
{lo|=1}

PROOF. Since

'/[‘I0|=11

- / / /| _ FCOTGIexpCaripo - (3 = x)dodzdy

———Jn-2)2Cmplx — yl)
=2 [ [ e for et vy,

the result follows from the theorem in the previous section. ]

2 412
d(,} < cp- WD/

/ f(x)exp(—2rmipo - x)dx
I?)

lim =0.
p—>+00

2
do — A/ |f (x)|2dx
a2

/ f(x)exp(—2mipo - x)dx
22

2
(x) exp(—2mipo - x)dx| do
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In many respects the above theorem seems to be best possible. Indeed the example of
a ball shows that in order to have an asymptotic decay of the quadratic means of Fourier
transform some restrictions on the support of the function seems necessary:

Rixizn @) = rVIr§ "N 2 Iy p Q@ lrg))
~ gy W =D721g | =WNHD2 cos2mr|E| — (N + 1)m/4) .

This Fourier transform decays as co~(+1/2, but vanishes on a sequence of spheres
centered at the origin. Also, this example reflects the general situation, since there are no
domains that give a decay better than co~(V+1/2, Assume, by way of contradiction, that for
a given domain 2 and function f(x),

2 1/2
do l =0.

lim p(N+l)/2{ /
p=>Fo0 {lol=1)

Then for every ¢ > 0 there exists »r > 0 such that for every R > r,

on

This implies a restriction on the L2(R™) modulus of continuity of f(x)xg(x), see, for
instance [2],

/ f(x)exp(—2mipo - x)dx
Q

2 172
dg} <eR712,

/ f(x)exp(—2mi§ - x)dx
2

1/2
{fN If &+ et +y) - f(x)xrz(x)lzdx] <cely|'”2.
R
This cannot be true unless f(x) vanishes on 052.

3. Spherical harmonic expansions. We start by reviewing some results on the har-
monic analysis on spheres, as a reference see [10]. Let S = {(x1, x2, x3); x? + x3 + x2 = 1)
be the unit sphere in the Euclidean space R3. We have a system of polar coordinates,

x1 = sin(¢) sin(9) ,

xy =cos(p)sin(¥), 0<d¥<m, 0<¢p<2m.

x3 = cos(?),
The restriction to the sphere of the Euclidean measure is dx = sin(¢)d¥dg and the restriction
to the sphere of the Laplace operator is

8% cos(®) 9 1 92
A=—|—+— Tt =<33]"
092 sin(®) 99 sin®(9) d¢
This operator has eigenvalues {k(k + 1); 0 < k < 400} and an orthonormal complete
system of eigenfunctions {¢,;(x);0 < k < +o00,1 < j < 2k + 1}, which are restriction
to the sphere of real homogeneous harmonic polynomials. Every function in L%(S) has a
spherical harmonic expansion
+00 2k+1

+00
> ( fs f(y)¢k,,-<y>dy) B ()= /S Zi(x - y) f()dy
k=0

k=0 j=1
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where Zy(x - y) = i’:{l &k, j (x)¢k, j (¥). The zonal harmonics are rotation invariant, and

hence functions of the scalar product x - y, which satisfy the relations

fSZk(x W Zi(x-2)dx = Zk(y - 2),
AxZi(x-y) =k(k+ 1D Zg(x - y),

2k+1
Zi(x - y) = Pr(x-y),

4r

where { Py (t)},'::g is the system of Legendre polynomials, andin0 < ¢ <m —¢,

R Ja((k +1/2)9)
Py(cos(8)) = Zan(m———((k SV

n=0

with ag(#) = +/¥/sin(??), . .. . For this Hilb-Szego asymptotic formula, see [11, 12].

Recall that we want to study the size of the terms of the eigenfunction expansions of
piecewise regular functions. The example of the characteristic function of a spherical cap is
typical,

1 if x-n > cos(x),
xx)=131/2 if x-n =cos(a),
0 if x-n < cos(a),

_ 1—cos(@) X Peo1(cos(@)) — Pet1(cos(@))
= 2 + /;) 3 P(x -n).

By the asymptotic Py(cos(?)) = 2cos((k + 1/2)0 — m/4)//7 2k + 1) sin($), we deduce
that if x = %n, the terms of the series are of the order of k~!/2, and if x # +n, then of the
order of k~!. The following result shows that the quadratic mean of f o SO Zi(x - y)dy has
a decay of the order of k1.

THEOREM 3.1. Let §2 be a domain in S with smooth boundary 352 and f (y) a smooth

function in S. Then,
{/‘/ Zr(x - y) f(y)dy
S1JR

PROOF. If the support of f(y) is strictly contained in £2, then the result holds, and
hence, by a partition of unity argument, we may assume that f(y) is supported in a small

2 1/2
dx} <

c
P
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neighborhood U and that U N 952 is suitably flat. Then, by Hilb’s formula,

2
[ ‘ f ZeGxe - ) fO)dy| dx
S 2

=/ / /f(Y)f(Z)Zk(x - Y)Zi(x -z2)dxdydz
2 J2 JS
2k +1

~ [ [ 107@n0-o0d: == [ [ 1070 -2z

X + 1 f / FOfz )\/ arccos(y - 2 Jo((k + 1/2)arccos(y - z))dydz + - - -

sin(arccos(y - z))

A change of variables that takes arccos(y - z) into |u — v| transforms the integral into one
of the type considered in the first section. We thus obtain the bound c¢(2k + 1)~ and it can be
shown that the contribution of the remainders in Hilb’s formula is negligible. O

It is also possible to give pointwise estimates on the size of terms in the spherical har-
monic expansions of piecewise smooth functions on the sphere, that are analogous to results
in [5] and [6] on the Euclidean Fourier transform. The proofs are similar to the ones in the
preceding theorem, but one has to use the method of stationary phase in the estimates of some
integrals Details can be found in [13]. These pointwise estimates suggest the convergence of

k—O ( f o f(¥)Zk(x-y)dy), which was proved by Weyl. In [1] there is an extension of Weyl’s
result to eigenfunction expansions in two dimensional compact manifolds. In dimension three
the convergence may fail.

4. The non Euclidean plane. Following [3] and [4], we give a brief review of the
non-Euclidean harmonic analysis in the Poincaré model of the hyperbolic plane. Let D =
{z = x +iy; x* + y? < 1} be the open unit disk in the complex plane, with Riemannian
metric ds? = (1 — x2 — y2)_2(dx2 + dy2) and measure dz = (1 — x2 — y2)‘2dxdy. The

group
a b
SU(l,l)—[[E a:|,aa—bb=l}

acts transitively on D by linear fractional transformations z — (az + b)/(az + b), which
preserves the Riemannian structure. One has the Cartan decomposition SU(1, 1) = KA. K,

where
_ [[exptiv/2) 0 .
K—-{[ 0 exp(—i0/2)]’05ﬁ<4nl’

_ {[cosh(t/z) sinh(t/2)

sinh(t/2) cosh(:/z)] oot +°°} :

and A is the subset of A with # > 0. In the coordinates induced by the Cartan decomposition

4w +o00
/ f@dz=— f fk(@)a(t) - 0) sinh(t)dtd? .
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Let b = exp(ig) be a point of the boundary B = dD. The complex powers of the
Poisson kernel PH(z, b) = ((1 — |z|*)|z — b|~?)* are eigenfunctions of the Laplace-Beltrami
operator A = —(1 — x2— y2)2(82/8x2 + 82/8y2), with eigenvalues 4. (1 — w). In particular,

Afp(1+ik)/2(z’ b) — (1 + )\.2)'P(1+“')/2(Z, b) .

The spherical functions are defined by

. db
o (2) = f PUHN2(z py—,
B 2

and in coordinates induced by the Cartan decomposition, ¢, (k(%)a(t)-0) =
P_(1+ix)/2(cosh(t)), where P, (z) is the Legendre function of first kind with degree . When
0 <t <c¢ < 400, we have Hilb’s formula

Jn (A1)

2m+2 -m-3/2
RS GECORDE

P_(14iny/2(cosh(t)) = Y " an(t)
n=0

with ag(t) = +/t/sinh(z), ... . See [11] and [8] for the asymptotic expansion of spherical
functions on rank one symmetric spaces. In the sequel we shall need the formula

. ————db -
f 'p(l+1k)/2(z’ b)'P(H")‘)/z(w, b)z— = ( 4 w.) ‘
B b4 1—zw

For suitable functions on D one can define a non-Euclidean Fourier transform with an
inversion formula and a Plancherel identity by

ﬁ(x,b):/ g(z)P(l"'“/z(z,b)dz,
D

1 +00 . .
F(z) = o f f F, b)yPUHM/2(7 by tanh(A/2)dbdA
—00 B

1/2 1 [too ) 172
[/ IF(z)lzdz} ={—/ f|F(A,b)|2uanh(nx/2)dbdx} .
D 27 Jo B

As in the preceding sections, our purpose is to estimate the decay of the quadratic means
{[5|1F (A, b)|2db/27}1/2, where F(z) = f(z)xa(z) with f(z) smooth and xg(z) the char-
acteristic function of a bounded domain with smooth boundary.

THEOREM 4.1. Let §2 be a bounded domain in D with smooth boundary and f(z) a
smooth function in D. Then,

{ / ‘ f FPI= N2z bydeg
B 2

2 1/2
i_} < e 732
2
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PROOF. We have

db

l / F@QPUYN2(z bydz

=/ f f f(z)f<w>7>“"'”/2(z,b)7><1—iw2<w,b)%?dzdw

/ff(z)f(w)tb x( - )dzdw

If for fixed w we make the change of variables (z — w)/(1 — zw) = u = k(#)a() -0

and write f(2)x2(2) f(w)xe(w) = F(w, u), we obtain

/ / T A( )dzdw _ / / Fw, )¢ (u)dudw

4n +00
= 1671/ / / F(w, k(®)a(t) - 0) P_(14ix)/2(cosh(?)) sinh(t)dtd ¥ dw

4 +00
= / / f Gw, k(®)a(t) - 0)Jo(At)tdtdddw + - - -
D Jo 0

for an appropriate piecewise smooth function G (w, k(%)a(t) - 0). The integral is of the type
considered in the first section, thus it is dominated by cA 3, O
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